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Outline

@ Cauchy problem for the Helmholtz equation
o Alternating iterative algorithm

@ Modified alternating algorithm

@ Conjugate gradient method
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Formulation of the Cauchy Problem for the Helmholtz
equation

©

Let Q C R" be a bounded domain with a Lipschitz boundary .

@ The boundary I is divided into two parts g and I;.
vV

M

Mo \l/

@ Consider the Cauchy problem for the Helmholtz equation:

Au+ku=0 in Q,
u="~ on Ty,
du=g on o,
where k is the wave number.
The problem is ill-posed.

Applications: characterization of sound sources (Langrenne and
Garcia: 2011), ...

¢ ¢
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Alternating algorithm

Following

@ V.A. Kozlov and V.G. Maz'ya, On iterative procedures for solving
ill-posed boundary value problems that preserve differential equations,
Algebra i Analiz, 192 (1989), pp. 1207-1228,(in Russian).

the alternating algorithm may be described in the following way:

Au+ku=0 inQ, Au+ku=0 inQ,
u=f on I-(), (1) 6l/u =8 on I-Oa (2)
ou=mn only, u=2¢ only,

@ The first approximation ug to the solution v is obtained by
solving (1), where 7 is an arbitrary initial approximation of the
normal derivative on ;.

Q Having constructed uo,,, we find uz,11 by solving (2) with ¢ = us,
on Fl.

©Q We then obtain up, 2 by solving the problem (1) with n = 9, uzn41
on Fl.
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Nonconvergence of the original algorithm for the Cauchy
problem for the Helmholtz equation

@ Consider the Cauchy problem for the Helmholtz equation in a
rectangle [0, a] x [0, b]:

Au(x,y) + k%u(x,y) =0, O<x<a 0<y<hb,

u(x,0) = f(x), 0<x<a,
uy(x,0) = g(x), 0<x<a,
u(0,y) = u(a,y) =0, 0<y<b

@ This problem is ill-posed.

@ The algorithm diverges for

K2 > (a2 + (4b)72)
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Choice of the interior boundary

@ B.T. Johansson and V.A. Kozlov, An alternating method for
Helmholtz—type operators in non-homogeneous medium, IMA Journal of
Applied Mathematics, 74 (2009), pp. 62-73.

@ F. Berntsson, V.A. Kozlov, L. Mpinganzima and B.O. Turesson, An
alternating iterative procedure for the Cauchy problem for the Helmholtz
equation, accepted by the Journal of Inverse Problems in Science and
Engineering (Proceedings).

o Introduce open subsets w;, i = 1,..., n inside Q with boundaries ~;,
i=1...,n.
@ We assume that every w; is a Lipschitz domain.

@ Oy = U] ,w; with Lipschitz boundary v = U?_;+; and
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Choice of the interior boundary v and the constant u

Assumption: For all nonzer u,

/ (IVul? — K*u?) dx+u/u2 dS >0,
Q

~

for u € H}(Q) such that u # 0.
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Sufficient condition for the positivity

Let
A, = min /|Vu|2 dx—f—u/u2 ds,
ueHY () Ja ~
flull=1
and
A= min /|Vu|2 dx.
ueHY(Q), u|.y—0

llull2=
Then there exists a positive constant C such that

C(N)3/?

/\—/\H_—Ml/z
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Corollary

If \ is positive, then
/ (|Vu]® = k*u?) dx+,u/ u’dS >0, forall u, u#0 on 7.
Q v

for sufficiently large .
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Modified alternating iterative algorithm for the Cauchy
problem for the Helmholtz equation

The modified algorithm will consist of solving the following well—-posed
problems alternatively:

Au+ku=0 inQ\y, Av+k*v=0 inQ\y,
u=r on o, ov=g on [, (4)
Ou=n only, (3) v=2¢ onTly,
[Opu] + pu=¢& on~, v=2op on 7.

[u] =0 on 7,

© The first approximation ug to the solution v is obtained by
solving (3), where 7 is an arbitrary initial approximation of the
normal derivative on '; and £ is an arbitrary approximation
of [0y u] + pu on 7.

Q Having constructed up,, we find usp11 by solving (4) with ¢ = u,
on ;1 and ¢ = uy, on .

© We then obtain up,4» by solving the problem (3) with n = 0, upp41
on 'y and £ = [0, uapy1] + liopyy ON 7.
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Convergence of the modified alternating iterative algorithm

Let f € HY/?(Ty) and g € HY/?(T'4)*, and let u € H*(Q) be the solution
to the Cauchy problem for the Helmholtz equation given above. Then,
for every n € HY/?(T'1)* and every £ € HY/?(v)*, the sequence (u,)%,
obtained from the modified alternating algorithm converges to u in
HY(Q).
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Modified algorithm continued

Given n € HY2(T'1)* and &€ € HY/?()*, let us define
B(’?af) = (al/v‘rlv [al/v] + IJ:V‘,Y).

We find that
(M1, Ekv1) = Bk €k )-
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Operator N

@ Consider the following problem

Au+Kku=0 inQ\y,

u=20 on g,
oyu=mn only,
[Opu]l+pu=¢ onw,
[u] =0 on 7,

@ Introduce a linear operator N : HY/2(T'1)* x HY2(y)* — HY/2(Ip)*
by
N(n,€) = dyulp,,
where n € HY2(I1)*, € € HY2(y)*.
o If u € H}(R) solves the Cauchy problem for the Helmholtz equation
with f = 0 on [y, the problem can then be formulated as

N(n,€) = g
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Adjoint operator N*

Let ¢ € HY?(Ty)*, and let v solves the

Aw+ K2w=0 inQ\y,

3I/W:C onro,
w=20 only,
w =20 on-y.

Then N*(¢) = (&,W’rl, [0, w] + uw"y).
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Landweber method

@ Consider the following functional

J1,€) = llg = N, )l /2(ry)-

@ Let us define

LN(Thf) = (7775) + OéN*(g - N(’]7§)),

where « is a fixed constant chosen so that 0 < a < ||N||~2.

@ The Landweber method produces iterates

(Mk+15 Ekr1) = Lnv(m, €k)-
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Modified algorithm and Landweber method

For any n € HY/2(I'y)* and & € HY/2(), the iterates produced by the
Landweber method and the modified alternating algorithm are identical,
ie.,
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Conjugate gradient method

The conjugate gradient method for the problem is as follows

1

© 00 N o G b~ W N

—_ =
= O

Choose initial 79 € H1/2(r1)* and & € H1/2(’Y)*-

Denote xo = (10, &) and (HY/2)* = HY/2(T1)* x HY/2(y)*.

do = g — N(xo);

p1 = so = N*(do);

for k=1,2,..., unless s,_1; = 0, compute
ak = N(x«);

ak = [|sk—1ll¢rrr2y- /llqill prraroy«
Xk = Xk—1 + QkPk;

di = di—1 — o qy;

sk = N x (di);

ok = [|skll(r/2y-/

Pk+1 = Sk + Bipx-

|5k—1||(H1/2)*?
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Numerical experiments

@ The domain is the rectangle @ = (0,1) x (0, L).

@ We put g = (0,1) x {0} and 1 = (0,1) x {L}.

@ We choose L = 0.2, the computational grid N = 401, and M =81
and the following exact data:

sin 37mx

u(x,0) = (3 sinx + + 9exp(—30(x — L)2)> x*(1 - x)?,

and

sin 3mx
17

u(x,L) =2 <8 sinTx + + 20 exp(—50(x — L)2)> x3(1 = x)2.
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Numerical experiments

K*=25.5 , 4=0.01

K?=25.5 and p=0.01

u(x,L)

0.2 0.4 0.6 0.8 1 - 20 0.2 0.4 0.6 0.8 1
X X

Figure 1 :  Modified algorithm (left) after 1500 iterations and the conjugate
gradient method (right) after 20 iterations.
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THANK YOU FOR YOUR ATTENTION.
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