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How to study relationship between factors?

Contingency tables

• discrete nature of cells

• multinomial distribution

• n independent observations

Compositional tables

• continuous nature of cells

• multivariate continuous distribution

• 1 observation

CZE HT MT LT

VA 1.87814 · 1010 1.50362 · 1010 1.03281 · 1010

I 7.46011 · 1010 4.67950 · 1010 2.95888 · 1010
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Definition of compositional tables

• Special case of I · J-part compositional data

x = C

 x11 · · · x1J
...

. . .
...

xI1 · · · xIJ

 , where xij > 0,∀i , j .

• Closure operation

C(x) =


κ·x11∑I ,J
i,j=1 xij

· · · κ·x1J∑I ,J
i,j=1 xij

...
. . .

...
κ·xI1∑I ,J
i,j=1 xij

· · · κ·xIJ∑I ,J
i,j=1 xij

 .

• The sample space is subspace of I · J-part simplex with
dimension I · J − 1

S IJ = {x = (x11, . . . , x1J , . . . , xIJ)|xij > 0,

i=1, 2, . . . , I, j=1, 2, . . . , J;
∑I ,J

i ,j=1 xij = κ}.
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Basic operations with compositional tables

• Perturbation:

x⊕ y = C

 x11y11 · · · x1Jy1J

...
. . .

...
xI1yI1 · · · xIJyIJ


• Power transformation:

α� x = C

 xα11 · · · xα1J

...
. . .

...
xαI1 · · · xαIJ


• Inner product:

〈x, y〉a =
1

2IJ

∑
i,j

∑
k,l

ln
xij

xkl
ln

yij

ykl

• Norm and distance:

‖x‖a =
√
〈x, x〉a a da(x, y) = ‖x	 y‖a
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Decomposition of the compositional table

Projections of compositional table x:

• rowi (x) - relations between parts of the i-th row.

• colj(x) - relations between parts of the j-th column.

• row⊥(x) - relations between parts of different rows.

• col⊥(x) - relations between parts of the different columns.

Original table x could be decomposed as

x = row⊥(x)⊕

(
I⊕

i=1

rowi (x)

)
or

x = col⊥(x)⊕

(
J⊕

j=1

colj(x)

)
.
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Decomposition of the compositional table

Compositional table could be decomposed onto its independent
and interactive parts.

x = xind ⊕ xint .

Independence table:

xind = row⊥(x)⊕ col⊥(x) =

x ind
ij =

(
I∏

k=1

J∏
l=1

xkjxil

) 1
IJ

I ,J

i ,j=1

.

Interaction table:

xint = x	 xind =

x int
ij =

(
I∏

k=1

J∏
l=1

xij

xkjxil

) 1
IJ

I ,J

i ,j=1

.
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Relationship between factors

If row and column factors are independent

• whole information about x carries the independence table,

• interaction table is the neutral element,

• all coordinates of xint are 0.
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Expression of the interaction table in coordinates

Coordinates of the D-part composition constitute
D − 1-dimensional real vector

z = h(x) = (〈x, e1〉a, . . . , 〈x, eD−1〉a) = (z1, z2, . . . , zD−1),

where ei = C(ei1, . . . , ei ,D), i = 1, . . . ,D − 1 constitute the
orthonormal basis of the D-part simplex.

Following properties hold

h(α� x1 ⊕ β � x2) = α · z1 + β · z2, 〈x1, x2〉a = 〈z1, z2〉.
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Expression of the interaction table in coordinates

z int
rs =

1√
r · s · (r − 1) · (s − 1)

ln
r−1∏
i=1

s−1∏
j=1

xijxrs

xisxrj

or√
(r − 1) · (s − 1)

r · s
ln

(r−1)(s−1)
√

x11x12 · · · x1,s−1 · · · xr−1,1 · · · xr−1,s−1 · xrs

s−1
√

xr1 · · · xr ,s−1 · r−1
√

x1s · · · xr−1,s

for r = 2, 3, . . . , I and s = 2, 3, . . . , J.

• (I − 1)(J − 1) nonzero coordinates,

• related to odds ratio.
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Expression of the interaction table in coordinates

z int
22 = 1

2 ln x11x22

x12x21

z int
23 = 1√

12
ln

x11x12x
2
23

x21x22x2
13

z int
24 = 1√

24
ln

x11x12x13x
3
24

x21x22x23x3
14

z int
32 = 1√

12
ln

x11x21x
2
32

x2
31x12x22

z int
33 = 1√

36
ln

x11x12x21x22x
4
33

x2
31x

2
32x

2
13x

2
23

z int
34 = 1√

72
ln

x11x12x13x21x22x23x
6
34

x2
31x

2
32x

2
33x

3
14x

3
24
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Generalized formula

1√
(I − a)(J − b)IJab

·

ln
xab

11 · · · x
ab
1,J−b · · · x

ab
I−a,1 · · · x

ab
I−a,J−b · x

(I−a)(J−b)
I−a+1,J−b+1

· · · x(I−a)(J−b)
I−a+1,J

· · · x(I−a)(J−b)
I,J−b+1

· · · x(I−a)(J−b)
I,J

x
a(J−b)
1,J−b+1

· · · xa(J−b)
1,J

· · · xa(J−b)
I−a,J−b+1

· · · xa(J−b)
I−a,J

· xb(I−a)
I−a+1,1

· · · xb(I−a)
I−a+1,J−b

· · · xb(I−a)
I,1

· · · xb(I−a)
I,J−b

,

or

√
(I − a)(J − b)ab

IJ
·

ln
(I−a)(J−b)√x11 · · · x1,J−b · · · xI−a,1 · · · xI−a,J−b · ab√xI−a+1,J−b+1 · · · xI−a+1,J · · · xI,J−b+1 · · · xI,J

(I−a)b√x1,J−b+1 · · · x1,J · · · xI−a,J−b+1 · · · xI−a,J · a(J−b)√xI−a+1,1 · · · xI−a+1,J−b · · · xI,1 · · · xI,J−b

.
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Comparison of methods of expression in coordinates

z22 = 1
2 ln x11x22

x12x21
z23 = 1

2
√

3
ln

x11x12x
2
23

x2
13x21x22

z24 = 1
2
√

6
ln

x11x12x13x
3
24

x3
14x21x22x23

z32 = 1
2
√

3
ln

x11x21x
2
32

x12x22x2
31

z33 = 1
6 ln

x11x12x21x22x
4
33

x2
13x

2
23x

2
31x

2
32

z34 = 1
6
√

2
ln

x11x12x13x21x22x23x
6
34

x3
14x

3
24x

2
31x

2
32x

2
33

z1 = 1
2 ln x11x22

x12x21
z2 = 1

2 ln x13x24

x14x23
z3 = 1

2
√

3
ln

x11x21x
2
32

x12x22x2
31

z4 = 1
2
√

3
ln

x13x23x
2
34

x14x24x2
33

z5 = 1
2
√

2
ln x11x12x23x24

x13x14x21x22
z6 = 1

2
√

6
ln

x11x12x21x22x
2
33x

2
34

x13x14x23x24x2
31x

2
32
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Example - Data

• 77 2× 3 compositional tables

• distribution of the manufacturing production in a given
country for 2008

• Resource efficiency - Value added, Input

• Technology intensity - Low, Medium, High

Mauritius LT MT HT

VA 3.31406 · 1010 6.89430 · 109 8.6170 · 108

I 5.75729 · 1010 6.89525 · 1010 2.2993 · 109

VA 0.19526 0.04062 0.00508
I 0.33922 0.40627 0.01355
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Example - coordinates

Coordinate Analytical form Sample mean Sample st. dev.

z int
22

1
2 ln x11x22

x12x21
0.0758 0.2747

z int
23

1√
12

ln
x11x12x2

23

x21x22x2
13

−0.0908 0.2455

• z int
22 = 0.0758 →

VALow
InputLow
VAMed.

InputMed

= 1.16 → Value added to Input

ratio is slightly higher for low technology.

• z int
23 = −0.0908 →

VALow+Med.
InputLow+Med.

VAHigh
InputHigh

= 0.855 → Value added to

Input ratio is higher for high technology.
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Comparison of countries
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Interaction table

First coordinate of z_int
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ALB

AZE

AUSAUT

BEL

BRA

BGR

BLR

CAN

LKA

CHL

COL

CRI

CYP

CZEDNK

ECU

ETH

ERI

EST
FJI

FIN

FRAGEO PSEDEU

HKG

HUN

IND

IDN

IRN

IRL
ISR

ITA

JPN

JOR

KEN

KOR

KWT

KGZ

LVA
LTU

LUX

MWI

MYS

MLT

MUS

MEX

MNG

MDA

MAR

OMN

NPL

NLD

NZL

NOR

PER

PHL

POL

PRT

QAT

ROU

RUS

SEN

SRB

SGP

SVK

VNM

SVN

ZAF

ESP

SWE

TUR

MKD

GBR

USA
URY
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Example - Qatar

High absolute value of the second coordinate.
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Example - Kuwait

High absolute value of both coordinates.
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Conclusions

• Decomposition of compositional tables

• Expression of tables in coordinates

• Generalization of the method

• Analysis of independence between resource efficiency and
technology intensity
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