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How to study relationship between factors?

Contingency tables

e discrete nature of cells

e multinomial distribution

e n independent observations
Compositional tables

e continuous nature of cells

e multivariate continuous distribution

e 1 observation

CZE HT MT LT

VA | 1.87814-1019 1.50362-101° 1.03281-10%0
I 7.46011-101° 4.67950-101° 2.95888 - 1010

Example
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Definition of compositional tables

e Special case of | - J-part compositional data

X1 o Xy

x=C oo, ,  where Xx; >0,Vi,j.

X o Xy

e Closure operation

Dil=1 Xij 221 Xij
C(x) = : :
7,7 7,J

221 % 2 i1 X

e The sample space is subspace of / - J-part simplex with
dimension [ - J —1

SU :{X: (X11,...,X1J,...,X/J)|X,'j > O

i:]., 2, ceey Iv_j:]'v 21 - J Z’z] ]_XU

k).

Example



Compositional tables Decomposition Analysis Example

Basic operations with compositional tables

e Perturbation:
X1y o Xy
xpy=C :
Xiiyn e X1y
e Power transformation:
Xf‘l e X{)f]
a®Ox=C
Xﬁ N X/(j

Inner product:

(X, ¥)a 2/JZJZ| XUI Yi

Norm and distance:

IXl[, = V{x,x)a a dixy) =[xovl,
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Decomposition of the compositional table

Projections of compositional table x:

e row;(x) - relations between parts of the i-th row.

colj(x) - relations between parts of the j-th column.

row=(x) - relations between parts of different rows.

Original table x could be decomposed as

x = row" (x) & <@ row,-(x))
or

J
x = col™ (x) & (@ colj(x)> .

colt(x) - relations between parts of the different columns.

Example
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Decomposition of the compositional table

Compositional table could be decomposed onto its independent
and interactive parts.

X = Xind D Xint-

Independence table:

1\ 1,J
g 7l
1 1 d_
Xing = 10w (x) & col™ (x) = | x"* = | [ ] [ ] xig
k=11=1 =1
Interaction table:
1 1,J
I % il
t
== (= (T )
k=1 1=1 K7l

ij=1

Example



Compositional tables Decomposition Analysis Example

Relationship between factors

If row and column factors are independent
e whole information about x carries the independence table,
e interaction table is the neutral element,

e all coordinates of x;,; are 0.
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Expression of the interaction table in coordinates

Coordinates of the D-part composition constitute
D — 1-dimensional real vector

zZ= h(X) = ((x,e1>a, ey <X, eD_1>a) = (21,227 . ,ZD_l),

where e; = C(ej1,..., € p), i =1,...,D — 1 constitute the
orthonormal basis of the D-part simplex.

Following properties hold

haOx1®FOX)=a-z1+ 0 22, (X1,%X2)5 = (21,22).
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Expression of the interaction table in coordinates

r—1s—1
int 1 XUX”S
- oI
Vs (r=1)-(s—1) i1 =1 XisXi

or

(r—1)- (s — 1) ('—1)‘5—{VX11X12 T X1s—1 Xr—1,1" " Xr—1,5—1 " Xrs

r- SYXr1 Xrs—1 0 Y X1 Xr—1,s

forr=23,...,lands=23,...,J.
e (I —1)(J — 1) nonzero coordinates,

e related to odds ratio.
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Expression of the interaction table in coordinates

int _ 1| Xuxe 22 > EE
22 =3 In X12X21
i 1 X11X12X2
zér?r)t — |n 11X12 223 - -
V12 X21X22X]3
int 1 X11X12X13%5 | | | I I |
Zéz = —F= |n 7234 224 >
V24 X21X22X23 X7,
. 2
zmt _ 1 In X11X21 X35
- 32
32 V12 X321X12X22 Z Z
; 4
Z/nt _ 1 In X11X12X21X22X33 1
33 V36 X321X322X123X223 £ —:H: i
, 6
Zlnt _ 1 In X11X12X13X21X22X23 X34
34 V72 X2 X X2 X3, X8 234 =
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Generalized formula
1
V(I = a)(J — b)lJab
ab ab ab ab (I—a)(J—b) (1—a)(J—b) (I—a)(J—b) (I—a)(J—b)
n X1 X, —b T X I—a 1 XI—ad—b " X —at1,0—bt1 " Xi—at1,0 T X u—bt1 Xy
a(J—b) a(J—b) a(J—b) a(J—b) _b(I—a) b(I—a) b(I—a) b(I—a)
X d—br1 %y X —a b1 T N —a ) N—at 1,1 Xl —b N X —b
or
w; — a)(J — byab
1J
N (=)= BRI X p X a1 X—ad—b - X i I hil X aiid X T bl X J
U=ax byt X,0  Xi—a,J—bil " Ni—a,d * 2U=RYX—ar1,1 Xi—at1,0—b  XI,1° " XI,i—b
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Comparison of methods of expression in coordinates

>
Zop = 1 |n X11X22 Zo3 = 1 X11X12X53 Zog = 1 X11X12X13X04
2 X12X21 2v/3 X123X21X22 2v6 X134X21X22X23
2 6
1 X11X21X39 1 X11X12X21X22 X33 1 X11X12X13X21 X22X23 X34
730 = —#= — 733 = = |n 228 Z3q4 = —= |n HEEEPRTST
327 20V e B0 X555 ¥ 62 X24250X31 X505
7
1 X11X; 1 X13X; 1 X11X21X:
leiln 11X22 22:§ 13X24 73 = 32
X12X21 X14X23 2v/3 X12X22X31
2 2 2
z = 1 X13X23X34 Ze = 1 X11X12X23X24 Ze = 1 X11X12X21X22X33 X34
2V3  xuaxeax3 5T 22 avaeee 6 ™ 5V6 | xuxuxexeaxd x5

. En

N2
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Example - Data

e 77 2 x 3 compositional tables

e distribution of the manufacturing production in a given
country for 2008

e Resource efficiency - Value added, Input

e Technology intensity - Low, Medium, High

Mauritius LT MT HT
VA 3.31406 - 1010  6.89430-10° 8.6170 - 108
| 5.75729 - 1010 6.89525 - 1019 2.2993 . 10°
VA 0.19526 0.04062 0.00508
| 0.33922 0.40627 0.01355
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Example - coordinates

Example

Coordinate | Analytical form Sample mean Sample st. dev.
zint 3 In a2 2 0.0758 0.2747
int _1 | XX12Xp3 _
zy3 v In paroe) 0.0908 0.2455
i VALow
o zZiIt = 0.0758 — Y = 1.16 — Value added to Input
InputMed
ratio is slightly higher for low technology.
i VALow+Med.
o z)if = —0.0908 — lmefowtMed — (855 — Value added to
InputHigh

Input ratio is higher for high technology.
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Comparison of countries

Interaction table

ECU |
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High absolute value of the second

Chemicals and chemical pr
Non-metallic mineral prod
Coke,refined petroleum pr

Basic metals
Fabricated metal products
Wood products (excl. furn
Printing and publishing
Rubber and plastics produ
Food and beverages
Wearing apparel, fur
Furniture; manufacturing
Electrical machinery and
Machinery and equipment n
Paper and paper products
Textiles
Motor vehicles, trailers,
Medical, precision and op
Recycling
Leather, leather products
Other transport equipment

Decomposition

Analysis

Example - Qatar

Qatar

ANTH I T T

@ L
o MT

@ HT

5 10 25 30 35

5 20
Share in %

coordinate.

Chemicals and chemical products
Medical, precision and opical instruments
Wearing apparel, fur

Printing and publishing

Furiture; manufacturing n.e.c.

Motor vehicles, trailers, semi-trailrs
Machinery and equipment n.e.c.

Basic metals

Fabricated metal products

Other transport equipment

Wood products (excl. furniture)

Paper and paper products

Non-metallic mineral products

oke refined petroleu products,nuclear fuel
Electrical machinery and apparatus

Texties

Rubber and plastics products

Food and beverages

Recycling

Leather,leather products and footwear

Qatar

N
a
N
N
N
N
T T T T
02 04 06 08
Value added/Output ratio

Example
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Example - Kuwait

High absolute value of both coordinates.

Coke,refined petroleum pr
Chemicals and chemical pr
Non-metallic mineral prod
Food and beverages
Fabricated metal products
Printing and publishing
Electrical machinery and
Wearing apparel, fur
Rubber and plastics produ
Medical, precision and op
Other transport equipment
Furniture; manufacturing
Machinery and equipment n
Paper and paper products
Textiles

Basic metals

Wood products (excl. furn
Motor vehicles, trailers,
Recycling

Leather, leather products
Radio television and comm
Office, accounting and co
Tobacco products

Kuwait

10 20 40

30
Share in %

Wearing apparel,fur
Medical, precision and opical instruments
Chemicals and chemical products

Printing and publishing

Machinery and equipment n.e.c.

Textiles

Other transport equipment

Leather, leather products and footwear
Furniture; manufacturing n.e.c.

Wood products (excl. furniture)
Non-metallic mineral products

Motor vehicles, trailers, semi-trailers
Electrical machinery and apparatus
Fabricated metal products

Rubber and plastics products

Paper and paper products

Food and beverages

Recycling

Coke refined petroleum products, nuciear fuel
Basic metals

Kuwait

N
a
N
a
N
.
T T T T

00 02 04 06

Value added/Output ratio
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Conclusions

e Decomposition of compositional tables
e Expression of tables in coordinates

Generalization of the method

Analysis of independence between resource efficiency and
technology intensity
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