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Inference in k-Exchangeable Multivariate Models

L Introduction

Model

Formulation

Y, = B X,—{—E,',

pXr pXmmxXr pXr

where X is the design matrix

Vec(Y;) = Vec( B X')+ Vec(E;),

pXr pxmmxr pXr

yi = (X ®@Ip)Vec( B )+ e,
prx1 rxm pxm prx1
yi = (X ®l,) B + e,
prx1 rxm pmx1  prx1

where e; NN(O, V) fori=1,...,n
prx1



Inference in k-Exchangeable Multivariate Models

L Introduction

Model

Parameters

Expectation

E[lY] = BX,
E[VecY)] Vec(BX'),

Ely] = (X®1,)Vec(B),

Elyi] (X @15)8,
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L Introduction

Model

Parameters

Covariance Matrix

Viyl=v=> Qar;,
j=0

with [; positive definite matrices.
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L Model Structure

L Multivariate COBS

Orthogonality

Covariance Structure Conditions

m Q;,j=0,...,j = w, are orthogonal projection matrices
m Q,Qj, =0 forji #

Mean Vector Structure Conditions

u PxQJ' e Qij, where Px = X(X’X)_IX,.
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L Model Structure

L Multivariate COBS

Model Properties

m Multivariate Commutative Orthogonal Block Structure —
COBS

m V=Y QT
m |V|=]]L, ;% where g; = rank(Q;)

(I — Px) and Q; are commutative, i.e.,

(I = Px)Q; = Q;(I - Px),
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LD(:»ublnyxchangeable Multivariate Structure

Doubly Exchangeable Structure

Y1 Y1 Yis1
y= : , where y, = : , with  y,. = :

Yv ytu ytsm

fors=1,...,u,t=1,...,v.
I-y: Ivu® (UO - U1)+IV®JU® (Ul - W) +Jvu®W7

Ug if t=t* and s=s",
Cov[yi:¥Yper] =< Uy if t=t* and s#s*,
W if t#£t%,
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LDoublnyxchangeable Multivariate Structure

Let y, be an muv—variate partitioned real-valued random vector y, = (y;y17 550 ,y;,‘/)/7 where
Yrt = (y:,rlv R ,y:'tu)' fort=1,...,v, and Y:,rs = (Vrts,15 - - - JYrts,m) fors=1,..., u. Let
py € RPY be the mean vector, and V be the (puv X puv)—dimensional partitioned covariance matrix
V = Covly] = (I'yy’r,yht* ) = (F) ¢ ), where T, s = Covly, 4, ¥, ¢x] for t,t* =1,..., v, is given by
- U U, U, w w w w w W A
Uy Uy U, w w w w w w
U, U U | w w ... w woow w
W W W | U, U; - U; W W 17
woow w | U U U, woow w
V= : s
w W w | u U Uy woow w
W W W W W W U, U; - U
w w w w w w Uy Uy oo U;
Ll w w .. w|lw w .. w/|. -|Uu U - U I

where Uy is a positive definite symmetric p X p matrix, and U; and W are symmetric p X p matrices. The
variance-covariance matrix Iy is then said to have a jointly equicorrelated covariance structure with equicorrelation
parameters Ug, U; and W. The matrices Ugy, U; and W are all unstructured.
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L Model Structure
LD(:»ublnyxchangeable Multivariate Structure

Model

Y =a 1 + v T + E |,

mxu(v) mx1lixu(v) mxr—1r—1xu(v) mxu(v)

Y =1 o+ T ~ + E |

u(v)xm  u(v)x1lxm  u(v)xr—1r—1xm u(v)xm
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LDounyfExchamgeable Multivariate Structure

mma

LetT = C' ® Imy andT® =1, ® (C*' ® I,,) where C and C* are orthogonal matrices whose first columns
vXv uXu

are proportional to 1's. Let Ty be a jointly equicorrelated covariance matrix as in equation (1) of Def. 1, then
re I'(I'y)l"l'° ' is a diagonal matrix as follows:

Az 0 0 0 0 0 0
0 l,—1 ® Dy 0 0 0 0 0
0 0 A, 0 0 0 0
0 0 0 l,—1 ® Dy 0 0 0
)t = | g 0 o A, 0 0 :
0 0 0 0 0 0 - I,_1®4;
where
A = Up—Uy,
A, = Up+(u—1)U3 —uW =(Up — U;)+u(U; —W), and

Ug+ (u—1)U; +u(v—1)W = (Ug — U;) + u(U; — W) + uvW.

B
@
|
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L Model Structure

L Doubly-Exchangeable Multivariate Structure

Corollary

If W = 0, then

A; = Uo—Uy,
A, = Up+(v—1)U; =(Up—U;y)+uU;, and
A3 = Up+(v—1)U; =(Up— U;p) + uUy.

Thus, we see that Az = A,.
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Covariance Structure

General Setup

V=) Qial = Qaf+-+Q.,ar,
j=1

where the matrices Q; are are symmetric and idempotent and

QJQI — 07 j#/,_]’,/:].,...,li,

and ZH:QJ- = .
j=1
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L Model Structure

L k-Exchangeable Multivariate Structure

Covariance Structure

K K I
_ (k)
V"‘_Z ® Iaiifj+i+2 ®Kai+1®< (3: 1+l aj— /+1>)®rifi
=1

i=1 \j=i+2

Parametrization

i

rie) _ Z(af —1)bj 1 U;—bjU;y,i=1,....k—1.

1

=1
K i 1
Qi = ® Ian—j+i+2 ® Kai+1 ® <® (a.Ja"—’“))
j=it2 j=1 \i—i+l
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Lemma

Let V be a (k)—exchangeable covariance structure.

IfT;, j=1,..., Kk are non singular matrices, the matrix V is
non singular, and its inverse is given by

- —il
vi=> Qar’ (1)
j=1
The determinant of V is given by
vi=]]Ir®, (2)
j=1

The quantities gj are rank of Q;.
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L Doubly-Exchangeable Multivariate Structure

Auxiliary Results

mZ;and Zyp ,t=1,...,v represent the m response
mx1 mx(u—1)
variables at the first and the rest of v — 1 locations
respectively at the t™ time point in the doubly transformed

domain
m U;; and U;  are the r — 1 values of predictor variables
r—1x1 r—1xu—1

at the first and the rest of u — 1 locations respectively at the
tth time point in the doubly transformed domain
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L Doubly-Exchangeable Multivariate Structure

Let Y represent the random matrix of three-level multivariate response
variables. If

VeC(lel 212 ) i

mx1l mx(u—1)
VeC(221Z 222 )
r*r(Vec Y)): R e (=)

Vec(Z,1y: Zy2 )

mx1 mx(u—1)

then all the components Z11, Z15, Z51,.

.., Z, are independently
normally distributed such that

Zy3 ~ N (Vuva +~'Un, As, 1),
Ziy~ Np1(v' U, B5,1) t=2,3,...,v,
and th ~ Nm,u_l('ylth,Al,lu_l) t= 1,27...,V.
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L Inference

L Doubly-Exchangeable Multivariate Structure

Corollary

If W =0, then

Z11 ~ Nm1(Vuva +~'Un, Ag, 1),
Ztl ~ Nm,l(’Y/Ut17A27 ]-) t= 2737 e,V
and Zio ~ Nm,u—1(7lut27A17 Iu—l) = 1,2, 0005 o

Corollary

If v =1, the DEGLM reduces to EGLM. For v =1, we have

Z11 ~ Np1(Vua ++'Ur1, Ug — (u— 1)Uy, 1),
and Zi2 ~ Npy—1(7' U1z, Ug — Uy, 1,_1).
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LD(:»ubly—ExchangeabIe Multivariate Structure

Fixed Effects

Estimators
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L Doubly-Exchangeable Multivariate Structure

Fixed Effects

Estimators: v =1

& = (u)V*(Zy - Und),

2 2
ﬁ = (ZUIlelj—UHU’H) 1<ZU11' /1j—U112'11)
Jj=1 j=1

= (U12U,12)71( U ZY,),

r—1lxu—1
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L Doubly-Exchangeable Multivariate Structure

Fixed Effects

Estimators: v =1

~/
(8 ~ lem(a’,l,

1 1o _
—|as+Upa 1;[uﬂu’ﬂ]A LULA,
+Up AT Z [Ut2U;2]A71U11A1})7

t=1

Vecy ~ N(,_l)m(Vec'y’,

AT [UnUy]A @ B, + AT Y [UnUplAT 0 Ay),

t=1 t=1

where A = 25:1 > Uyl — UnUy,
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L Inference

L Doubly-Exchangeable Multivariate Structure

Fixed Effects

Estimator Distribution: W = 0

~7
« ~ N17m(a’, 1,

1 v -
E |:A2 + Ug_]_A ! ; [Utl Ult]_]A 1U]_1A2

TULAT Y [UnUp] A7 UnA ),

t=1

A’l(z Uﬂz’tl + Z Ut2zlt2) ~ Ni-1),m (7’
t=1 t=1

AT [UaU A @ B+ AT Y [UnUp| ATl @A),
i=2 t=1

2
I

where A=Y2 | 3°0 UyUy, — Un Uy,
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L Doubly-Exchangeable Multivariate Structure

Fixed Effects

Estimator Distribution: W = 0

N 1 _ _
& ~ NLm(a’, 1= [A3 UL A Y (U U A 1u11A1])
1
~ NL,,,(a’, 1, —i—; (1 + Ulll(U12U,12)_1U11) (Uo — U1)>
Vecy ~ N(r—1ymVec (’y/, (U U)  tU UL (U U T e Al)

~ N(r—l)m (Vec*y', (U12 U/12)_1 ® Al)a

N(r—1),m ('77 (Un2U5) 7 (Uo - Ul))

2)
¢
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L Doubly-Exchangeable Multivariate Structure

Covariance Components

Estimators
= A = ﬁsl
with
8 51=) Se=)[Za - (Un¥)][Z0 - (UA)]
t=1 t=2

v

0 5= Su =3[ 2 (UaAY][2 - (UA)]
t=2

t=2
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L Inference

L Doubly-Exchangeable Multivariate Structure

Covariance Components

Estimators Distribution

v

> Sa ~ Wp(Bo(v-1)

=2
S ~ Wm(Al,u—r>

Distributions

mE S~ Wm(Al, v(u— r))

mE S, ~ Wm<A2, (v — r))
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L k-Exchangeable Multivariate Structure

Maximum Likelihood
Log-likelihood

Uy) =log (IV)+Y_ (y = (X @ 1,)8)(Q;aF ;1) (v — (X @ 1,)B)

x

=Y glog (i) + (y - X ®1)8)’ <fj o,®rf‘> (y-(x®1,)8)
j=1

j=1

random effects

+ 8 ’(Zxoj ®r;1) B-B)
j=1

fixed effects
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LI<—E><changeab|e Multivariate Structure

Estimators
Fixed Effects

>

- (( X' X )*1x’®l,,) y

mel mXxrrxm pr><1
S ) o
Vec(pXBm) o Vec(p);r(x(nggr r3<(m) )))
B = Y(X(X X))

pxXm pXxr mxrrxm
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L Inference

L k-Exchangeable Multivariate Structure

Theorem

The hjp—dimensional random variable z; = Bj-y forj=1,... K,
is normally distributed distributed with mean vector 0 and
variance-covariance matrix (Ihj ® [}), with BJ-B} =1-PxQ; and
hj = rank(B;).
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L

‘—Inference

LI<—E><changeab|e Multivariate Structure

Estimators

Covariance Components

L1
=2z, j=1,...,n
J gJ 154

Note that %IA'J- is an unbiased estimator of ;.
J
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L k-Exchangeable Multivariate Structure

Estimators Distributions

A

=« B~ NB I (X)X QX(XX) e

m gl ~ W ()
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L Hypothesis Testing
LDoublnyxchamgeabIe Multivariate Structure

Parametric Bootstrap

Definition

Let xp be the observed value of the random variable x with density
f(x0;¢). T = T(x;xo,() is said to be a generalized test statistic if
the following three properties hold:
m For fixed xp and ¢ = (6o, n), the distribution of T(x; xp, () is
independent of nuisance parameter 7.
B tohs = T(X;x0,() does not depend on unknown parameters.

m For fixed xg and 7 ,P[T(x;xo,g) > t] is either stochastically
increasing or decreasing in 6 for any given t.

The generalized p-value for hypothesis Hy : 6 < 6y vs. Hy : 6 > 6y
is then defined by

p = sup P[T(X, XOvevn) > t] = P[T(X;X0a0077]) > t]'
0<6o
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L Hypothesis Testing
LD(:»ublnyxchangeable Multivariate Structure

Parametric Bootstrap

Auxiliary Results

Za=[Zo1:-: 2]
Zo=[Z1p::2Z,]

Zy ~ N Uar, D2, 1,_1)
Zy ~ N U, A1, 1y (y-1y),
with
Uer =[Uz1:---: U]
U =[Ur2:---: Uyl
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LD(:»ublnyxchangeable Multivariate Structure

Parametric Bootstrap

Pivotal Quantities

is a pivotal quantity for A;, i =1,2
_ -1
m Q1S(Q) ~ T T}
| R:lﬁ; ~ T,'
m €2, is the lower triangular matrix on the Cholesky
decomposition of A; for i =1,2

m R; as the lower triangular matrix in the Cholesky
decomposition of A; for i =1,2

m T; is a lower triangular matrix, deriving from the Bartlett
decomposition of the Wishart distribution S; i = 1,2
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LD(:»ublnyxchangeable Multivariate Structure

Parametric Bootstrap

Slope Parameter ~

_ (Vecy — Vecy,)’ V;l(Vec”)\/ — Vecy,)
v U ’
r—1

with
V,=B®D;+C®D,,
where
mB=A1'Y  [UpU,ylA!
mC=A"'Y), [UqU,4]A?

2
| | Ur_l ~ XI’—]_
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LD(:»ublnyxchangeable Multivariate Structure

Parametric Bootstrap

Slope Parameter ~

Under the null hypothesis Hp : Vecy = 0, which is equivalent to
Ho : Ho : Vecy = 0 & (Vecy)'Vecy = 0,

the variable

Generalized Test Variable

(vecy)' V5 lvecy
Y= U
r—1
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L Hypothesis Testing

L Doubly-Exchangeable Multivariate Structure

Parametric Bootstrap

Intercept parameter o

Hi=a=0&da=0

Generalized Test Variable

(@-a)Vy'(a-a)
Um

e =

with
1
Va = (UnBU};D: + (I + U CU3y)Dy),

where U, ~ x2,
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LD(:»ublnyxchangeable Multivariate Structure

Multivariate Satterthwaite Approximation

Slope Parameter ~

Za=1[2Zon: - :2Z,]
Zo=[Z12:--: 2],

under the null hypothesis Hp : v = 0,

ZaZ,, ~ Wp(Da,v—1)
ZpZ,, ~ Wp(A1, v(u—1)),
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LD(:»ublnyxchangeable Multivariate Structure

Multivariate Satterthwaite Approximation

Slope Parameter ~

S‘y = Zolzlgl + Z.2z,.2

has an approximate Wishart distribution with parameters

A= (Al + Az)

1
g
<’A1 4 A2’m+1>

V4l
where
1
Vy=K 7A1®A1+ A2®A2 K.
v(u—1)
m* = ™) g Kisa m? x m* , with generic element [K];; o = 2(6g5h +6inbig), i i <mg < h<m,

04, is the Kronecker delta, with lexicographical ordering on the indexes
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LD(:»ublnyxchangeable Multivariate Structure

Multivariate Satterthwaite Approximation

Intercept Parameter o

Ya = 211 *’7/U11 ~ N(\/ UVOL,/\),

with
A= U/llBU11A1 +(1+ U/11CU11)A27

Cc1 = UlllBUn
=1+ U/11CU11’
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L Hypothesis Testing

L Doubly-Exchangeable Multivariate Structure

Multivariate Satterthwaite Approximation

Intercept Parameter o

Sa=caS1+eSs.

is approximately distributed as Wp,(+A, h), where

|A|m+1>
h— ( ,
|Val

c? c?
Vo=K| 201001+ 2D, 7 ) KT,
v(u—1) 1

vV —

Test Variable

Y’ S_1Y . under the null hypothesis Hy : o = 0, has an
approximate Fp, j distribution.
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L Hypothesis Testing
LI<—E><changea1b|e Multivariate Structure

Hypothesis Formulation

C'B=B, = C(B— By =0,
(C®1,)(B—By)=0
Admit that C = X’D and, consequently, that D = X(X'X)~1C

(D,X ® lp)(/B —Bo) =0

m 3 — B is in the kernel of D'X ®@ I, = C' ® I, or
equivalently, in the kernel of (C'C) ® I,

m X(8B — By) is in the kernel of D' @ I, or D'D ® I,
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LI<—E><changea1b|e Multivariate Structure

Log-likelihood under Hj

m P is the orthogonal projection matrix on the ker(D’)

n PE, is the orthogonal projection matrix on the orthogonal
complement of ker(D’), with dim (ker(D’)) =

m By and BE, be matrices whose columns are orthonormal
basis for ker(D') and ker(D’)", respectively

=" gjlog (|rj|)
j=1
+ (yo ~ (P51 X)®1,)(B — Bo)) <Zo ®r; ) (vo— (P X)®1,)(8 - Bo))

o=y — ((Pp/X) ® 1p)Bo. ¢ = rank((I — Po)Q;) > rank((I — Px)Q;) = h;.
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L Hypothesis Testing

L k-Exchangeable Multivariate Structure

Hypothesis Test

Estimators under Hy

Bo=YPp X (X'PpX)
2 1 .
roJ = EY/(I_ PO)QJYIJ =1,...,K
J)

Test Variable

K s &j
Hj:l Fo,j|2

LRT = T
Hf:l “_j|7
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L Hypothesis Testing

L k-Exchangeable Multivariate Structure

Hypothesis Test

Special Case

Hy: BC=0

mB.=0
mC=[10 ... 0
m Pp=1-1J,

Test Variable

PN 81
Fo.1|2

IF1]2
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