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• Genotypes are usually varieties of some crop

• Environments are usually different locations

Genotypes and Environments
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6437 6036 6459 6678 6882 6916 6745 4986 5610

2832 2515 3529 2998 3556 3949 3537 3088 3061

6011 5278 4731 2516 2732 2983 4206 4484 3309

4647 4714 5448 4864 5588 5603 4318 4001 5553
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GGE

• Explores effects of Genotypes and Genotype-

by-Environment interaction simultaneously

• A singular value decomposition (SVD) on the 

matrix of residuals from a fit of a linear model 

with main effects of environments

Yan et al. (2000)
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�	 = Γ	��
��

�	 is a matrix of left-singular vectors: ���, ���, … , ���

�� is a diagonal matrix with singular values: ���, ���, … ���


� is a matrix of right-singular vectors: ���, ���, … , ���

Singular value decomposition

where � = min �, � − 1



Principal components

Environment-PC: ������						
! , 			��� ���				

! , … , 	 ������
!

Genotype-PC: ������
�"! , 	 ������

�"! , … ,				��� ���
�"!

0 ≤ $ ≤ 1
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GGE biplot
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A simple parametric bootstrap 

method
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The null model

� = )(*) + ,

The rank of )(*) is -

,	is a matrix of independent N(0, /�) distributed errors

- is the actual number of principal components

Fixed part Random part
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The null hypothesis

01: - = 3

0�: - > 3

Test sequentially: 3 = 0, 1, 2, …
until a non-significant result is obtained. 
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Test statistic

5 =
λ	67�

�

∑ λ	:
��

:;67�

To test the significance of the (3 + 1)th

component, use
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The simple parametric bootstrap method

1. Do the following a large number of times:

i. Sample an �	 − 3 × � − 1 − 3 matrix of 
random standard normal values

ii. For this matrix, compute	5== λ	�
� ∑ λ	:

�>
:;�?

2. Estimate the @-value as the frequency of 5= larger

than	5.
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Why is it simple?

� We don’t need to estimate any parameters

Why is it parametric?

� We still have to assume normal distribution

The simple parametric bootstrap method

Johannes Forkman



3 + 1 5 @-value
1 0.640 0.000

2 0.319 0.296

Results for the maize dataset

The first principal component was significant,

but the second was not.

Stop

Start
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GGE biplot
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Principal component analysis
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• Let	A	be a column-wise mean-centered matrix 

• The singular values of A (and � = B�) can be 

denoted

���, ���, … , ���.

• PCA uses the covariance matrix

cov A = A�A/(� − 1),

where � is the number of observations

PCA



• The eigenvalues of	cov A are (���
�, ���

�, … , ���
� )/(� − 1)

• The (3 + 1)th principal component accounts for

5 =
λ	67�

�

∑ λ	:
��

:;67�

per cent of the residual sum of squares.



Requirement

• Random errors are independent, normally 

distributed and homoscedastic

Conclusion

• The simple parametric bootstrap method can be 

used to test the significance of the principal 

components
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Summary

• The GGE analysis is a PCA with environments 

as variables and genotypes as observations

• The significance of the principal components can 

be tested using the simple parametric bootstrap 

method
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Thank you for your attention
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