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Basic model

We consider the extended growth curve model as defined in von Rosen
(1989):

X =Y ABC,+E (1)
=1

where the sample matrix X : p X n, the mean parameter matrices
B, : ¢; X k;, the within individual design matrices A; : p X ¢; and the
between individual design matrices C; : k; X n are such that

C(C}) CC(Ci_y),1=2,3,...,m.

The columns of E are assumed to be independently distributed as a

p-variate normal distribution with mean zero and a dispersion matrix
3.
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Maximum likelihood estimators

The maximum likelihood method is one of several approaches used to
find estimators of parameters in the EGC model.

One can find an exhaustive description of how to get those estimators
in Kollo and von Rosen (2005).

Hereafter we give some important results from which the main idea of
our discussion is derived starting with the theorem stated and proved
in von Rosen (1989).
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Maximum likelihood estimators

Let ]§7;’s be the maximum likelihood estimators of B;’s in the EGC
model. Then

PZABC ZI— Cl(C,C)H)~C;,

where,

P,=T, 1T, 9x:---xTy, To=Lr=12,...,m+1,
T, =1-P;A;(AP;S;'P,A,)"AP/S!, i

1=1,2,...,m,
7

Si=>» K;i=12,..,m,
j=1

_1 = C)(C;C))"CHX'P), Co =1
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Maximum likelihood estimators

When r = 1, we get the estimated mean structure, i.e.,
Z AB,C, = ZI— )XCH(C;ChH™C; (2)
or equivalently

EX] = > PiAi(AP;S;'P;A;)” AP;S;'XC}(C,C]) C;. (3)
=1
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Maximum likelihood estimators
To shorten matrix expressions put
Pp.a.s, = PiA;(A[PS;'P;A;)"A/P;S;! and P¢ = Cj(C;C)) C..
Thus, (3) becomes
—_— m
EX] = Z PPiAi7SiXPC§‘ (4)
i=1

Noticing that the matrix Pp;a,; s, and Pc/ are projector matrices, we
see that estimators of the mean structure is based on a projection of
the observations on the space generated by the design matrices.

Naturally, the estimators of the variance parameters are based on a
projection of the observations on the residual space, that is the
orthogonal complement to the design space.
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Main idea and space decomposition

If 32 would have been known, we would have from least squares theory
the best linear estimator (BLUE) given by

m
E[X] =) Ppa,sXPc, (5)
=1

where S; in P; is replaced with X.
We see that in the projections, if 3 is unknown, the parameter has
been replaced with S;’s, which according to their expressions are not

maximum likelihood estimators. However, S;’s define consistent
estimators of ¥ in the sense that n~'S; — ¥ in probability.
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Main idea and space decomposition

Applying the vec-operator on both sides of (4) we get

Vec(ﬁ) = Z(PC; ®@Pp,a, s, )vecX.
i=1

where ® denotes the Kronecker product.

Note that the matrix P =", Pc; ® Pp,a,,s, is a projector and its
column space is the design space

m

C(P) =) C(C}) ®Cs,(P;A;) (6)

i=1

where now ® denotes a tensor product of linear spaces and the
subscript S; in Cs, (P;A;) indicates that the inner products are defined
via the positive definite matrices S;l.
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Main idea and space decomposition

Therefore C(P) is used to estimate the mean structure whereas C(P)+
is used to create residuals, where * denotes the orthogonal complement.

To estimate 32, the general idea is to use the variation in the residuals.
For our purposes we decompose the residual space into m + 1
orthogonal subspaces.

On one hand, the conditions C(C}) C C(C,_,), i =2,3,...,m, imply
that C(C) can be decomposed as a sum of orthogonal subspaces as
follows:

C(Ch) = [c(CHne(Cy) @ [e(Cy ne(Cy) @ -
®[C(Cy,1) NC(Cy,) 8 C(C)

where @ denotes the direct sum of linear spaces.
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Main idea and space decomposition
On the other hand, the subspaces

Vi =Cs,(PiAy), i =1,2,...,m,

are orthogonal.

Now, put
Wo =C(C)EW, =C(C)NnC(Cly)t, r=1,....m—1,
Wi =C(C.,), and Vo = @™, V; @ (0, V).
With these notations, the residual space is decomposed as
CP)r =L BLB---BI,
where H denotes the orthogonal direct sum of tensor spaces,

L =W,® (@_ V)t r=0,1,2,...,m,
204514
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Main idea and space decomposition

The residuals obtained by projecting data to these subspaces are
T

RW:(L—E:PEAﬁ)XGk%—PCHJ,rz&LQﬁrn,m,
i=1

where we use for convenience Zf:kﬂ Pp,a;s, =0, Cop=Tand
Ch1=0.

Thus a natural estimator of X is obtained from the sum of squared
residuals, i.e.,

n® =RoR,) + RiR, + - - + R,R.,,.
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Estimators when the covariance matrix is linearly
structured

Now we consider the EGC model when the covariance matrix X is
linearly structured (e.g.: Uniform, compound symmetry, banded,
Toeplitz). This X will be denoted £(*) so that E ~ N, ,,(0,2(*) T,).

By vecX(K) we mean the patterned vectorization of the linearly
structured matrix X, that is the columnwise vectorization of 3(5)
where all 0’s and repeated elements (by modulus) have been
disregarded. Then there exists a transformation matrix T such that

veeS(K) = TvecE® or veecE(®) = THvecn(K), (7)

where T denotes the Moore-Penrose generalized inverse of T.
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Estimators when the covariance matrix is linearly
structured

The estimation procedure that we propose will rely on the
decomposition of the spaces as we did for the unstructured case, the
only difference being that, for the structured case, we do not replace
) with S,’s because now ) is structured.

The idea was first used by Ohlson and von Rosen (2010) for the
classical growth curve model.
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Estimators when the covariance matrix is linearly
structured

Here we use

P,=T, 1T, 9x:---xTog, To=Lr=12,.... m+1,
Ti:I_PPiAi,E(S)?i:1727""m’
Vi :Cz(s)(PiAi), 1= 1,2,...,m.

The corresponding residuals will be denoted

H,=(I-) Pp s 50)XPc; — Pc, ), 7=0,1,2,3,...,m.

i=1
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Estimators when the covariance matrix is linearly
structured

If () would have been known, we would have a BLUE of the mean

where M; = Pp,a, 5 XPc, that is a projection of observations on
C(C;) ® V.
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Estimators when the covariance matrix is linearly
structured

To get more insight on what is going on, we are going to illustrate the
space decomposition for m = 3. In this case the BLUE of the mean is

—_~—

E[X] = M; + M, + Ms,

where
M) = Pu 56 XPg,
My = Pra,50XPqy, T1=1-Py, 5 =Ty,

M; = PTQA?”E(s)XPCQa T2=1- PAl,z(s) - PTlAQE(s) =T.T;.
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Estimators when the covariance matrix is linearly
structured

From here we see that the estimated mean is obtained by projecting
observations on some subspaces.

The matrices Pa, s Pria,se and P, A, 5o are projector
matrices on the subspaces

V1 = Cx0) (A1),

VQ = Cg(s) (Al : A2) N CE(S) (AI)J_ and

Vs = Cs) (A1 : Ay : A3) NCxy)(Aq : Ag)t
respectively.
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Estimators when the covariance matrix is linearly
structured
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Estimators when the covariance matrix is linearly
structured

In practice () is not known and should be estimated. As for the
unstructured case, it is natural to use the sum of squared residuals
when finding inner product estimate.

We will sequentially estimate the inner product in the spaces V;,
1=1,2,...,m.

While finding the inner product estimate in the space V; it is natural
to use Qo = HoHj, and apply the general least squares approach by
minimizing tr {(Qo — (n — 1) B ) ( )’} with respect to ()| where the
notation (Y)( )’ stands for (Y)(Y)’. That is

f)gs) = min tr {(Qo —(n—r)B®)( )’} .
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Estimators when the covariance matrix is linearly
structured

Assuming that ggs) is positive definite (which always holds for large

n), we can use f)gs) to define the inner product in the space V;, and
therefore we consider Cgs) (A1) instead of Cxys) (A1).
1

By the same time an estimator of M, and also that of H; are found

by projecting observations on C(C}) ® Vi and (C(C}) NC(ChH)*1) @ Vit
respectively, i.e.,

Mi = P, s0XPg, (8)
H = (I-P

A 50)X(Po; —Pey)-

A second estimator of (%) is obtained using the sum of Qg and ﬁlﬁ’l
and so on.
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Estimators when the covariance matrix is linearly

structured
After the r' stage we have the following quantities.

W; = X(Pc _PC§+1)X/NWP(2(S)=ri_Ti+1)7
1=0,1,2,...,7,
P = T, Tjox--xTo, To=1j=1,2,...,i,
'/f‘i = I- PPA ES),Zzo,Q,...,r,
T, = ZPPAE(S),i_0123
7j=1
HH, = T,W.T,i=0123,.
T
Q = :Z’TZW'T/Z,T 0,1,2,3,.
=0
TW, T Qo1 ~ W(T EOT 1 — ). 20N 4
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Estimators when the covariance matrix is linearly
structured

Theorem: Let Q, be defined as in (10) and let

r

'YTZZ(W—WH) i®Ti,r=0,1,2,...,m.
=0

Then, the minimizers of

T

fr(z(s)) = tI' { (Q’I’ - Z(TZ - r’L-‘rl)’?\"LE(S)ﬂ) ()I} ) r= 07 17 27 [ 7m7
i=0
are given by
vecflfi)l =T ((T+)’?;?TT+)_ (T+)/'/I\"rvec(§r.
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Estimators when the covariance matrix is linearly
structured

Theorem [Main result]: Let the EGC model be given by (1). Then

(i) A consistent estimator of the structured covariance matrix X(*) is
given by

vecSW, | =Tt ((T*)’T;n?mw)_ (THY Y. vecQm.  (9)
(ii) An unbiased estimator of the mean is given by

m
— ~

E[X] =) (I-T)XCj(C,C)) C.. (10)

=1
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