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1. INTRODUCTION AND MOTIVATING EXAMPLES

e Data in the form of survival times arise in many fields of studies
such as engineering, manufacturing, aeronautics and bio-medical
sciences.

e A popular model for survival data is the two parameter Weibull
distribution.

e Let Y be a random variable that follows a two parameter Weibull
distribution with shape parameter 5 and scale parameter «. Then
the probability density function of Y can be written as

fly) = B (Z)(ﬁ_” exp [— (Z)ﬂ] ; y>0; 8, a>0.

a
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1. INTRODUCTION AND MOTIVATING EXAMPLES

e Often lifetime or survival time data that are collected in the form of
two independent samples are assumed to have come from two
independent Weibull populations with different shape and scale
parameters.

e In such a situation it may be of interest to test the equality of the
scale parameters with the shape parameters being unspecified.

o Let y11,y12, -+, ¥1n, @nd oy, Yoo, - - , Yon, be samples from two
independent Weibull populations with parameters («1, #1) and
(a2, Bo) respectively. Our objective is to test the null hypothesis
Hp : oy = o, where 4 and > are unspecified.
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1. INTRODUCTION AND MOTIVATING EXAMPLES

e This problem is equivalent to testing the equality of the location
parameters with the shape parameters being unspecified in two
extreme value distributions.

e Also, this is analogous to the traditional Behrens-Fisher problem

of testing the equality of the means 4 and u» of two normal
populations where the variances o2 and o3 are unknown.
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1. MOTIVATING EXAMPLE:

TABLE 1: Failure Times of Different Bearing Specimens

Type of Compound
i 1 1 v v

3.03 3.19 3.46 5.88 6.43
5.53 4.26 5.22 6.74 9.97
5.60 4.47 5.69 6.90 10.39
9.30 4.53 6.54 6.98 13.55
9.92 4.67 9.16 7.21 14.45
12.51 4.69 9.40 8.14 14.72
1295 578 1019 859  16.81
15.21 6.79 10.71 9.80 18.39
16.04 937 1258 12.28 20.84
16.84 1275 13.41 25.46 21.51
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1. MOTIVATING EXAMPLE:

TABLE 2: Estimates of parameters obtained by different methods for
compound combinations of bearing specimens data in Table 1

Compound Type Combinations

(I, Iy (I, Iy (I, 1v) (1, V) amy o nLvy o nLvy vy vy (v, V)

&g 9.0056 10.4848 11.7213 14.7887 8.5093 7.1645 9.5075 8.6567 13.8549 15.0676
B10 1.8385 2.2491 2.5351 2.4628 2.3276 2.3718 2.1549 2.3160 2.2909 1.9228
B2o 2.2376 3.2077 1.9758 3.1844 2.6780 1.5713 1.4804 1.3236 2.8340 3.2844

Gyg 12.0607 12.0607 12.0607 12.0607 6.8596 6.8596 6.8596 9.6847 9.6847 7.5107
Gipg 6.8596 9.6847 7.5107 16.3507 9.6847 7.5107 16.3507 7.5107 16.3507 16.3507
B1a 2.5881 2.5881 2.5881 2.5881 2.3202 2.3202 2.3202 3.1324 3.1324 4.0912
Boa 2.3202 3.1324 4.0912 3.6518 3.1324 4.0912 3.6518 4.0912 3.6518 3.6518

Gor 8.2096 10.4267 11.6395 14.1747 8.0635 7.6565 9.3231 10.0022 11.7626 14.1524
Bier 2.4941 2.4941 2.4941 2.4941 2.6956 2.6956 2.6956 3.0152 3.0152 2.5244
Bocr 2.6956 3.0152 2.5244 3.5348 3.0152 2.5244 3.5348 2.5244 3.5348 3.5348

bug 7.9949 9.3692 11.7085 12.7716 7.7511 8.2172 9.0596 9.7884 10.6421 14.1160
Bitg 2.0733 2.0733 2.0733 2.0733 2.2457 2.2457 2.2457 2.5192 25192 2.0992
32@ 2.2457 25192 2.0992 2.9636 2.5192 2.0992 2.9636 2.0992 2.9636 2.9636
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1. INTRODUCTION AND MOTIVATING EXAMPLES

e We develop four test procedures, namely, a likelihood ratio test,

e a C(«) test based on the maximum likelihood estimates of the
nuisance parameters,

e a C(«) test based on the method of moments estimates of the
nuisance parameters by Cran (1988)

e and a C(«) test based on the method of moments estimates of
the nuisance parameters by Teimouri and Gupta (2013).
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2. ESTIMATES OF THE PARAMETERS: MAXIMUM

LIKELIHOOD

e the maximum likelihood estimates of the parameters «;, 3;, under
the alternative hypothesis are obtained by solving the estimating
equations

j=1

n;g; Bi -
Q; +a/,.3"+1 Zyij o

and

n;j n;j
n; ’ log(aj) <= 3
=+ _log (y;) — nilog (ay) + g(ﬂ,-') >y
= &=
5 L ¥y log (y5) = 0

simultaneously.
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2. ESTIMATES OF THE PARAMETERS: MAXIMUM

LIKELIHOOD

e the maximum likelihood estimates of the parameters a 31, 5o,

under the null hypothesis are obtained by solving the estimating
equations

2 niﬁ/ )
> |- o a@HZyI/ =0,

i=1

n lo
3, + E log (y1;) — n1log (o) + g(a) yf/-‘—
j=1 j=1

;712] 1y1j1 Iog (yU) 0
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2. ESTIMATES OF THE PARAMETERS: MAXIMUM

LIKELIHOOD

e and

no o

n log («

ﬁ—z + Z log (y») — nzlog (o) + géz ) yzlj?_
j=1 j=1

o X% Varlog (vz) = 0

simultaneously. Denote the maximum likelihood estimates of
o= (047 517 52) by Sml = (&mla B1ml7 52ml>-
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2. ESTIMATES OF THE PARAMETERS: METHOD

MOMENTS BY CRAN (1988)

e Cran (1988) proposes moments estimates of the parameters for
the three-parameter Weibull distribution and applies this
procedure for the two-parameter model considering the location
parameter as zero. Following Cran (1988) the estimates of the
parameters «; and j3;, under the alternative hypothesis, are

A m %) In(2
() and fio = gt} nt - Where
\ Bic
n—
_ r\k . .
=2 <1 B E) {¥r+1) = ¥} » With (o) = 0 :and y(,) is the r'”

r=0

ordered observation.
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2. ESTIMATES OF THE PARAMETERS: METHOD

MOMENTS BY CRAN (1988)

o Note that the estimate of g; is independent of «;, so, it should be
the same under the null and the alternative hypotheses.
As a moment estimate of the common value « of a4 and as under
the null hypothesis we use a weighted average of &;. as

n;
Oéc = Z/ 1 W/Oé/c/ Z Wi, where w; = \,\/7
i=1 ic

2
Vie = 62, [F (1 + ;) { ( >} ] and V. is the variance
ic
(

of a random variable from the Welbull «;,;) population (see
Lawless, 1982). Denote these method of moments estimates by

Sc = (aa 310, 320)-

,i=1,2,
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2. ESTIMATES OF THE PARAMETERS: METHOD

MOMENTS BY TEIMOURI AND GUPTA (2013)

e In arecent article Teimouri and Gupta (2013) also propose a
method of moment estimate of the shape parameter of a
three-parameter Weibull distribution and apply this method to a
two-parameter Weibull distribution for estimating the shape
parameter of a two parameter Weibill distribution. As the estimate
by Cran (1988) this estimate is also independent of the estimate of
the scale parameter a.

Following Teimouri and Gupta (2013) the moment estimate of j; is

. —In2 ,
Bitg = n , where r; and CV; denote the it

n; + 1

\[ ni — 1
sample correlation coefficient between the observations and their
ranks and the coefficient of variation respectively.
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2. ESTIMATES OF THE PARAMETERS: METHOD

MOMENTS BY TEIMOURI AND GUPTA (2013)

e Using this estimate of B,-tg, the estimate of dg is
m

é\41‘tg =7 N
M1+
< + 5itg)

value a of ay and ap under the null hypqthesis as a weighted
average of Gy but using ;4 instead of jc as
2

. As in section 2.2 we estimate the common

~ 2 A nj .
dig = Y7 Wibig/ > Wi, where wj = =, i=1,2,
i=1 itg

2
Vig = Ay [T {1+ A2 —r {1+ A1 . Denote these
/3itg /BItg

method of moments estimates by iy = <&tg, Bitg, &tg).
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3. THE TESTS: LIKELIHOOD RATIO TEST

e Let]; and J, be the maximized log-likelihood under the alternative
and the null hypothesis respectively. Then the likelihood ratio test

statistic is LR = 2 (71 - 70>; which, under the null hypothesis,
follows a x? distribution with 1 degree of freedom.
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3. THE TESTS: C(«) TESTS

Suppose the alternative hypothesis is represented by

a;j = a+ ¢, [ =1,2, with ¢o = 0. Then the null hypothesis

Hp : a4 = ao can equivalently be written as Hy : ¢1 = 0 with «, 1
and - treated as nuisance parameters. With this
reparameterization, the log-likelihood can then be written as

2 ] n;
1=> {n;log (af’¢_> + (B —1) {Zlog (vi) nIIOQ(a+¢i)}
i=1 ! j=1
> Yy
=t
(a+ @)
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3. THE TESTS: C(«) TESTS

o Now, let ¢ = ¢1 and 6 = («, 31, B2)" and define
b O ol ol ol

90lo—0’ 17 Baloo’ 27 35, oo and y3 = 9

e Then the C(«) statistic is based on the adjusted score
S(8) = — ayy1 — a2 — asvys, where aq, a» and ag are partial
regression coefficient of ¢ on ~4, 1) on o, and 1 on 3
respectively.
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3. THE TESTS: C(«) TESTS

e The variance-covariance of S(¢) is D — AB~'A’ and the
regression coefficients a = (a1, a, as) = AB~', where Dis 1 x 1,
Ais 1 x 3 and Bis 3 x 3 with elements

921 9?1
b=E [_M)?L):o} A =E [_8¢6a‘¢20}’

921 921
) P e W
& [ 5608, Lo]’ g [ 3¢352‘¢:O]’
921

Bii=E|-5| | Bia=8 _E_a2/)

1= 9o |y_o| B2 =B = 5005 oo |’
0?1 021

B1a = B E{ 30«962‘%0} % [ 3612‘¢—0}
921 o2l

B0 = Bz E{ 551352\(75_0} and Bes [ aﬁg‘qb_o}
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3. THE TESTS: C(«) TESTS

e Derivation of the above elements based on the Weibull
log-likelihood (3.1) are given in the Appendix.

e Substituting v/n (where n = ny + ny) consistent estimate of § in S,
D, A and B, the C(«) statistic can be obtained as

c=8%/ (D - AB—1A’) , 2)
which is approximately distributed as a chi-squared with 1 degree

of freedom (Neyman, 1959; Neyman and Scott, 1966; Moran,
1970).
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3. THE TESTS: C(«) TESTS

o If the maximum likelihood estimate 4, of 4 is used then S = v,
and the C(«) statistic reduces to a score statistic (Rao, 1948)

Ci =42/ (D— AB™'A). (3)

o Further, two C(a) statistics are obtained from equation (3.2) by
using ¢ and 5tg in all the expressions of S, D, A and B. Denote
these C(«) statistics by C¢r and Cyy respectively. Each of the
statistics Cy, Cor and Cyy is approximately distributed as a
chi-squared with 1 degree of freedom.
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SIMULATION STUDY: LEVELS

TABLE 3: Empirical level (%) of test statistics LR, Cpy, Ccr and Cyy for
oy = az = « and B> = B + B4; based on 5000 iterations, ny = n, = 5, and
nominal level = 0.05.

Statistic ~ («, 1)
(5, 3) 0.00 050 1.00 150 2.00 250 3.00

IR 32 33 33 38 39 36 35
Col 29 31 32 34 36 33 31
or 41 44 43 42 45 48 44
Cyg 38 37 39 41 45 42 40
{10, 6)
IR 32 35 37 41 42 41 39
Conl 30 31 34 34 38 36 33
Cor 43 46 49 51 49 52 48
Cyg 37 41 44 A7 45 48 44
(15, 10)
IR 34 38 41 42 43 45 44
Col 32 35 35 38 41 38 36
Cer 45 47 48 50 54 52 54
Cy 38 41 44 45 48 46 48
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SIMULATION STUDY: LEVELS

TABLE 4: Empirical level (%) of test statistics LR, Cpy, Ccr and Cyy for
oy = ap = «a and B> = B + B4; based on 5000 iterations, ny = n. = 10, and
nominal level = 0.05.

Statistic ~ («, 1)
(5, 3) 0.00 050 1.00 150 2.00 250 3.00

LR 36 38 42 44 44 44 45
Crm 32 33 36 38 40 39 38
or 41 46 51 51 52 51 54
Cyg 40 44 47 48 50 51 52
{10, )
IR 38 38 41 44 45 44 43
Crm 34 35 40 40 43 44 41
Cer 45 47 51 50 53 54 50
Cyg 41 43 45 47 47 51 48
(15, 10)
LR 34 39 41 46 46 47 44
Crm 34 37 41 44 45 45 40
Cer 45 52 53 52 53 54 586
Cy 42 47 48 50 49 50 5.1
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SIMULATION STUDY: LEVELS

TABLE 5: Empirical level (%) of test statistics LR, Cpy, Ccr and Cyy for
oy = ap = «a and B> = B + B4; based on 5000 iterations, ny = n, = 20, and
nominal level = 0.05.

Statistic  (a, B) B
(5,3) 000 050 1.00 150 200 250 3.00
IR 37 37 43 45 47 47 47
Con 34 37 37 39 44 40 39
o 45 50 52 52 51 54 52
Cg 43 46 49 50 51 53 52
(70, 6)
IR 38 40 45 44 48 46 46
Co 36 36 39 41 46 45 44
Cor 47 51 51 50 53 56 54
Cq 42 46 51 48 50 52 50
(15, 70)
IR 39 42 44 47 51 47 48
Con 37 39 42 44 47 46 45
Cor 45 48 54 55 55 54 57
Cg 44 46 51 52 54 51 54
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SIMULATION STUDY: LEVELS

TABLE 6: Empirical level (%) of test statistics LR, Cpy, Ccr and Cyy for
oy = ap = a and B> = B + B4; based on 5000 iterations, ny = n. = 50, and
nominal level = 0.05.

Statistic  (a, 8) B
(5,3) 000 050 1.00 150 200 250 3.00
IR 43 45 48 50 49 48 48
Co 39 42 42 42 46 44 42
or 49 51 55 55 54 53 55
Ci 46 48 50 52 50 53 51
{70, 6)
IR 43 46 47 47 51 49 49
Co 41 42 45 46 47 47 46
Cor 51 51 55 54 53 56 56
Ci 48 50 52 51 53 54 52
(15, 10)
IR 44 47 48 51 52 51 50
Co 44 45 45 47 47 48 48
Cor 55 57 57 54 55 56 54
Ci 52 52 55 54 55 54 50
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SIMULATION STUDY: POWERS

TABLE 7: Empirical power (%) of test statistics LR, Cpj, Cer and Cyy for
a» = aq + «; based on 5000 iterations, ny = no, = 5, and nominal level = 0.05.

«

Statistic (Oc1 , B, ﬂz)
(5,3, 4) 0.00 050 100 150 200 250 3.00 4.00 5.00

IR 31 38 60 106 167 248 368 576 6819
Conl 27 33 54 97 153 227 344 548 785
Cer 40 48 70 119 175 261 385 594 837
Cig 36 42 64 108 170 249 376 583 826
{0, 3, 4)
IR 31 37 56 103 165 247 363 574 814
Conl 28 33 53 98 153 223 345 541 762
Cor 41 47 67 115 180 271 389 60.6 836
Cig 35 40 60 107 172 256 372 583 823
(5, 3, 4)
IR 32 39 57 105 168 243 359 568 825
Coml 31 36 54 100 153 224 350 546 764
Cer 45 51 69 118 178 271 384 593 835
Cig 36 42 61 110 170 258 378 580 826
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SIMULATION STUDY: POWERS

TABLE 8: Empirical power (%) of test statistics LR, Cpy, Ccr and Cyy for
as = aq + «; based on 5000 iterations, ny = no = 10, and nominal level
= 0.05.

Statistic (Oq B, 52)
(5,3,4) 0.00 050 1.00 150 200 250 3.00 4.00 5.00

IR 40 49 72 117 179 260 391 608 853
Conl 33 41 63 109 167 246 369 584 825
Cer 49 57 80 129 190 273 404 622 871
Cig 46 55 77 125 183 266 398 61.7 86.0
{0, 3, 4)
IR 39 48 69 117 181 265 394 611 859
Conl 38 45 65 110 168 251 372 587 827
Cor 48 56 77 126 195 280 409 629 87.7
Cy 44 51 72 123 187 274 400 626 87.0
(5, 3, 4)
IR 41 49 69 114 177 244 393 60.7 846
Conl 39 45 64 108 163 237 350 586 827
Cer 49 56 77 121 190 268 415 638 888
Cig 42 51 71 120 182 256 404 623 866
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SIMULATION STUDY: POWERS

TABLE 9: Empirical power (%) of test statistics LR, Cpy, Ccr and Cyy for
as = aq + «; based on 5000 iterations, ny = no = 20, and nominal level
= 0.05.

Statistic (Oq B, 52)
(5,3,4) 0.00 050 1.00 150 200 250 3.00 4.00 5.00

IR 42 53 76 127 198 289 423 638 881
Conl 35 46 69 117 182 270 405 623 864
Cor 51 63 87 139 226 320 444 681 918
Cig 48 60 83 134 211 304 429 651 894
{0, 3, 4)
IR 44 55 77 132 223 326 453 674 922
Conl 38 48 69 123 194 295 425 646 89.9
Cor 51 63 85 141 259 362 491 733 964
Cig 48 57 80 134 241 341 465 693 931
(5, 3, 4)
IR 43 54 75 131 239 340 464 683 938
Conl 42 51 71 125 201 308 437 657 916
Cer 55 65 87 146 278 381 509 754 983
Cig 50 59 80 138 258 360 477 704 946

aul With Khurshid Alam Testing Equality of Scale Parameters of Two Weibull Distribu



SIMULATION STUDY: POWERS

TABLE 10: Empirical power (%) of test statistics LR, Cp, Cor and Cyy for
as = aq + «; based on 5000 iterations, ny = no = 50, and nominal level
= 0.05.

Statistic (Oq B, 52)
(5,3,4) 0.00 050 1.00 150 200 250 3.00 4.00 5.00

IR 46 59 80 134 232 350 489 754 100
Conl 41 55 75 127 220 337 471 732 100
Cer 55 67 87 142 247 369 520 784 100
Cig 49 62 81 138 239 358 503 77.0 100
{0, 3, 4)
IR 46 59 79 147 259 380 526 798 100
Conl 45 58 7.6 139 241 349 491 764 100
Cor 55 69 87 158 294 411 579 842 100
Cig 51 64 84 153 279 398 555 81.6 100
(5, 3, 4)
IR 46 61 80 141 236 353 487 748 99.7
Conl 44 57 75 136 =229 332 464 717 988
Cer 56 70 88 157 260 377 531 789 100
Cig 52 65 83 150 249 361 517 782 100
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SIMULATION STUDY: POWERS
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FIGURE 1: Plots of empirical levels forny = m, =5
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SIMULATION STUDY: POWERS
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FIGURE 2: Power curves forni =n, =5
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