
Free Probability approach to Random Matrices An alternative Cumulant–Moment relation formula

Free Probability approach to Random Matrices

An alternative Cumulant–Moment relation
formula

Jolanta Pielaszkiewicz
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Free probability (for random matrices)

General introduction

Then the free moments of a self–adjoint element a ∈ A are defined
as

mk := τ(ak) :=

∫

R

xkdµ(x)

and they characterize a compactly supported ∗–distribution of a.
The ∗–distribution is denoted by µ and supp(µ) ⊂ R.
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For random matrices

for Random Matrices - space (RMp(C), τ)

A = RMn(C)
τ(·) := 1

n
Tr(·)

Let (Ω,F ,P) be a probability space. The RMp(C) denotes set of
all p × p matrices, with entries which belongs to
⋂

p=1,2,... L
p(Ω,P). Defined in this way set is a ∗-algebra, with

matrix multiplication as product and conjugate transpose as
∗-operation. The ∗-algebra is equipped in trace functional τ as

τ(X ) := E(Trp(X )) = E

(

1

p
Tr(X )

)

=
1

p
E(

p
∑

i=1

Xii) =
1

p

p
∑

i=1

Eλi ,

where X = (Xij)
p
i ,j=1 ∈ RMp(C).
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Recursive + non–crossing partitions

Let (A, τ) be a non-commutative probability space. Then we
define the cumulant functionals kk : Ak → C, for all i ∈ N by the
moment-cumulant relation

k1(a) = τ(a), τ(a1 · · · ak) =
∑

π∈NC(k)

kπ[a1, . . . , ak ],

where the sum is taken over all non-crossing partitions of the set
{a1, a2, . . . , ak}, where ai ∈ A for all i = 1, 2, . . . , k and

kπ[a1, . . . , ak ] =
r
∏

i=1

kV (i)[a1, . . . , ak ] π = {V (1), . . . ,V (r)},

kV [a1, . . . , ak ] = ks(av(1), . . . , av(s)) V = (v(1), . . . , v(s)).
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Recursive + non–crossing partitions

Recursive + non–crossing partitions

kπ[a1, . . . , ak ] =
∑

σ∈NC(k),σ≤π

τσ[a1, . . . , ak ]µ(σ, π),

where
τk (a1, . . . , ak) := τ(a1 · · · ak), τπ[a1, . . . , ak ] :=

∏

V∈π
τV [a1, . . . , ak ],

τV [a1, . . . , ak ] := τk (ai1 , . . . , aik ) for V = {(i1, . . . , ik) : i1 < . . . < ik}
and µ is the Möbius function on NC (k).

Speicher, R. (1994).

Multiplicative functions on the lattice of noncrossing partitions and
free convolution.

Math. Ann., 298 (1994), 611–628.

Nica, A., Speicher, R. (2006).

Lectures on the Combinatorics of Free Probability.

Cambridge University Press, Cambridge, 2006.
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Cumulant–Moment relation formulas

Non–recursive

Non–recursive cumulant–moment formula - n–c partitions

kp = mp +

p
∑

j=2

(−1)j−1

j

(

p + j − 2

j − 1

)

∑

Qj

mq1 · · ·mqj ,

mp = kp +

p
∑

j=2

1

j

(

p

j − 1

)

∑

Qj

kq1 · · · kqj ,

where Qj = {(q1, q2, . . . , qj ) ∈ N
j |
∑j

i=1 qi = p}.

Mottelson, I. W. (2012).
Introduction to non–commutative probability.
http://www.math.ku.dk/~musat/Free%20probability%20project_final.pdf

Accessed 25 July 2014.

Haagerup, U. (1997).
On Voiculescu’s R- and S-Transforms for free Non–Commuting Random
Variables.
Fields Institute Communications, Vol. 12

http://www.math.ku.dk/~musat/Free%20probability%20project_final.pdf
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Cumulant–Moment relation formulas

Recursive

Recursive - non–crossing partitions
Notation:

(

m, h,�

t

)

=
∑

i1+i2+...+ih=t
∀k ik�0

mi1mi2 · . . . ·mih ,

where mi denotes ith moment and � reflect the ordering relation.

Theorem
Let {ki}

∞
i=1 be the free cumulants and {mi}

∞
i=1 be the free

moments for an element of a non–commutative probability space.
Then, the following recursive formula holds k1 = m1 and for
t = 2, 3, . . .

kt =

t
∑

i=1

(−1)i+1

(

m, i , >

t

)

−

t−1
∑

h=2

kh

(

m, h − 1,≥

t − h

)

.



Free Probability approach to Random Matrices An alternative Cumulant–Moment relation formula

Cumulant–Moment relation formulas

Recursive

Recursive - non–crossing partitions
Notation:

(

m, h,�

t

)

=
∑

i1+i2+...+ih=t
∀k ik�0

mi1mi2 · . . . ·mih ,

where mi denotes ith moment and � reflect the ordering relation.

Theorem
Let {ki}

∞
i=1 be the free cumulants and {mi}

∞
i=1 be the free

moments for an element of a non–commutative probability space.
Then, the following recursive formula holds k1 = m1 and for
t = 2, 3, . . .

kt =

t
∑

i=1

(−1)i+1

(

m, i , >

t

)

−

t−1
∑

h=2

kh

(

m, h − 1,≥

t − h

)

.



Free Probability approach to Random Matrices An alternative Cumulant–Moment relation formula

Cumulant–Moment relation formulas

Stieltjes transform

Definition (Stieltjes transform)

Let µ be a non-negative, finite borel measure on the R. Then we
define the Stieltjes transform of µ by the formula

Gµ(z) =

∫

R

1

z − x
dµ(x),

for all z ∈ {z : z ∈ C,=(z) > 0}, where =(z) denotes imaginary
part of the complex z .
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Cumulant–Moment relation formulas

Stieltjes inversion formula

Theorem (Stieltjes inversion formula)

For any open interval I = (a, b), such that neither a nor b are
atoms for the probability measure µ the inversion formula

µ(I ) = −
1

π
lim
y→0

∫

I

=Gµ(x + iy)dx

holds.
Here convergence is with respect to the weak topology on the
space of all real probability measures.

Theorem
Let the free moments mk =

∫

R
xkdµ(x), k = 1, 2, . . .. Then

Gµ(z) =
1

z

(

1 +

∞
∑

i=1

z−imi

)

.
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Cumulant–Moment relation formulas

Stieltjes inversion formula

Sketch of the proof

Firstly

z = G−1
µ

(Gµ(z))

= z + z
∞
∑

j=1

(

−
∞
∑

i=1

z−imi

)j

+
∞
∑

i=0

ki+1

z i

( ∞
∑

j=0

z−jmj

)i

.

Then

z
∞
∑

j=0

j+1
∑

l=0

(

j + 1

l

)

(−1)l+1

( ∞
∑

i=0

z−imi

)l

=
∞
∑

i=0

ki+1

z i

( ∞
∑

j=0

z−jmj

)i

.
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Cumulant–Moment relation formulas

Stieltjes inversion formula

By
( ∞
∑

i=0

miz
i

)k

=

∞
∑

n=0

(

m, k

n

)

zn,

we have

∞
∑

j=0

(

− 1 +

j+1
∑

l=1

(

j + 1

l

)

(−1)l+1
∞
∑

t=0

(

m, l

t

)

z−t

)

=
k1
z

+

∞
∑

i=1

ki+1

∞
∑

t=0

(

m, i

t

)

z−(t+i+1).
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Cumulant–Moment relation formulas

Stieltjes inversion formula

By the identification of coefficients of z−t and inductive proof we
obtain

kt =

∞
∑

j=0

j+1
∑

l=1

(

j + 1

l

)

(−1)l+1

(

m, l ,≥

t

)

−

t−2
∑

i=1

ki+1

(

m, i ,≥

t − i − 1

)

.

Then we show that

∞
∑

j=t

j+1
∑

l=1

(

j + 1

l

)

(−1)l+1

(

m, l ,≥

t

)

= 0



Free Probability approach to Random Matrices An alternative Cumulant–Moment relation formula

Cumulant–Moment relation formulas

Stieltjes inversion formula

By the identification of coefficients of z−t and inductive proof we
obtain

kt =

∞
∑

j=0

j+1
∑

l=1

(

j + 1

l

)

(−1)l+1

(

m, l ,≥

t

)

−

t−2
∑

i=1

ki+1

(

m, i ,≥

t − i − 1

)

.

Then we show that

∞
∑

j=t

j+1
∑

l=1

(

j + 1

l

)

(−1)l+1

(

m, l ,≥

t

)

= 0

and using the inductive proof and some combinatoric argument we
obtain that the statement of theorem is true.



Free Probability approach to Random Matrices An alternative Cumulant–Moment relation formula

Cumulant–Moment relation formulas

Stieltjes inversion formula

By the identification of coefficients of z−t and inductive proof we
obtain

kt =

∞
∑

j=0

j+1
∑

l=1

(

j + 1

l

)

(−1)l+1

(

m, l ,≥

t

)

−

t−2
∑

i=1

ki+1

(

m, i ,≥

t − i − 1

)

.

Then we show that

∞
∑

j=t

j+1
∑

l=1

(

j + 1

l

)

(−1)l+1

(

m, l ,≥

t

)

= 0

and using the inductive proof and some combinatoric argument we
obtain that the statement of theorem is true.



Free Probability approach to Random Matrices An alternative Cumulant–Moment relation formula

Cumulant–Moment relation formulas

Illustrative example

k5 =

5
∑

i=1

(−1)i+1
∑

j1+...+ji=5
∀k jk>0

mj1 · . . . ·mji

−
4

∑

h=2

kh
∑

j1+...+jh−1=5−h
∀k jk≥0

mj1 · . . . ·mjh−1
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Illustrative example

Then,

m5 =
∑

π∈NC(5)

kπ[a, a, a, a, a]

= k5 + 5k4k1 +

((

5

2

)

− 5

)

k3k2 +

(

5

3

)

k3k
2
1

+

((

5

1

)

1

2

(

4

2

)

− 5

)

k22k1 +

(

5

2

)

k2k
3
1 + k51

= k5 + 5k4k1 + 5k3k2 + 10k3k
2
1 + 10k22k1 + 10k2k

3
1 + k51 ,

k5 = m5−5m4m1+15m3m
2
1+15m2

2m1−35m2m
3
1−5m3m2+14m5

1.
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