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Model Specification

RCR model

Yy =f(0x) Bit+ej, i=1,.,n j=1,.m x€cX

o f=(A,.., fp)T
o B;= (B Bip)T. E(B;) = B unknown, Cov(B;) = 02D

Here: D regular

@ E(g;) =0, Var(gj) = o2
@ All B; and all €y+j uncorrelated

Gladitz & Pilz (1982): B known

Individual response -i=1

,u,-(x) _ f(X)T,@,- Hi(X) _?iz
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Model Specification

RCR model

Vi=f) By = Yy=f0) 8+ f5) bk e
for b =p8;—-p
with E(b;) =0 & Cov(b;) = 02D
i-th individual Y; = (Y1, ...,Y,-m)T:
Y = F,B+Fb;+€,'
F=(fCa) . fOm) | & &= (ci,rcim)
All individuals Y = (Y{,..,Y]) "

b=(by,..b)) & e=(ef,..e])"

Aim: Prediction of linear aspects W = K3 + Lb
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Estimable Linear Aspects

Estimable linear aspects

Definition

W = KB + Lb estimable(predictable) < JU: E(UY)=E(W)

Lemma

W = KB + Lb estimable(predictable) < FU: K=U(1,®F)

Corollary

@ W =Lb estimable(predictable) VL

@ F full rank = W =Kg + Lb estimable(predictable) YK & VL
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Estimable Linear Aspects

Estimable linear aspects

Special cases:

@ Population parameter ¥V =3

estimable if F full rank < FTF regular

@ Individual deviations WV = b;

always predictable

@ Individual parameters WV =38, =3 +Db;

predictable if F full rank < FTF regular
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Best Prediction

Prediction of individual effects

@ BLUP for individual parameters 3;:
Bi = D(F'F) ™ +D) " Biwa+(F F)((F'F)+D)'B
where B=(FTF)7FTY & Bina=FTF)IFTY;, v=15r v,

® MSE matrix for B = (3, ,...,,BT)T:

o2 <<| - %mj) QFTF+D )1+ % (lnll) ® (FTF)’I)
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Best Prediction

Prediction of individual effects

@ BLUP for individual deviations b;:

~ ~

b = D(F'F)+D)" (B - B)

where B=FTF)™FTY & Bina=FTF)TIFTY;, v=1%n v,

n

@ MSE matrix for b= (b],...,b])":

o ((I - 1mI) ©(FTF+D 1)1 4 2 (mI) ® D)

n n
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Optimal Designs

Optimal designs

Experimental settings xj,...,xm not necessarily all distinct

@ Distinct settings X1y eeny Xk
@ Numbers of replications my, ..., mg; Zf:l m;=m
Individual design
g_ ( X1y oeey Xk )
O\ wa, e, wy
k
wj = n,:j & 21: wj =1
=

Notation

M(f):%FTF & A=mD
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Optimal Designs

IMSE-criterion

IMSE-criterion for prediction of individual parameters 3;:

= n"-X'—-xzux

dimsep(€) -/XE<;(N,( 1) — pi( ))) (dx)
fii(x; €) = £(x) " B:(€)

Simse,p(€) = tr (M(E) V) + (n— 1) tr (M(E) + A1) 7IV)

V= /X F()F(x) T 1(dx)

weighted sum of IMSE-criterion in fixed effects model
and Bayesian IMSE-criterion
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Optimal Designs

IMSE-criterion

IMSE-criterion for prediction of individual deviations b;:

Pimse b(§) = / E (Z (A7 (x: €) — M?(X))2> v(dx)
X i=1
) =f0)Th & (&) =f(x) bi(¢)

st (€)= tr (AV) + (0 — 1 ((M(©) + A7) V)

V= /X F(x)F () " (dx)

Bayesian IMSE-criterion
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Optimal Designs

D-criterion

D-criterion for prediction of individual parameters 3;:

®p,5(€) = Indet (Cov (B(¢) - B))

B:(IB177E:)T & é(5) = (Bl(f)Tv"’vén(g)T)T

®p 5(€) = Indet (M(£) 1) + (n— 1) Indet (M(¢) + A™H) 1)

weighted sum of D-criterion in fixed effects model
and Bayesian D-criterion

D singular: modified D-criterion
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Optimal Designs

D-criterion

D-criterion for prediction of individual deviations b:

®p p(§) :=Indet (Cov (B(f) — b))

~

b=(b;,...b))" & b(&)=(bs(&),....0n()")T

®pp(€) = Indet (A) + (n— 1) Indet (M(¢) + A1) 7?)
Bayesian D-criterion

D singular: modified D-criterion
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Optimal Designs

c-criterion

c-criterion for prediction of individual parameters 3;:

®c(6) = Z (E(Bi&)—<"8)?))

O 5() =c"M(E) e+ (n—1)c" (M) +A ) e

weighted sum of c-criterion in fixed effects model
and Bayesian c-criterion

Special case: c = f(xo)

interpolation & extrapolation
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Optimal Designs

c-criterion

c-criterion for prediction of individual deviations b;:

b p(€) = Z (E ((CTB,(g) - ch;)z))

i=1

dep(é)=c'Ac+(n-1)c'(ME)+A 1)1

Bayesian c-criterion

Special case: c¢=f(xp), x€X & x¢ X

interpolation & extrapolation

August 27, 2014 Maryna Prus Linear Aspects in RCR models: Optimal Designs



Optimal Designs

Optimality condition

Approximate design

62 X1y eeey Xk
Wi, ..., Wi

wi>0 &  Yh w=1

J

General equivalence theorem

4

Optimality condition for approximate designs
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Example

Example: straight line regression

Yii = Bi1+ Biaxj +€jj,  x; €[0,1]

dl 0 -i=1
° b= ( 0 d> ) —!=2

Bi(x)
@ small intercept variance d1

Individual optimal design:
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Example

IMSE- & D-optimal designs

Prediction of

1.0
individual parameters 3; r
. 0.8
— IMSE -criterion
— D-criterion 0.6
s .y B
individual deviations b; 04
— IMSE- & D-criterion
0.2 -
p=dz2/(1+d2)
dy = 0.001 0.0 T T T T ]
n = 100 00 02 04 06 08 10

m =10

gust 27, 2014 Maryna Prus Linear Aspects in RCR models: Optimal Designs



Example

Efficiency of equi-replicated design (w = 0.5)

Prediction of

1.0 —
individual parameters 3;
. 0.8
— IMSE -criterion
® “
off — mse, 3 (Ewx)
®pmse,3(€0.5) 0.6
— D-criterion k3
v (EXP(“’D,ﬁ(&w*))) % 0.4
exp(®p, 5(£0.5))
0.2 4
individual deviations b;
. . 0.0
— IMSE -criterion ‘ ‘ ‘ ‘ ‘
& sk b(Ewn) 00 02 04 06 08 10

eff =
®mse,b(€0.5)

— D-criterion
1
off — <eXP(¢D,1,(€w* ))) 2n
exp(®p p(60.5))
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Example

c-optimal designs: interpolation

Prediction of

1.0
individual parameters 3;
0.8
—xp=0
—x0 =0.5 0.6
— X0 = 1 %
0.4
individual deviations b;
— for all xp € [0,1] 0.2
0.0

p=d2/(1+d2)
0.0 0.2 0.4 0.6 0.8 1.0

dy = 0.001
n = 100
m = 10 P
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Example

Efficiency of optimal design in fixed effects model (w = x)

Prediction of

1.0
individual parameters 3;
0.8 |
[0} *
eff = Cvﬂ(gw )
Pc,5(éx0) 0.6
—x0 = 0.5 5
0.4 |
- X0 € {0~ 1}
o o 0.2
individual deviations b;
- ¢’c,b(£w*) 0.0 T T T T ]
éf = ———~ 00 02 04 06 08 10
q>c,b(fm)
—x0 =0.5 0
- x0 €{0,1}
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Example

c-optimal designs: extrapolation

Prediction of

1.0
individual parameters 3;
0.8
—xp =2
— xo = 10000 0.6 1
. . E
individual deviations b; 04
— for all xo > 1
0.2
p=d2/(1+d2)
dy = 0.001 0.0 T T T T ]
n =100 00 02 04 06 08 10

m =10
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Example

Efficiency of optimal design in fixed effects model (w = 52)

Prediction of

1.0 —
individual parameters 3;
0.8 |
[0} * [
eff — Cvﬂ(gw )
q)c,ﬁ(gﬁ/) 06 1 I
—xo =2 5
~ xo = 10000 047
o o 0.2
individual deviations b;
- ¢’c,b(£w*) 0.0 T T T T ]
éf = ———— 00 02 04 06 08 10
P b(éw)
- Xxg0 =2 0
— xp = 10000
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Outlook

Different designs for different individuals

Exact designs

@ Unknown dispersion matrix of random effects

August 27, 2014 Maryna Prus Linear Aspects in RCR models: Optimal Designs



Thank you for your attention!

OTTO VON GUERICKE

UNIVERSITAT
MAGDEBURG
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