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Semantic graph

Semantic graph
"A semantic graph organizes relational data by using nodes to
represent entities and edges to connect related entities. Hidden
relationships in the data are then uncovered by examining the
structure and properties of the semantic graph."

T. Kolda et al, Data Sciences Technology for Homeland Security Information

Management and Knowledge Discovery, Sandia, [16]

General definition, perhaps too general?

Google search 2005: university 2 billion hits

Top hits:

Harvard, Stanford, Cambridge, Yale, Cornell, Oxford

2008 search results are more difficult to understand
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Google Mathematics

◮ Google ranks 1010 web pages ??
◮ The ranking is partly based on a mathematical model of

the link structure of the Internet
◮ The ranking is recomputed each month (?) and the

computation takes 1-2 weeks(?): the world’s largest matrix
computation

◮ When Google started 1998 there was some mathematical
theory but not enough. It was found experimentally(?) that
the method works.

◮ Now there is quite some literature on pagerank and its
computation.

Search Engines

Web crawler: Computer program that downloads web pages
and scans their contents
Search engine:

1. Scan the page and collect key words (indexing)

2. Find the link structure graph of the whole Internet and
store it as a sparse matrix (dimension n ≈ 1010?)

3. Rank all web pages
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All web pages are ordered: 1, 2, . . . , n
Pagerank of page i : a number ri between 0 and 1 that
indicates how important the page is.



Links, cont.
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Provisional definition of pagerank: The more inlinks your page
has, the more important it is.
Easy to manipulate: create pages that point to yours

New provisional definition (Brin and Page 1998 [4])
The more inlinks from important pages your page has, the
more important it is

ri =
∑

j∈Ii

rj

Nj
, i = 1, 2, . . . , n.
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In the sum: The rank of page j is divided equally between is
outlinks.

Questions

Recursive definition:

ri =
∑

j∈Ii

rj

Nj
, i = 1, 2, . . . , n.

1. Does there exist a solution such that 0 ≤ ri ≤ 1?

2. If it exists, how to compute it?

Suggested Algorithm: iterate

1. Guess starting values r (0)
i , i = 1, . . . , n.

2. Iterate until convergence:

r (k)
i =

∑

j∈Ii

r (k−1)
j

Nj
, i = 1, 2, . . . , n.

3. If the change is small enough, then stop. Otherwise go
back to 2.



Matrix Formulation

Qij =

{

1/Nj if there is a link from j to i
0 otherwise.

j

i

























∗
0
...

0 ∗ · · · ∗ ∗ · · ·
...
0
∗

























← inlinks

↑
outlinks

Example

k1 -� k2 - k3

k4 k5 k6
? ? ?

6

-��

@
@

@
@

@@R �
�

�
�

���

Q =





















0 1
3 0 0 0 0

1
3 0 0 0 0 0

0 1
3 0 0 1

3
1
2

1
3 0 0 0 1

3 0
1
3

1
3 0 0 0 1

2

0 0 1 0 1
3 0





















No outlinks from page 4: corresponding column is equal to
zero.
All other columns: the elements sum up to 1

Random Walk Model

◮ Random surfer: On each page, choose one of the
outlinks with equal probability

◮ Observe the surfer for a long time and count the frequency
of visits to all pages

◮ Pagerank ri : the asymptotic probability that the surfer is at
page i .

◮ Markov chain: Discrete time and no memory. The state at
time t + 1 depends on the state at time t only.

◮ Q is the matrix of transition probabilities

Pagerank definition:

ri =
∑

j∈Ii

rj

Nj
, i = 1, 2, . . . , n.
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ri : relative frequency of visits at page i



Example, cont.

n1 -� n2 - n3

n4 n5 n6
? ? ?

6

-��

@
@

@
@

@
@

@R �
�

�
�

�
�

��

The model does not work: The surfer gets stuck at page 4.
Remedy: Introduce (artificially) links from 4 to all the others.
The random walk can continue forever.

Modified Transition Matrix

Define

dj =

{

1 if Nj = 0
0 otherwise,

for j = 1, . . . , n, and

e =











1
1
...
1











∈ R
n.

P = Q +
1
n

edT .

P is a proper column-stochastic matrix : Non-negative
elements, and the elements of each column sum up to 1.

Column-Stochastic Matrix

Proposition
A column-stochastic matrix P satisfies

eT P = eT , e =










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1
...
1
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





Equivalently: e is an eigenvector of PT with the eigenvalue 1.

Eigenvector of P

Recursive definition of pagerank:

ri =
∑

j∈Ii

rj

Nj
, i = 1, 2, . . . , n.

Now equivalent to
Pr = r .

We want to find this eigenvector of P (not PT )
Questions:

1. Is the eigenvector r unique?

2. Is it a probability vector?



Perron-Frobenius Theory

Theorem
If P is an irreducible column-stochastic matrix, then the largest
eigenvalue is equal to 1, and the corresponding eigenvector r
has non-negative elements.

The Google matrix is reducible : the random walk can get stuck
in subgraphs of the Internet
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Corresponding matrix
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
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Eigenvalues: 1, 1,−1,−0.5,−0.5

Irreducible Matrix

A = αP + (1− α)
1
n

eeT , 0 ≤ α ≤ 1

A is column-stochastic:

eT A = αeT P + (1− α)
1
n

eT eeT = αeT + (1− α)eT = eT .

Random walk interpretation
The surfer will jump to a random page with probability 1− α

Teleportation

Theorem
The positive column-stochastic matrix A = αP + (1− α)1

n eeT

has a unique eigenvector r > 0 with the eigenvalue 1.

Power Method

The power method for Ar = λr

for k = 1, 2, . . .

q(k) = Ar (k−1)

r (k) = q(k)/‖q(k)‖1

Expand initial approximation r (0) in terms of eigenvectors:

r (0) = c1r1 + c2r2 + · · · + cnrn,

Ak r (0) = λk
1



c1r1 +
n

∑

j=2

cj

(

λj

λ1

)k

rj



 .



Second Eigenvalue of A

Rate of convergence in power method
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Theorem
Given that the eigenvalues of the column-stochastic matrix P
are {1, λ2, λ3 . . . , λn}, the eigenvalues of
A = αP + (1− α)1

n eeT are {1, αλ2, αλ3, . . . , αλn}.

Standard choice: α = 0.85

Computing y = Az

A = αP + (1− α)
1
n

eeT ∈ R
n×n

Recall: n ≈ 1010

◮ Cannot form A (dense)
◮ Cannot form P = Q + 1

n edT (many dense columns)
(Q is the actual link matrix)

Matlab code:

y=alpha*Q*z;
beta=1-norm(y,1);
y=y+beta*v;
residual=norm(y-z,1);

Example: Link structure for stanford.edu
Web pages: 281903, links: 2312497.
Sparsity: 0.0029%
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What happens when α→ 1?
α→ 0: completely random, all pages get the same rank
α→ 1: The links determine the rank
BUT: counterintuitive effects
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Node 0.5 0.85 0.9999
1 0.15 0.07 0.0
2 0.10 0.04 0.0
3 0.10 0.04 0.0
4 0.15 0.08 0.0
5 0.24 0.39 0.5
6 0.19 0.36 0.5
7 0.07 0.02 0.0

Is pagerank important?

Perhaps the Google problem as such is not so important. There
are other applications where similar methods can be applied:
graph similarity, social networks, semantic graphs, etc.

Basic pagerank idea
The more inlinks from important pages your page has, the
more important it is:

ri =
∑

j∈Ii

rj

Nj
, i = 1, 2, . . . , n.

Equivalent to matrix eigenvalue problem

Ar = λr

Applications of pagerank

◮ Ranking of doctoral programs [21]
Recruiting a doctor from a good program is worth more than
recruiting from a not so good program

◮ Ranking of football teams [10, 12]
Winning over a strong team is worth more than winning over a
weaker team

◮ Bibliometry: Finding scientific gems with Google’s
PageRank algorithm [5]
Getting a citation from an important paper is better than getting
one from a less important paper
Counteracts “citation spamming”

◮ ....

HITS: Hypertext Induced Topic Search

Kleinberg 1999 [13]

◮ Hub A web page with many outlinks
◮ Authority A web page with many inlinks
◮ Good hubs point to good authorities
◮ Good authorities are pointed to by good hubs
◮ Hub score u and authority score v

u = Av , v = AT u

A is a graph matrix (adjacency matrix, essentially)
◮ SVD: A = UΣV T

u = u1, v = v1

First singular vectors



Applications of HITS

◮ Political science: Supreme Court Precendence [8, 9]
◮ Summarization [24]
◮ Synonym extraction [3]
◮ Generank [20]

Two graphs

Auth Hub

Eigenvalue problem

Adjacency matrices of directed hub-authority graphs:

E =

(

0 1
0 0

)

ET =

(

0 0
1 0

)

Eigenvalue problem for HITS:
(

0 A
AT 0

)(

u
v

)

= σ

(

u
v

)

⇔
(

(E ⊗ A) + (E ⊗ A)T
)

(

u
v

)

= σ

(

u
v

)

Interpretation
Eigenvalue problem for product graph.
Element uj gives a measure of how similar node j in the graph
A is to the hub node.

Generalization

Blondel et al. A Measure of Similarity between Graph Vertices, SIAM Review, 2004

Adjacency matrices A and B of two directed graphs:
Eigenvalue problem:

(

(B ⊗ A) + (B ⊗ A)T
)

x = λx

Interpretation
Eigenvalue problem for product graph:
The elements of the prinicipal eigenvector gives measures of
the similarities of nodes in one graph to the nodes in the other
graph

Special case: Self-similarity
(

(A⊗ A) + (A⊗ A)T
)

x = λx



Parallel Texts

◮ The same text in two (or more) languages
◮ The sentences in both languages are aligned:

corresponding sentences are identified.
◮ Compute a translation of the words in one language to the

other.

Purpose: Acquisition of a bilingual lexicon

Text parser

Use a text parser to produce a term-sentence matrix
Publicly available text parsers:

◮ TMG: Matlab toolbox (Zeimpekis & Gallopoulos)
◮ GTP: Java or C++ (Giles, Wo & Berry)

Text parsing: vector space model

Sentence 1: The Google matrix P is a model of the Internet.
Sentence 2: Pij is nonzero if there is a link from web page j to i .
Sentence 3: The Google matrix is used to rank all web pages
Sentence 4: The ranking is done by solving a matrix eigenvalue problem.
Sentence 5: England dropped out of the top 10 in the FIFA ranking.

Term S1 S2 S3 S4 S5
eigenvalue 0 0 0 1 0
England 0 0 0 0 1
FIFA 0 0 0 0 1
Google 1 0 1 0 0
Internet 1 0 0 0 0
link 0 1 0 0 0
matrix 1 0 1 1 0
page 0 1 1 0 0
rank 0 0 1 1 1
web 0 1 1 0 0

Parallel Texts: Term-sentence matrices

Denote the term-sentence matrices A1 and A2

Columns: sentences, rows: terms
The sentences are aligned =⇒ A1 ∈ R

m1×n, A2 ∈ R
m2×n

Lang. 1 Lang. 2 Sentences
Lang. 1 0 0 A1

Lang. 2 0 0 A2

Sentences AT
1 AT

2 0

Define

A =





0 0 A1

0 0 A2

AT
1 AT

2 0







Adjacency matrix of Bipartite graph

A =





0 0 A1

0 0 A2

AT
1 AT

2 0





S1

S2

S3

w1

w2

w3

w4

w5

v1

v2

v3

v4

Hypothesis

The structure of the graph makes it possible to identify which vi

corresponds to wj =⇒ Dictionary

S1

S2

S3

w1

w2

w3

w4

w5

v1

v2

v3

v4

Graph similarity

Blondel et al. A Measure of Similarity between Graph Vertices, SIAM Review, 2004

G undirected graph
Symmetric adjacency matrix A ∈ R

n×n.
Define the linear operator

A : R
n×n ∋ X 7→ AXA ∈ R

n×n

Self-similarity matrix of G:
the dominant eigenvector S1 of A. (“dominant eigenspace”)

Perron-Frobenius theory =⇒ S1 ≥ 0

Structured similarity

Type constraints (Fraikin, Van Dooren, 2006)

A =





0 0 A1

0 0 A2

AT
1 AT

2 0





No similarity between sentences and terms:

S =





S11 S12 0
S21 S22 0
0 0 S33





Hypothesis:
The similarity matrix S12 will give the dictionary



Eigenvalue problem with a lot of structure
Let

(

A1

A2

)

= U
(

Σ 0
)

V T =

(

U1

U2

)

ΣV T
1

Assume σ1 > σ2 ≥ · · ·

Lemma (Eigenvalues for the directed graph)
The largest eigenvalue of the linear operator corresponding to
the directed graph is simple and the corresponding eigenvector
is

(

u1uT
1 0

0 v1vT
1

)

We want to have

S =





S11 S12 0
S21 S22 0
0 0 S33





Similarity matrix S12

We have the partitioning

U =

(

U1

U2

)

, u1 =

(

u11

u21

)

We get
S12 = u11uT

21

Similarity matrix S12: interpretation

S12 = u11uT
21

Rank one approximation of the combined term-sentence matrix:
(

A1

A2

)

≈ σ1

(

u11

u21

)

vT
1

Compare the size of the elements in the upper and lower part
of the first singular vector.

Pair the two largest, the next two, and so on.

Not likely to be very accurate!

S12: graph interpretation

Rank one approximation of the combined term-sentence matrix:
(

A1

A2

)

≈ σ1

(

u11

u21

)

vT
1

The graph has been collapsed to one sentence node:

S′

1

w1

w2

w3

w4

w5

v1

v2

v3

v4



Similarity

(

A1

A2

)

≈ σ1

(

u11

u21

)

vT
1 , S12 = u11uT

21

◮ SVD constructs a pseudo-sentence with most important
contents in the collection

◮ Similarity based on how much the different words occur in
the most important sentence

Not likely to be very accurate for creating the dictionary:
◮ Reduction to only one sentence is too drastic
◮ Several topics are treated

Our hypothesis:
Similarity matrix S12 gives the dictionary. Not good enough!

Alternative approaches

1. Rank−k approximation with SVD
(

A1

A2

)

≈

(

U1

U2

)

ΣkV T
k , S12 = U1Σ

2
kUT

2

1.1 Advantage: Algorithms for large sparse problems well
developed

1.2 Disadvantage: S12 has negative elements, then what is
similarity?

2. Nonnegative rank−k approximation
(

A1

A2

)

≈

(

W1

W2

)

Z T , W1 ≥ 0, W2 ≥ 0, Z ≥ 0,

2.1 Advantage: S12 ≥ 0?
2.2 Disadvantage: Not obvious how to choose S12

Rank−k SVD approximation: interpretation

(

A1

A2

)

Vk ≈

(

U1

U2

)

Σk S12 = U1Σ
2
kUT

2

◮ Rank−k approximation of
(

A1

A2

)

: Choose the k most

important topics (orthogonal pseudo-sentences)
◮ Noise is removed
◮ For term i in language 1 choose the largest positive

number in row i of S12 for translation

Related to Fraikin et al, Optimizing the coupling...

max
UT U=I

tr(UT AUUT AT U) = max
UT U=I

‖UT AU‖2F

Numerical test: Europarl corpus

◮ http://www.statmt.org/europarl/

◮ English & Swedish
◮ Proceedings of the EU parliament
◮ ≈ 800, 000 sentences
◮ Stop words removed, stemming performed
◮ Only words that occur more than 100 times in the corpus

are used =⇒ ≈ 6000 words in each language
◮ Text parser: GTP
◮ Evaluation of results based on sampling
◮ Linguistics literature: ≈ 60% accuracy



SVD compression

A =

(

A1

A2

)

≈ UkΣkV T
k
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% correct translations (95% conf.)

Dim

BUT Without SVD compression: Almost 90% correct!

Adjacency matrix of Bipartite graph

A =





0 0 A1

0 0 A2

AT
1 AT

2 0





S1

S2

S3

w1

w2

w3

w4

w5

v1

v2

v3

v4

Parallel text −→ dictionary

Conclusion
The structure of the graph gives enough information to
construct a reliable dictionary, but the eigenvector approach
does not give enough information. Best results from simple
comparison of word vectors:

S12 = A1AT
2

Conclusions

◮ Graph ⇔ Sparse matrix
Powerful techniques from linear algebra: eigenvalues,
matrix factorizations (including non-negative)

◮ Very large problems can be handled
◮ Recent development: graph with text in each node⇒

tensor problem [14]
◮ Graphs with multiple linkages⇒ tensor problem

[1, 6, 17, 15]
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