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1 Introduction

Starting with the pioneering paper by Bourgain and Brezis [BB1], much interest arose

in various L!-estimates for vector fields (see [BB2], [BB3|, [BV1], [BV2], [LS], [VS1]-
[VS4], [Ma2], [MS] et al). The present article belongs to the same area and it was

inspired by a question Haim Brezis asked me at a recent conference in Rome. The
question concerns the validity of the Hardy-type inequality

dz
/Rn |Du(;1c)|m < const./Rn |Au(z)|dz (1)

in the case of divergence free Au and, in a modified form, is included in Open Problem
1 formulated in [BB2] on p. 295.

In this paper a positive answer to Brezis’ question is given (Theorem 2) and some
related results are obtained. For instance, by Theorem 1, the inequality

[ X

1<j<n

92 | Tal ) < const. /n |Au| dz, (2)

where a; are real constants, holds for all real valued scalar functions v € Cg° if and

only if
Z a; = 0.

1<j<n
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At the end of the paper certain inequalities for vector valued functions involving
Hilbert-Sobolev spaces H™*(R™) of negative order are collected. For example, by
Theorem 3 (iii), the estimate

. (2ym)™"
HIgH?{w/z - n|\d1VgH$1—1—n/2‘ < Wﬂgﬂil (3)

holds for all g € L' with divg € H~'"™"/2. An assertion dual to (B) replies in
affirmative to Open Problem 2 on p. 297 in [BB2] for the particular case l =1, p = 2,
s=n/2.

We make no difference in notations between spaces of scalar and vector-valued
functions. If the domain of integration is not indicated, the integral is taken over R"™.
We never mention R” in notations of function spaces.

2 Inequality for scalar functions

Theorem 1. Let f and ® denote scalar real-valued functions defined on R™. Assume
that f € L' and

/ F(z)dz = 0. (4)

Furthermore, let ® be Lipschitz on the unit sphere ST~ and positively homogeneous
of degree q € [1, -2=). By u we mean the Newtonian (logarithmic for n = 2) potential

of f: o
u(z) = / Iz — ) f(y) dy,

where T'(x) is the fundamental solution of —A.
A necessary and sufficient condition for the inequality
q
sup‘/ @(Vu(x))|:v|"(q_1)_qdw’ < C(/ |f(x)|dac) (5)
R>0' Jiz|<R
to hold for all f is
/ ®(z) dw, = 0. (6)
Snfl

The constant C in (@) depends only on @, q, and n.

Here and elsewhere dw, is the area element of the unit sphere S”~! at the point
Conjecture. It seems plausible that the inequality (B holds also for the critical
value ¢ = n/(n—1). The following simple assertion obtained in [MS] speaks in favour.

The inequality
2
ou Ou 2
Gt T } < Auld
’/Rzl_;lajawiaxj * _C(/l;z| u| I)

with a;; = const holds for all u € C§° if and only if a11 4+ a2 = 0.

Proof of Theorem 1. The necessity of (@) can be derived by putting a sequence
of radial mollifications of the Dirac function in place of f in ().

Let us prove the sufficiency of (@). We write Vu(z) in the form



where

1 Yy—x T
Ai(z) = o o t T ) (W) dy,
' |Sm=1| |y|<|m|/2(|y—$|" |$|")
1 Yy—
Ax(z) = o I(y)dy,
2(e) ISP 2y j2<yl <2l [y — 2™ )
1 Yy—x
As(x) = o f(y)dy,

IS™ 1 Sy >212) 1y — 2™

and

-1 x
Au(z) = ——/ f(y)dy.
) = T L ey’ Y

By (@), for all R > 0,

/ <I>(A4(x))|;v|"(q_1)_qdac =0. (7)
|z|<R
We check directly that
C
(@) < S / F @)l 1] dy, (8)
2™ Jiy)<|a1/2
|f(y)l
(@) < e / MWL, (9)
° \2)/2<y|<2]z| |Y — "1

As(z)]| < e /MI| |f<y>||y|d%. (10)

(Here and elsewhere, by ¢ we denote constants depending only on n and ¢.) Hence

3
[ X @i
j=1

< [ 17 ( [ =
S c Yy Yy Tone 1 Tl — 2[n—1
2] 121" Sy 2<)al<2lyl 12]T =yt
1

dx
=\d d 11
= /WW Ty < / F)|dy (11)

Since ® is Lipschitz on S™~! and positively homogeneous of degree g, we have
|[®(a+b) — ®(a)| < Co(lal”|b] + [b]7)

for all @ and b in R™. Now, we deduce from (7)) that the left-hand side of (&) does not
exceed

3 3
o[ S 1A @A ol 0+ [ 374y @) el 0. (12
j=1 j=1

Because of (), the first integral in (I2)) is dominated by

3
71 [ 3 14 l“—“’”l < cCullf].. (13)
j=1



Let us turn to the second integral in ([I2)). We deduce from (8) and Minkowski’s
inequality that

dx 14
Ao e [l ([ ) ay
La(|z|™(d adx) 2> 2]y] |I|n+q

Similarly, by (@)

|$|n(q—1)—qu 1/q
[ A2l La(|z|na-1-adz) < C/|f(y)|(/2 7,) dy  (15)

ly[> 2|5 yl/2 1y — 27D

(14)

and by (I0)

ng—1)—q 0.\ /1 dy
A cogaecrnsan < [U@I([  jaramean) o
2l <|yl/2 |

Every right-hand side in (I4)) - (IG) is majorized by c||f||z:. Therefore

3
Z Akl La(jzpra-D-adz) < el fllLr (17)

k=1

The proof is complete.

3 Inequalities for vector functions

We turn to a generalization of the inequality ().

Theorem 2. Let f be an n-dimensional vector-valued function in L' subject to
divf =0. (18)

Also, let u denote the solution of —Au = f in R™ represented in the form

Then there is a constant ¢ depending on n and q € [1, —2=) such that

' n—1

/|Du )9 ||~ qd:c /|f )| d, (19)

where Du is the Jacobi matrix (9u;/0z;); ;.

Remark 1. The case ¢ € (1,n/(n — 1)) in Theorem 2 is a consequence of the
marginal cases ¢ = 1 and ¢ = n/(n — 1) because of the Holder inequality

1 (1-1 1-1
1]l Lagrolnta-n-0dzy < Il x| Il oanl®.-

However, we prefer to deal with all values of ¢ on the interval [1,n/(n — 1)) simulta-
neously and independently of the deeper case ¢ = n/(n — 1) treated in [BB2]).

Proof of TheoreAm 2. It follows from f € L* tha§ the Fourier transform f is
continuous. Since ¢ - £(¢) = 0 by (), we have |[£|71¢ - £(0) = 0 for all £ € R™\{0},
which is equivalent to

/f(y) dy = 0. (20)



(The implication (I8) = (20) was noted in [BV1]).

By the integral representation u = (—A)~!f we have

[ L=kt ay
39% |5" d Iy—wl" '
Obviously,
Q)< Loy A (21)
R T e M
where
Yk — Tk T
Ai(z) = / + — ) E(y) dy|,
(@) N (Rl v LR
Yk — Tk
A = |f Y= T g gy
\2l/2< |yl <2]z| 1Y — 2|
Yk — Tk
Aaw) = |f () dy),
lyl>2)e) 1y — 2"
and

) = | e (22)

Clearly, A, As and Ajs satisfy ([[4])- [I6]) with f replaced by f. Therefore, by Minkowski’s
inequality (see the proof of ([IT)), we have

3
Z Akl La(zna-1-adzy < c[|f]lL1 (23)
k=1

Let the n x n skew-symmetric matrix F be defined by

F :=curlu:= (8ui 8uj)jj )

6$j B 8:51

i.e.

F = curl (—A)'f, (24)
where (—A)~! stands for the Newtonian (logarithmic for n = 2) potential. Let
F = (Fij)}j=1 and Fj = (Fyj,..., Fy;)" with ¢ indicating the transposition of a
matrix. We need the row divergence of the matrix F:

DivF = (divFy,...,divF,).
Since
(Div curl)! = Vdiv — A and divf =0,

we have

Div F = Divcurl (—A)'f = f'. (25)

We turn to A4(z) defined in (22)). By (28]), we obtain from Green’s formula that

1 .
A = | [ pvFwa|<e [ (FGe,  @0)
|z yl<lzl/2 yl=lz|/2



where |F| is the matrix norm. The result will follow from (23], (26]), and the next
lemma.

Lemma. Let F be the same skew-symmetric matriz field as in Theorem 2. Then

(/|_7-"(:c)|Q|x|n(q—1)—qu)l/q < c/|Div.7-"(:c)|d:v, (27)

where ¢ € [1,n/(n — 1)) and ¢ depends only on n and q.
Proof. Using 24) and (25]), we have

F(z) = (curl(—A)""(DivF)")(z)

- ( / + / + / Jeurl, (D@ = y) = T(@)) (Div F(y))'dy, ~ (28)
Ey JEy JEs
where
Ev=A{y: vl <|2l/2}, B2 ={y:[z]/2 <|y| <2z[}, and B3 = {y : |y > 2|2[}.
Obviously, the norm of the part of the matrix integral (28)) taken over E; does not

exceed
c

=T / IDiv F(y)|dy (29)
2" Jiyi<jal/2
and the norm of the integral over Fy is dominated by
. dy
¢ / Div F(y)| — 2. (30)
|zl /2<y|<2|z| |z =yl

We write the part of the integral (28]) extended over E3 as
/E curl, (T'(z — y) (DivF(y))")dy + /E curl, (—T'(x)(DivF(y))") dy. (31)
3 3
The matrix norm of the first term in ([BI) does not exceed
c/|y|>21 |Div.7-'(y)||y|d%. (32)

Let us denote the second integral in [BI) by G(x) and let us put
g:(Gl,...,Gn), where Gj:(Glj,...,an)t.

Estimating the L9(|z|*(¢~1)~9dz)-norms of the majorants @9), (B0), and (B2) by
Minkowski’s inequality, in the same way as we did for A;, Ao, and A3z in the proof of
Theorem 2, we obtain

IF = Gl La(ajra-1-ada) < c||divF| L. (33)

By definitions of curl and Div,

ar . or .
Gule) = o) [ divF)dy— ) [ divEs ) dy

11— —nf Ti . T .
57 et (2 [ By - 2 [ aivE ) )
E3

|z] Es



and by Green’s formula,

Got) = (5 [ (Gme)an -2 [ (Lrw)s). 6

|| |z| ly|=2|z| ly|’

where (-, -) stands for the inner product in R™. Obviously,

2n71

Z.
GZ(Z)—Zdwz = Ton=1| |Sn71|
/|z|—z ] E 1|( lyl=2]z]

ZiZj y
— —dwz/ — Fi(y) Jdw
/SH 2|2 |y|:2|m|(|y| ) U>

(17 Fs®)) dy

and since

[ e =%,
Sn—1 |Z'|2 n

we obtain

/z—m (ﬁ Gyl o =21 ~/|y|—2|m| (% Fi))dey  (39)

For an arbitrary » > 0 and a vector function v we set

P(v;r) :—/ Y (y)dw,.

—V
y|=r |y|

Now, using the majorants 29)), (B0), and ([B2), we deduce from (28] and the definition
of G that

[PE;:[2]) = P(Gysal)

1 . . dy . dy
<cl—— Div F(y)|d DivF(y)|———— Div F(y)|——— ).
< (e [ ol + [ oAb+ [ o)

By (33)) the left-hand side can be written in the form
no1—1
[P(Fjial) - 2" 2= P(F:20a))|
Using the same argument as at the end of the proof of Theorem 1, we arrive at
-1 1/
(/\P(Fj;|x|)_2n*1"—73(Fj;2|x|)‘q|x|n<q*1>*qu) ’ §c0/|div}'(x)|da:
n

which yields

v —1 1/q
\(/‘”Fﬁlwl)\qlwl”“**qdw) —2”*1717(/ [P(F 3 2/a) o] ") ~dz ) |

§60/|div.7:(3:)|da:.

Replacing 2z by x in the second integral of the last inequality, we can simplify this
inequality to the form

1/



By B4) and (34),
1/q
||G’jHLq(|x|n(q71)7qu) <c (/’P(F]7 |x|)’q|x|n(Q—l)—qu) < C/ |le.7:($)|dCL'

which together with ([B3]) completes the proof.

4 Generalization of Theorem 2

In this section we show that Theorem 2 can be extended to the vector fields f, which
are not necessarily divergence free.

First, let us collect some notation and known facts to be used in the sequel. Let
Br = {z € R” : |z|] < R}. The mean value of the integral with respect to a
finite measure will be denoted by the integral with bar. By ¢ we denote the Fourier
transform of the distribution ¢ (see Sect. 7.1 in [H]).

The space of distributions ¢ with Vi € L! will be denoted by Li. This space is
endowed with the seminorm [|Vy||p1. It is well known and can be easily proved that
the finite limit

Yoo := lim o(z)dw,
R—00 J |z|=R

exists for every ¢ € Li. Furthermore, ¢, = 0 is equivalent to the inclusion of ¢ in
the closure L} of C§° in Li.

The weighted Sobolev-type inequality for all ¢ € L%
el Lagizpra-1-adzy < Vel L1 (37)

with ¢ € [1, -5) can be found, for example, in Corollary 2.1.6 [Mall.

We formulate and prove a result concerning the case ¢ > 1.

Proposition 1. Let g € (1,-2) and let u = (—=A)~f, where £ is a vector field

' n—1

in L' subject to (20). Also let
h:=divf and V(-A)'he L.

Then
Dl pagana-n-adzy < (Il + [V(=A) A L1). (38)

Proof. Note that the vector function —¢|¢|=2(£(€), €) is the Fourier transform of
V(—A)71h and that it is equal to zero at the point £ = 0 since f(0) = 0. Hence

/ V(-A)h(y) dy = 0.

We see that the vector field f+V(—A)~1h is divergence free and integrable. Therefore,

by Theorem 2,
ID(=2)"HE + V(=2) ') | La(ana-ada) < c([fllzr + [V(=A) T hllp1),  (39)

which implies

1Dul[La(jzna-n-aday < C(”f”Ll""||D(_A)7lv(_A)7thLq(|m|"(q*1)*qdm)

+ IV(=8)" i) (40)



Since the singular integral operator D(—A)~'V is continuous in L9(|z|*(¢~D~9dz)
for ¢ € (1, -2-) (see [Stl]), we derive from (@Q) that

'n—1

10Ul aqapriav-oary < e(IENs + 1(=2) Al zaglafria-n-ea)

+ IV(=A)" ). (41)

Recalling that h = div f, we have
dx

Ban\Bg 1T —y["!

- dy
<c(R! ”/ f(y)|d +/ fly)|—— ).
(B [ foldy+ | ) Rs)

][ (~A)h(z)|dz < c R / 1£(y)] dy
B>r\Br

Hence

lim |(=A) th(z)|dz =0
=00 ) Byr\Br

and by (—A)~"!'h € L] we see that
lim (=A) " h(z) dw, = 0,
R—o —
|z|=R
ie., (~A)"the Ll
Using (37)), we remove the second norm on the right-hand side of (@Il by changing
the value of the factor ¢. The result follows. [
We turn to the case ¢ = 1 which is more technical being based on properties of

the Riesz transform in the Hardy space H.

By definition, the space H consists of all integrable functions orthogonal to 1 and
is endowed with the norm

el = Nl + 1V (=2)"2¢] 1. (42)

This space can be introduced also as the completion in the norm [@2) of the set of
functions ¢ such that ¢ € C§°(R™\{0}) (see [St2], Sect. 3).

The result concerning ¢ = 1 which is analogous to Proposition 1 is stated as
follows.

Proposition 2. Let u = (—A)7'f, where f is a vector field in L' subject to (20).
Also let
h:=divf and (—A)"Y2hecH.

Then
1Dl 11 (jof-1az) < (Il Ls + [[(—A) 7 2R]|w). (43)

Proof. Let us show that
D(-A)"'V(-A)"the L] (44)
if (~A)~Y/2h € H. The Fourier transform of

a0

_ A —1




equals

&E €126l E) T2 (€), €)

and vanishes at £ = 0 because f (0) = 0. Furthermore, by definition of H and the
continuity of V(—A)~Y/2 in H (see [St2], Sect. 3.4), we obtain

100, D(=2) "V (=A)Mhllp < ID(=A)2V(=A) 2 (-A) 20k

IN

cll(=2)""2h]n, (45)

i.e. (@) holds. Next we check that the mean value of D(—A)"!V(—A)~!h on the
sphere 0Bpg tends to zero as R — oo. Since h = div f, it follows that pointwise

ID(=A)'V(=A)"Th| < e(=A)2f].

Therefore,
-1 -1 —n dz
|ID(=A)" " V(-=A)" h(z)|dz < cR [£(y)l T dy
B2R\BR BQR\BR |‘T - yl
_ dy
Schn/ fydy—l—/ fly)|——)-
( | wldyr [ i)
Hence
lim |ID(=A)" 'V (=A) " h(z)|dx = 0,

RHOO B2R\BR

which ensures that the mean value just mentioned tends to zero. Now we can conclude
that i
D(-A)"'V(-A)"'h e L.

This inclusion, together with (B7) for ¢ = 1 and (@3]), shows that the second norm on
the right-hand side of ({#0]) does not exceed

c[|D(=A) "'V (=A) " hlly < e 1(=2)Y 2] k.

As for the third norm, it has the majorant ¢y ||(—=A)~'/2h||g by definition of H. The
result follows.

5 Inequalities involving L? Sobolev norms of nega-
tive order

In the sequel, the notation H! will be used for the space of distributions h with finite
norm

Il = ( [ )R ag) "

where [ € R!.

By | - | and (-,-) the norm and the inner product in the complex Euclidean space
will be denoted.

Theorem 3. Let g € C5° and

g.(x) = g(z) — (2m) "/ 2ene el / g(y) dy. (46)

10



Then
(i) The following limit exists and satisfies the inequality

L -neym

11%1+(||gs|\?fn/z —n[ldivge]|3, 1) < Wl\gllil- (47)
(1i) The inequality
lim Sup |gell3,— /2 — c1 [|divge|l3,—1on/z| < c2llgll7 (48)
e—U4
with certain constants c1 and co implies c1 =n. The constant co satisfies
(n—1)2ym)™"
>V 49
=TT rn2) (49)
i.e. [{7) is sharp.
(iii) If
[eway=o, (50)
then (207)
. m) "
gz = m v glleso| < S5 el (51)

Proof. (i) The expression in parentheses on the left-hand side of [{T) can be

written as
27_‘, / 2 / 2 5 )
B OF g [ 1640.0 g

5k 2_p j
(> / '§'|§|n+f AT ). (52)

1<j5,k<n

where all integrals are absolutely convergent. By (@Gl),

8-(6) = 8(&) — e 1€ /2"g(0).

We note that for any ¢ > 0

/ 5;€|€| ngjgk _|£| /2e2 deO
|€1>t

[+

and

|§|n+2

[ 0
[€1>¢

Therefore

/£>t HEE Ge,5(§) 9e,k(§) d€

5kI€|2 — ng; A
B /a»%%(é)gk( )dé + O(e)

11



uniformly with respect to t. Hence the value (52)) tends to

(5k -n
(¥ / |§||§|n+f]§’“ 3;(6) ()¢ (53)

1<j5,k<n

as € — 04, where the integral is understood as the Cauchy value.

Note that for n > 2
62 1 |Sn—1|

(P —n&®)le ™" = @ =) g pammy — ——0(©)
and
el =n -2 L sk
’ 0&; O, 1" =2
Analogously, for n = 2,
0
(16 = 2€8) 61~ =~ e = w316 (54)
and Lo
GGl =—gge e Pri#k (55)

Therefore, in the case n > 2, we express (G3) as

e Y [ (52 me - o 00 ) dule)

1<k<n

0? 1 _
~(2m) nZ/ =5 (e ) HOBEO &

Using Parseval’s formula once more, we write the limit of the right-hand side in (52l
as € — 04 in the form

> [awrl, ((an 5—; A= S 6(5)) g%(&)) dz

1<k<n

- Z/ ) Fe ((%;& Iél%) gk(ﬁ)) da, (56)

JFk

where 7! means the inverse Fourier transform (see formula (7.1.4) in [H]). Since
F~Had) = u v, where * denotes the convolution, we have

—1 0? 1 . B | L
Femo <<m |§|n—2> h(f)) =- (xj Tk (fg_}mlﬂﬁ)) xh

Tj Tk

—(2m) " (n - 2)|S" 7| FE

*h (57)

for 1 <4,k <n.

12



Now let n = 2. By (B4) and Parseval’s formula, we present (G3) in the form
analogous to (56

e Y [~ i~ m0(0)u( (e de

2
s o0&k €]

QZ/ a(; é"; 0 (€) G (6) de

S E=N (G L CIG) PABES

1<k<2
0 X
+ 3 [t (g 2l g (58)
J#k J
We check directly that

_ 0 & |- 1 &k s Py
72 (g G0 ) =i i = —m gt en

Combining this with (&), we deduce from (B6) and (G8) that for every n > 2 the
limit of the expression (B2]) as € — 04 is equal to

(2 (G o~ o) o0 s+ X e (> o))

1<k<n j#£k

ISn 1|/ > ||2 g )onda Zl(/gkd:c>2)

1<5,k<n

_ |S" 1'// |x_y| )a(e). &)z dy. (59)

where M(w) is the (n x n)-matrix given by
M(w) = (wjwi =17 65) ] 1 (60)

Since the norm of M(w) does not exceed (n — 1)n~1, it follows that the absolute
value of the last double integral is not greater than

S” Hn—-1)
| | /|g |d:1: ) (61)

Hence (6I)) is a majorant for the left-hand side of (@T). It remains to recall that
|S"=1] = 27m/2/T'(n/2).
(i) By @) and (i),

In — ¢

. C1 .. .
i sup el e < tim sup| eI, s — nlldiveelZ s
e—04 N e—04

+ c2gli <esliglis (62)
Since L' is not embedded into H~"/2, we have ¢; = n.
Suppose that [@8]) holds. Then ¢; = n and by (B2) and (E3) the inequality

(5k XY
oy |€||s|n+”f 5, ) de] < c2 gl o

1<4,k<n

13



holds for g € C§° with the integral understood as the Cauchy value. It was shown
in the proof of part (i) that (B3] is equal to (B9). Thus (@3] can be written as the
inequality

)e(@).g))drdy| < cz g}, (64)

Ix—yl

where the matrix M is defined by (@0). Let § denote the north pole of S"~1 i.e.
6 =(0,...,0,1). We choose the vector function g in (€4) as (0,...,n(|z|))e(x/|z|)),
where n € C§°([0,00)), n > 0, and ¢ is a regularization of the §-function on S™~!

concentrated at 6. Then (64) implies

9)77(7“) "t n(p) p" drdp

—T’|

)

o0 2
< 02‘/ n(r)yr"tdt
0

and since my,, (£60) = 1 — 1/n, we obtain ¢y > (1 — 1/n)(27)""|S" 1.

(ii7) By (50), we change n~! in (59) for 1/2 and notice that the norm of the matrix
(wjwp — 5?/2)?,1@:1 equals 1/2. Inequality (5] follows. O

As an immediate consequence of Theorem 3 (iii), we derive

Corollary. Let u be a scalar function in C§°. Then

ullpga-ns2 < (%ym”vum (65)

Proof. It suffices to put g = Vu in (EI)) and note that
18ll3=nr2 = 1Vullpg=nsz = [l 31/
and
HdngHH—l—n/2 = ||AUHH71777,/2 = HUHHI—TL/2. O

Remark 2. Passing from quadratic to sesquilinear forms in the proof of Theorem
3 (i) leads to the identity

lfnﬂ.fn/2 T —
(~8)7"2(g +n(=8) " Vive) () = T [N (E=L ey (66)

for all g € C§° orthogonal to 1. The kernel N(w) is the matrix function (wjwy)} ;—;-
Needless to say, if additionally g is divergence free, we have the representation

lfnﬂ.fn/2 T —
(~a)"?g(x) = 21“(W /N(I:C——ZI)g(y) dy. (67)

Another consequence of the identity (66]) is obtained by putting g = Vu in it,
where u is a scalar function in C3°. Then

1-n 7n/2 T—y
(A7) = i [V T o9
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Remark 3. If divg € H~'~"/2 and g € L', then g is orthogonal to one (see the
beginning of the proof of Theorem 2). On the other hand, even if g € C§° but

/g(y) dy # 0,

both norms ||div g||4y-1-n/2 and ||g|[s;—»/> are infinite. The estimate (47)) shows that
the formal expression

Igl13-n/2 = nlldiv gllF-1-n 2 (69)

can be given sense as the finite limit € — 0jon the left-hand side of [@T). One can
see that the limit does not change if ({@8]) is replaced by

g.(z) = g(z) — " n(ex) / &(y) dy.

where 7 is an arbitrary function in the Schwartz space S normalized by
/ n(y) dy = 1.

By Theorem 3 (iii) and a duality argument, similar to that used in [BB3|, one
can arrive at the following existence result which is supplied with a proof for reader’s
convenience.

Proposition 3. For any vector function u € H™/? there exists a vector function
v € L™ and a scalar function p € H'T™/? satisfying u = v + grad .

Proof. By B we denote the Banach space of the pairs {g,k} € L' x H~1-"/2
endowed with the norm

I{g, k35 = llglor + [[Ell-1-n/2.

Representing {g, k} as {g,0} 4+ {0, k}, we see that an arbitrary linear functional on B
can be given by

/(v, g)dr + /(pkd:c, (70)
where v € L™ and ¢ € H't"/2. The range of the operator
L'NnH™?5¢g— {g,—divg},

which is a closed subspace of B, will be denoted by S.

Any vector-valued function u € H™/? generates the continuous functional
fe) = [(w g)ds ()

on the space H~"/2. By (&),

1f(8)] < cnllullynrz(llgller + lIdivgllyg-1-nr2).- (72)

We introduce the functional & by

®({g. k}) == f(g) for k= —divg,
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i.e. ®@ is defined on S. Being prescribed on a closed subspace of B, this functional is
bounded in the norm of B because of (72)). By the Hahn-Banach theorem, ® can be
extended with preservation of the norm onto the whole space B. Using (Z0) and (),
we see that there exist v. € L™ and ¢ € H'*7/2 such that, for all g € L' N H~"/2,

/(u, g)dx = /((v, g) — gpdivg)d:z:.
The result follows. O

The next assertion guarantees the existence of the solution u € H2~"/2 to the
equation —Au = f provided that f is a vector field in L' subject to divf € H~1-"/2,

Proposition 4. Under the condition on f just mentioned, the inequality

2vm)™

Wﬂfﬂil (73)

I(=2) " £z je = nlldiv £l | <

holds.
Proof. It suffices to replace g by f in (5I)). O

In the forthcoming Theorem 4 we obtain an estimate which leads by duality to
the following existence result. Its proof is quite similar to that of Proposition 3 and
is omitted.

Proposition 5. Let f be a divergence free vector function in R® from the space
H'/2. Then the equation
curlu=f in R?

has a solution in H32 N L°°.

Theorem 4. Let

curlw=f +g in R? (74)
where
divw =0, feH 2R3
and
g€ L'(RY), /RS g(y)dy = 0.
Then

lAw + curlfH%l,r)/2 -2 HdinH?{,S/2

<[ le@las) @)

Proof. Since curl*w = —Aw, we have by ([4) that —Aw = curlf + curlg. Using
the identity div curlw = 0, we see that div f + divg = 0. Therefore,

AW + curl €3, o e — 2 [[div 2,0/ = eurlglZ /s — 2 | divgll3-o/a.

The right-hand side can be written in the form

09| [ (16 & - 216 0F) ] = 2m 7| [ (1eP1e? - 316 0F) ]

This value is a particular case of (52) for n = 3 and hence it does not exceed

ﬁ(/ () dr)’
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(see the proof of Theorem 3 (iii)). O

Remark 5. It is natural to ask how the results of the present section change if
the role of the homogeneous space H! is played by the standard Sobolev space H'
endowed with the norm

ol = ([ 1602062 +1)2ag)”

Restricting ourselves to Theorem 3, we check directly that

m (llgellr-n/2 =7 divee|F-ion/2)

e—04

SE(EP+1) —n
Z / ||i“||2+1 1+n/§2jgkgj(§)§k(§)d§‘,

1<j,k<n

which in its turn is equal to

(2m) " (n - 2)! / (€2 + 1)@/24,(6)an (€

1<] k<n €08k

/ Z — Tk zflx—lel(lx—yl)gj(fr)gk(y)

1<j,k<n —y| |-

)d|

where K is the modified Bessel function of the third kind. Since the function ¢ K (t)

is bounded, we obtain
2
< c(n)( [ gl d)

< c(n)( [ Ig(o)]dr)

i (gl e = m iV e -im )

Needless to say, this inequality becomes

gl — vl s

if the last norm of div g is finite.
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