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Abstract. Multidimensional surface potentials associated with elliptic dif-
ferential operators are defined by surface integrals involving fundamental
solutions of the differential operators which become singular when the ob-
servation point approaches the surface. Here we combine the choice of basis
functions for the so-called approximate approximation of the surface layer
density with the integration of the basis functions over the tangential space
by the use of appropriate asymptotic expansions. Our approach leads to cu-
bature formulae involving only nodes of a regular grid. These formulae turn
out to be extremely efficient provided the saturation error of the approximate
approximation is a priori chosen sufficiently small.

1 Introduction

In this paper we describe a new cubature method for the computation of
multi-dimensional surface potentials of the form∫

�

Q(p − q)f (q) dσq,

where� is a sufficiently smooth manifold inRd . It is well-known that, owing
to the singularity of the kernelQ atp = q, the case in whichp is located on
or close to the surface� requires special attention. This problem is usually
addressed by sophisticated methods such as special variable transformations
or singularity substraction combined with high order cubature formulae
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and mesh refinement near to the singularity (see [1,3,5,10,11] and their
references).

We propose cubature formulae for these singular or nearly singular inte-
grals which use only the density values at the nodes of a regular grid and the
corresponding surface parametrization. The underlying ideas are as follows:

1. The densityf is approximated by quasi-interpolation formulae using lo-
cally supported smooth radial functions which are centered at regularly
distributed nodes on the surface. These approximations were studied in
[9] and represent a special case of the so-calledapproximate approxi-
mations. Although they do not converge as the grid size tends to zero,
it is possible to construct formulae which provide arbitrarily high order
approximations up to any prescribed accuracy. Various applications of
approximate approximations have already been considered in [4,6–9].

2. The potentials of local basis functions over curved surfaces are approxi-
mated by a linear combination of integrals over the tangential space. This
approximation is obtained from an asymptotic expansion of the potential
by the use of the local parametrization of the surface at the center of
the basis function. Again arbitrarily high approximation orders can be
achieved by taking the smoothness of the surface into account.

3. Since approximate approximations are very flexible as regards the choice
of local basis functions, these are chosen such that the resulting integrals
over the(d − 1)-dimensional tangential space can be transformed to
efficiently computable one-dimensional integrals. Thus, the proposed
formulae are particularly well-suited for the cubature of integral operators
on high-dimensional surfaces.

Since, in principle, both the approximation of the density and the ap-
proximation of the potentials can be performed with arbitrarily high order,
the proposed cubature formulae can provide very accurate approximations
even for moderate grid sizes.

Here we consider this approach for the example of the single layer har-
monic potential

Vf (p) = �(d−1
2 )

4(d − 2)π(d−1)/2

∫
�

f (q)

|p − q|d−2
dσq

= ωd

∫
�

f (q)

|p − q|d−2
dσq.

(1.1)

We derive a cubature formula which uses only the values of the normal
and of the curvature of� at the nodes{qm} of a regular grid. It is proved
that this formula approximates the single layer potential uniformly with
orderO(h3| logh|), whereh denotes the grid size. It will be clear from the
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constructions given below, how this approach can be applied to other types
of potential operator, and how higher order formulae can be obtained by
incorporating more smoothness data about�.

The outline of the paper is as follows. In Sect. 2, we describe results on
the quasi-interpolation on manifolds by locally supported radial functions,
providing estimates for the approximation of the single layer potential (1.1)
by linear combinations of surface integrals with small integration domains.
In Sect. 3, we approximate these integrals by integrals over the tangential
space and obtain uniform error estimates. Here, we also give the cubature
formula with weights defined by these(d−1) -dimensional integrals, which
can be transformed into one-dimensional ones. This is shown in Sect. 4.
Finally, in Sect. 5 we provide numerical results, which are in agreement
with the uniform error estimate.

2 Quasi-interpolation on surfaces

After applying a partition of unity we may assume that the functionf has
compact support on� parametrized byxd = ϕ(x)with a sufficiently smooth
function given on a bounded domainϕ : γ ⊂ R

d−1 → R. Then (1.1)
becomes

Vf (p) = ωd

∫
γ

f (y, ϕ(y))

(|x − y|2 + (xd − ϕ(y))2)d/2−1
(1 + |∇ϕ(y)|2)1/2dy

(2.1)

with p = (x, xd). To approximate the value ofVf (p) we introduce a uni-
form grid {mh ∈ γ : m ∈ Z

d−1} and consider the cubature using the
midpoint rule

Vhf (p) = ωdh
d−1

∑
mh∈γ

f (mh, ϕ(mh))(1 + |∇ϕ(mh)|2)1/2
(|x −mh|2 + (xd − ϕ(mh))2)d/2−1

. (2.2)

Due to the well-known error estimate for the cubature of smooth integrands
on uniform grids∣∣∣∣∣∣

∫
γ

g(y) dy − hd−1
∑
mh∈γ

g(mh)

∣∣∣∣∣∣ ≤ c� h
�

∫
γ

|∇�g(y)|dy, � = 1,2, . . .

(see [2]), we have

|Vf (p)− Vhf (p)| ≤ c� h
�(dist(p, �))1−� (2.3)
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if dist(p, �) > 0 for sufficiently smoothf andϕ. In the case that dist(p, �)
is very small, formula (2.2) has to be modified. Usually the cubature of
potentials is based on special variable transformations or high order cubature
formulae and mesh refinement near to the pointp.

To retain the grid and the simple structure of (2.2) we choose a spe-
cial approximation of the density near the pointp. This is a high order
quasi-interpolation method applied to anN -times continuously differen-
tiable functionf on� with compact support, which was studied in [9] and
has the form

fh(q) = D−(d−1)/2
∑
hm∈γ

f (φ(hm)) η
( q − φ(hm)√Dh |φ′(hm)|1/(d−1)

)
, (2.4)

where, specified to the case considered above, the mappingφ is of the form
φ(x) = (x, ϕ(x)), and thus|φ′(x)| = √

1 + |∇ϕ(x)|2.
In formula (2.4),η is chosen as a smooth radial function, i.e.,η(x) =

ψ(|x|2/2) with a smooth functionψ : R
+ → R. Moreover, we assume that

η decays rapidly and satisfies the moment conditions∫
Rd−1

η(y) dy = 1,
∫

Rd−1

yα η(y) dy = 0, (2.5)

for all multiindicesα with 1 ≤ |α| < N . Then the following estimates can
be proved.

Lemma 2.1 [9] Assume that the radial function η ∈ S(Rd−1) satisfies the
moment conditions (2.5) and that ϕ ∈ CN+1(γ ). If f ∈ CN0 (�), then for
any ε > 0 there exists D > 0 such that, at any point q ∈ �,

|fh(q)− f (q)| ≤ c (
√

Dh)N ‖f ‖CN(�) + ε

N−1∑
k=0

ck (
√

Dh)k, (2.6)

where c does not depend on f , h and D and the numbers ck depend on the
values ∂αf (q) for |α| ≤ k.

Remark 1 For any given local basis functionη, the functional dependence
of ε upon the parameterD is explicitly known. Therefore, in numerical
computations the parameterD can be chosen so thatε is less than any pre-
scribed accuracy. Then the last term in (2.6), which we call the saturation
error because it does not converge to zero, can be neglected and the approx-
imation process and corresponding numerical algorithms behave likeN th
order approximations.

Remark 2 Sinceη is rapidly decaying, the approximation error (2.6) remains
valid if the summation in (2.4) is restricted to the grid pointsφ(hm) ∈ �
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satisfying

|q − φ(hm)| ≤ √
Dhmax

x∈γ |φ′(x)|1/(d−1) δ

for an appropriately chosenδ > 0.
Here, we use the quasi-interpolant (2.4) of the density to obtain a cubature

of the single layer potentials (1.1),

Vhf (p) = ωd

D(d−1)/2

∑
hm∈γ

f (φ(hm))

×
∫
�

η
( q − φ(hm)√Dh |φ′(hm)|1/(d−1)

)
|p − q|2−d dσq. (2.7)

Thus, in suitable norms, the differencesVf (p)− Vhf (p) behave like esti-
mate (2.6).To obtain efficient methods for computing the integrals appearing
in the sums over�, which in general has a small but curved integration do-
main, we approximate these by integrals over the tangential space at the
pointsφ(hm). We are interested in the accuracy of this approximation if, in
addition to the first derivatives ofφ, i.e., the direction of the normal, second
derivatives, i.e., the curvatures of�, are also used to determine the integrals
over the tangential space.

3 Asymptotic formulae for the single layer potential acting on local
basis functions

In the following we derive asymptotic formulae of the single layer potential

Vhη(p) = ωd

∫
�

|p − q|2−d η
(q − q0

h

)
dσq (3.1)

ash → 0. Given the normaln to � at q0 we choose a new coordinate
system such thatq0 becomes the originO and the normal coincides with
ed = (0, . . . ,0,1).

Multiplying by a suitable cut–off function we assume first thatη is sup-
ported in the ballBδ = {|p| ≤ δ}, p = (x, xd) ∈ R

d , q = (y, yd) ∈ �.
Without loss of generality we can assume that, in a neighborhoodU of the
originO, the boundary� is given by

yd = ϕ(y) with ϕ(0) = 0 and∇ϕ(0) = 0. (3.2)
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We chooseh such thatBhδ ∩� ⊂ U and writeUh = ϕ−1(U). Then (3.1)
takes the form

Vhη(p) = ωd

∫
Uh

(|x − y|2 + (xd − ϕ(y))2)1−d/2

× (1 + |∇ϕ(y)|2)1/2 η
(y
h
,
ϕ(y)

h

)
dy. (3.3)

First we show thatVhη(p) allows an asymptotic expansion in powers of
h. Let the parametrizationϕ(y) be a real analytic function and denote the
curvature tensor byK = ‖∂jkϕ(0)‖d−1

j,k=1. Then, in view of (3.2),

ϕ(y) = 1

2
(Ky, y)+

∑
|α|≥3

yα

α! ∂
αϕ(0) and

|∇ϕ(y)|2 = |Ky|2 +
∑
|α|≥3

δαy
α.

(3.4)

Therefore, the area element is, nearO, of the form

(1 + |∇ϕ(y)|2)1/2 = 1 + 1

2
|Ky|2 +

∑
k≥3

πk(y),

whereπk are homogeneous polynomials of degreek. Hence, forY = h−1y

we have

dsy = hd−1
(
1 + 1

2
|KY |2h2 +

∑
k≥3

h3πk(Y )
)
dY.

Analogously, ifη(y) = ψ(|y|2/2) is real analytic then one obtains from
Taylor’s expansion

η
(y
h
,
ϕ(y)

h

) =
∑
j≥0

(2j − 1)!!
(2j)! ψ(j)(|Y |2/2)(h−1ϕ(hY ))2j

= η(Y,0)+ h2 (KY, Y )
2

8
ψ ′(|Y |2/2)+

∑
j≥3

hjpj (Y,
d

dt
) ψ(|Y |2/2)

with certain differential operatorspj(Y, ddt ) of orderj/2 having polynomial
coefficients of degree≤ 2j . Thus,

η
(y
h
,
ϕ(y)

h

)
(1 + |∇ϕ(y)|2)1/2

= ψ(|Y |2/2)+ h2

8

(
4ψ(|Y |2/2)|KY |2 + ψ ′(|Y |2/2)(KY, Y )2

)
+

∑
j≥3

hjPj (Y,
d

dt
)ψ(|Y |2/2)

(3.5)
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with differential operatorsPj(Y, ddt ) of orderj/2 having polynomial coef-
ficients.

Similarly, the kernel function can be expanded in powers ofh. We con-
sider two zones, the far field|p|2 > 4δ2h2 and the near field|p|2 < 9δ2h2,
where the kernel function is singular. In the far field we use the Taylor
expansion

(|x − y|2 + (xd − ϕ(y))2)1−d/2 =
∑
j≥0

(−ϕ(y))j
j ! ∂

j

d (|x − y|2 + x2
d )

1−d/2.

Since|p − q| ≥ |p|/2, we obtain the fact that

|ϕ(y)j ||∂jd (|x − y|2 + x2
d )

1−d/2| ≤ cj |y|2j
(|x|2 + x2

d )
(d−2+j)/2 ≤ cj h

2−d+j .

If |x|2 + |xd |2 < 9δ2h2 we expand the kernel with respect toϕ(x)− ϕ(y):

(|x − y|2 + (xd − ϕ(y))2)1−d/2

=
∑
j≥0

(ϕ(x)− ϕ(y))j

j ! ∂
j

d (|x − y|2 + (xd − ϕ(x))2)1−d/2.

We write x̃d := xd − ϕ(x). Then

|(ϕ(x)− ϕ(y))j | |∂jd (|x − y|2 + x̃2
d )

1−d/2| ≤ |x − y|j max|∇ϕ|j
(|x − y|2 + x̃2

d )
(d−2+j)/2 ,

where the maximum of|∇ϕ| is taken for|x| ≤ 3δh. Hence,

|(ϕ(x)− ϕ(y))j | |∂jd (|x − y|2 + x̃2
d )

1−d/2| ≤ cj h
j

(|x − y|2 + x̃2
d )
d/2−1

.

ThusVhη(p) can be expanded, at least formally, as a power series with
respect toh. The coefficients are given as integral operators over domains
in R

d−1.
In what follows, we determine the approximations ofVhη(p) by using

the curvature tensorK = ‖∂jkϕ(0)‖d−1
j,k=1 of � atO. Due to (3.5), we obtain

(
1 + 1

2
|Ky|2

)
η
(y
h
,
ϕ(y)

h

)
= σ

(y
h
, h

)
+O(h3)

with the function

σ(y, h) = ψ(|y|2/2)
+ h2

8

(
4ψ(|y|2/2) |Ky|2 + ψ ′(|y|2/2) (Ky, y)2

)
,

(3.6)



40 V. Maz’ya, G. Schmidt, W. Wendland

and we have to analyze the integral

Ṽhη(p) = ωd

∫
Uh

(|x − y|2 + (xd − ϕ(y))2)1−d/2 σ(
y

h
, h) dy, (3.7)

which differs from the original one by

|Vhη(p)− Ṽhη(p)| ≤ c h3
∫
Uh

dy

(|x − y|2 + (xd − ϕ(y))2)d/2−1
. (3.8)

3.1 Far field |x|2 + |xd |2 > 4δ2h2

Since in this area|p − q| ≥ |p|/2 we obtain

|Vhη(p)− Ṽhη(p)| ≤ c h2+d |p|2−d . (3.9)

Then expansion of the kernel gives

1

(|x − y|2 + (xd − ϕ(y))2)d/2−1

= 1

(|x − y|2 + x2
d )
d/2−1

+ (d − 2) xd ϕ(y)

(|x − y|2 + x2
d )
d/2

+ R2(p, q)

with

R2(p, q) =
1∫

0

(1 − t)µ′′(t)dt,

whereµ(t) = 1

(|x − y|2 + (xd − tϕ(y))2)d/2−1
.

Note that

µ′′(t) = (2 − d)ϕ(y)2
|x − y|2 + (1 − d)(xd − tϕ(y))2

(|x − y|2 + (xd − tϕ(y))2)d/2+1

and therefore

|µ′′(t)| ≤ |ϕ(y)|2
|p|d ,

which, in view of|y| ≤ ch, implies the estimate∣∣∣∣ωd
∫
�

R2(p, q) σ (
y

h
, h) dσq

∣∣∣∣ ≤ c
hd+3

|p|d .
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Thus, it remains to consider the integrals

ωd

∫
Uh

1

(|x − y|2 + x2
d )
d/2−1

σ(
y

h
, h) dy

+ (d − 2) ωd xd
2

∫
Uh

(Ky, y)

(|x − y|2 + x2
d )
d/2

σ(
y

h
, h) dy

+ (d − 2) ωd xd

∫
Uh

ϕ3(y)

(|x − y|2 + x2
d )
d/2

σ(
y

h
, h) dy,

with ϕ3(y) = ∑
|α|≥3 δαy

α. In the new variablesX = x

h
,Xd = xd

h
, Y = y

h
,

the first two integrals transform to

ωdh


∫
B ′
δ

σ (Y, h)

(|X − Y |2 +X2
d)
d/2−1

dY

+ (d − 2) hXd
2

∫
B ′
δ

(KY, Y ) σ (Y, h)

(|X − Y |2 +X2
d)
d/2

dY


 ,

whereas the third integral can be estimated by∣∣∣(d − 2)ωdxd

∫
Uh

ϕ3(y)

(|x − y|2 + x2
d )
d/2
σ
(y
h
, h

)
dy

∣∣∣ ≤ chd+2|p|1−d . (3.10)

HereB ′
δ = Bδ ∩ R

d−1 denotes the support of the radial functionη in R
d−1.

From (3.6) we therefore obtain as an approximation toVhη(p) in the far
field

ωdh

∫
B ′
δ

ψ(|Y |2/2)
(|X − Y |2 +X2

d)
d/2−1

dY

+ ωd (d − 2)h2Xd

2

∫
B ′
δ

(KY, Y )ψ(|Y |2/2)
(|X − Y |2 +X2

d)
d/2

dY

+ ωdh
3

8

∫
B ′
δ

4 |KY |2ψ(|Y |2/2)+ (KY, Y )2ψ ′(|Y |2/2)
(|X − Y |2 +X2

d)
d/2−1

dY,

(3.11)

which in the following is denoted bŷVhη(p) and, in view of (3.9), provides
uniform approximations ofVhη(p) of orderhd+2|p|1−d . Note that the third
integral in formula (3.11) is of orderO(hd+1|p|2−d), which, for|p| = O(h),
is the same as for the error term (3.10).
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3.2 Near field |x|2 + |xd |2 < 9δ2h2

Here (3.8) leads to

|Vhη(p)− Ṽhη(p)| ≤ c h3
∫
Uh

dy

|x − y|d−2
≤ c h4. (3.12)

As mentioned above, we use the Taylor expansion of the kernel about the
point(x−y, x̃d), wherex̃d = xd −ϕ(x). From (3.6) we obtain the integrals

ωd

∫
Uh

1

(|x − y|2 + x̃2
d )
d/2−1

σ(
y

h
, h) dy = ωdh

∫
B ′
δ

ψ(|Y |2/2) dy
(|X − hY |2 + X̃2

d)
d/2−1

+ ωd h
3

8

∫
B ′
δ

4|KY |2ψ(|Y |2/2)+ (KY, Y )2ψ ′(|Y |2/2)
(|X − hY |2 + X̃2

d)
d/2−1

dY,

whereX = h−1x , X̃d = h−1(xd − ϕ(x)). The succeeding term in Taylor’s
expansion gives

ωd(d − 2) x̃d

∫
Uh

ϕ(y)− ϕ(x)

(|x − y|2 + x̃2
d )
d/2
σ(
y

h
, h) dy.

If we replaceϕ(y) by (Ky, y), the error satisfies∣∣∣∣ωd(d − 2) x̃d

∫
Uh

ϕ3(y)− ϕ3(x)

(|x − y|2 + x̃2
d )
d/2
σ(
y

h
, h) dy

∣∣∣∣
≤ c

∫
Uh

(|y|2 + |x|2) dy
(|x − y|2 + x̃2

d )
d/2−1

= O(h3).

Thus, for pointsp = (hX, hXd) in the near field, we obtain the formula

V̂hη(p) = ωdh

∫
B ′
δ

ψ(|Y |2/2)
(|X − Y |2 + X̃2

d)
d/2−1

dY

+ ωd(d − 2)h2 X̃d

2

∫
B ′
δ

(KY, Y )− (KX,X))ψ(|Y |2/2)
(|X − Y |2 + X̃2

d)
d/2

dY,

(3.13)

which in view of (3.12) provides uniform approximations ofVhη(p) of order
h3.

Thus the single layer potential of the Laplacian is approximated for all
p ∈ R

d by (3.11) and (3.13) with the uniform errorO(hd+2/(|p| + h)d−1).
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3.3 Matching in the area 2δh ≤ |p| ≤ 3δh

According to the remark at the end of Sect. 3.1 we have to show that the sum
of the first two integrals in (3.11) differs from (3.13) by higher order terms if
the pointp = (hX, hXd) lies in the matching area. SinceXd = X̃d+ϕ(x)/h
and(|X − Y |2 +X2

d)
1−d/2 is smooth forq = (hY, yd) ∈ Uh we have

1

(|X − Y |2 +X2
d)
d/2−1

= 1

(|X − Y |2 + X̃2
d)
d/2−1

− ωd(d − 2)ϕ(hX)X̃d
h(|X − Y |2 + X̃2

d)
−d/2 +O

(ϕ(hX)2
h2

)
.

(3.14)

Thus, if we replaceϕ(hX) by h2(KX,X)/2 in (3.14), we see that formula
(3.11) differs from (3.13) by terms of orderO(h3), i.e., in the overlapping
region both formulae generate the same asymptotic error.

3.4 Approximation error

The approximation ofVhf (p) is now given by

Ṽhf (p) = D(1−d)/2 ∑
hm∈γ

f (φ(hm))V̂hmη(p − φ(hm)), (3.15)

where the parameterhm = √Dh |φ′(hm)|1/(d−1) and the formulae for̂Vhmη
are determined by (3.11) or (3.13) in dependence on the value of|p−φ(hm)|.
Due to the uniform error estimate, the difference|Vhη(p)− V̂hη(p)| can be
estimated by

ωd

D(d−1)/2

∑
hm∈γ

|f (φ(hm))| (
√Dh |φ′(hm)|1/(d−1))d+2

(|p − φ(hm)| + √Dh |φ′(hm)|1/(d−1))d−1

≤ c(
√

Dh)3
∫
γ

|f ((φ(y))| |φ′(y)|(d+2)/(d−1)

(|p− φ(y)|+√Dh |φ′(y)|1/(d−1))d−1
dy

≤ c(
√

Dh)3
∫
�

|f (q)|
(|p − q| + √Dh)d−1

dσq

≤ c‖f ‖C(�)(
√

Dh)3| log(max(
√

Dh,dist(p, �)))|.

(3.16)

Note that the integrals appearing in the formulae (3.11) or (3.13) are
restricted to the domainB ′

δ, which is the support of the basis functionη in
R
d−1 after multiplication by a suitable cut–off function. Due to the rapid
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decay ofη one can obviously extend the integration domain to the whole of
R
d−1 giving an error less than a prescribed toleranceε.

Thus, we fixδ′ > 0 such that∫
Rd−1\Bδ′

|y|2|η(y)| dy ≤ ε,

with ε the saturation error from Lemma 2.1. To compute the approximation
of (1.1) we choose a local coordinate system with origin at the pointφ(hm)

such that thexd-axis is directed as the normal to� at this point. In the
new coordinate system, the surface� is given locally by the mappingxd =
ϕ(x), x ∈ R

d−1. The corresponding curvature tensor we denote byK =
‖∂jkϕ(0)‖d−1

j,k=1. Let p − φ(hm) = (x, xd) = (hX, hXd), and consider the
approximations ofVhη(p − φ(hm)):
1. if |p − φ(hm)| ≥ hδ′, then

V̂hη(p − φ(hm)) = ωdh

∫
Rd−1

ψ(|Y |2/2)
(|X − Y |2 +X2

d)
d/2−1

dY

+ ωd (d − 2)h2Xd

2

∫
Rd−1

(KY, Y )ψ(|Y |2/2)
(|X − Y |2 +X2

d)
d/2

dY

+ ωdh
3

8

∫
Rd−1

4 |KY |2ψ(|Y |2/2)+ (KY, Y )2ψ ′(|Y |2/2)
(|X − Y |2 +X2

d)
d/2−1

dY ;

(3.17)

2. if |p − φ(hm)| < hδ′, then

V̂hη(p − φ(hm)) = ωdh

∫
Rd−1

ψ(|Y |2/2)
(|X − Y |2 + X̃2

d)
d/2−1

dY

+ ωd(d − 2)h2 X̃d

2

∫
Rd−1

(KY, Y )− (KX,X))ψ(|Y |2/2)
(|X − Y |2 + X̃2

d)
d/2

dY,

(3.18)

whereX̃d = Xd − h−1ϕ(hX). Then from Lemma 2.1 and (3.16) we derive

Theorem 3.1 Suppose that the radial function η ∈ S(Rd) satisfies the mo-
ment condition (2.5)with N = 4. Then the single layer potential

Vf (p) = ωd

∫
�

f (q)

|p − q|d−2
dσq

is approximated by the sum (3.15)with order

|Vf (p)− Ṽhf (p)| = O((
√

Dh)3| log(max(
√

Dh,dist(p, �)))| + ε),

(3.19)
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provided that the surface � has C4-smoothness and f ∈ C3
0(�). The satu-

ration term ε can be made negligibly small if D is sufficiently large.

3.5 Cubature formula

As mentioned above we use formulae (3.17) only if|p − φ(hm)| is small,
otherwise we can use the simple midpoint rule (2.2). To give the correspond-
ing bounds for|p − φ(hm)| we introduce a cut–off functionχh with the
property thatχh(q) = 1 for |q| ≤ hβ andχh(q) = 0 for |q| ≥ (hβ + h1/4)

for someβ ∈ (0,1) to be specified later. We split the single layer potential
into two integrals

ωd

∫
�

f (q)χh(p − q)

|p − q|d−2
dσq + ωd

∫
�

f (q)(1 − χh(p − q))

|p − q|d−2
dσq (3.20)

and apply Theorem 3.1 to the first one. Note, thatf (q)χh(p − q) �= 0,
q ∈ �, only for dist(p, �) < (hβ + h1/4). Since|∇χh| ≤ ch−1/4 , we have

‖f χh(p − ·)‖C4(�) ≤ ch−1‖f ‖C4(�).

Thus, in view of Theorem 2.1, the functionf (q)χh(p− q) can be approxi-
mated on� by the quasi-interpolant

D−(d−1)/2
∑

|p−φ(hm)|<hβ−1/4

f (φ(hm))

× χh(p − φ(hm)) η
( q − φ(hm)√Dh |φ′(hm)|1/(d−1)

)
(3.21)

with error

c (
√

Dh)3 ‖f ‖C4(�) + ε

3∑
k=0

ck (
√

Dh)3k/4.

Consequently, iff ∈ C4
0(�), then we can argue as in Theorem 3.1 to

derive the estimate∣∣∣∣ωd
∫
�

f (q)χh(p − q)

|p − q|d−2
dσq − D(1−d)/2

∑
|p−φ(hm)|<hβ+h1/4

f (φ(hm))χh(p − φ(hm))Ṽhmη(p − φ(hm))

∣∣∣∣
= O((

√
Dh)3| log(

√
Dh)| + ε).
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Thus, it remains to chooseβ such that the second integral in (3.20) is
approximated with orderO(h3) by

hd−1ωd
∑
mh∈γ

f (φ(mh))(1 − χh(p − φ(mh)))

|p − φ(mh)|d−2
|φ′(mh)|.

If dist(p, �) ≥ hβ + h1/4, thenχh(p − φ(y)) = 0 and∫
γ

∣∣∣∣∇�

(
f (φ(y))

|p − φ(y)|d−2

√
1 + |∇ϕ(y)|2

)∣∣∣∣ dy
≤

�∑
j=0

cj

∣∣∣∇�−j (f (φ(y))
√

1 + |∇ϕ(y)|2)
∣∣∣ ∫
γ

dy

|p − φ(y)|d+j−2

≤
�∑
j=0

cj

∣∣∣∇�−j (f (φ(y))
√

1 + |∇ϕ(y)|2)
∣∣∣

diamγ∫
0

rd−2 dr

|r + hβ + h1/4|d+j−2
.

Thus,

h�
∫
γ

∣∣∣∣∇�

(
f (φ(y))

|p − φ(y)|d−2

√
1 + |∇ϕ(y)|2

)∣∣∣∣ dy ≤ c h�(hβ + h1/4)1−�.

If dist(p, �) < hβ + h1/4, we have∣∣∣∣∇�−j
(
f (φ(y))(1 − χh(p − φ(y)))

√
1 + |∇ϕ(y)|2

)∣∣∣∣ ≤ ch(j−�)/4,

and ∫
|p−φ(y)|≥hβ

dy

|p − φ(y)|d+j−2
≤ c hβ(1−j)

so that

h�
∫
γ

∣∣∣∣∇�

(
f (φ(y))(1−χh(p − φ(y)))

|p − φ(y)|d−2

√
1 + |∇ϕ(y)|2

)∣∣∣∣ dy ≤ c h�(1−β)hβ.

Hence, depending on the smoothnessf ∈ C�0(�) with � ≥ 4, the value
β = 1 − 2/(�− 1) provides the following estimate of the cubature error:∣∣∣∣ωd

∫
�

f (q)(1 − χh(p − q))

|p − q|d−2
dσq

−hd−1ωd
∑
mh∈γ

f (φ(mh))(1 − χh(p − φ(mh)))

|p − φ(mh)|d−2
|φ′(mh)|

∣∣∣∣
≤ ch3‖f ‖C�(�).
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Therefore Theorem 3.1 remains valid if, for instance,f ∈ C5
0(�), and

χh(q) is chosen such thatχh(q) = 1 for |q| ≤ h1/2 andχh(q) = 0 for
|q| ≤ h1/2 + h1/4. Then formulae (3.17) are applied in the regionhδ′ ≤
|p−φ(hm)| ≤ (h1/2 +h1/4)δ′ with the function valuesf (hm)χh(p−hm),
and the midpoint rule with the valuesf (hm)(1 − χh(p − hm)) is applied
in the region|p − φ(hm)| ≥ h1/2δ′.

Summarizing, we obtain the following result.

Theorem 3.2 Suppose that the surface � is C�+1, f ∈ C�0(�), � ≥ 4, and
set β = 1 − 2/(�− 1). Then the single layer potential

Vf (p) = ωd

∫
�

f (q)

|p − q|d−2
dσq

is approximated by the sum of

D(1−d)/2 ∑
|p−φ(hm)|<hβ+h1/4

f (φ(hm))χh(p − φ(hm))Ṽhm(p − φ(hm))

and

hd−1ωd
∑

|p−φ(hm)|>hβ

f (φ(mh))(1 − χh(p − φ(mh)))

|p − φ(mh)|d−2
|φ′(mh)|

with order (3.19). Here χh(q) is a sufficiently smooth cut–off function in R
d

vanishing outside the ball |q| > hβ + h1/4 and equal to 1 for |q| < hβ . The
saturation term ε can be made negligibly small if D is sufficiently large.

4 Basis functions

Here we show that the integrals appearing in formulae (3.17) and (3.18) can
be converted into one-dimensional integrals. Thus, the proposed integration
procedure for surface integration is also well-suited for high-dimensional
cases. Since the basis functionη is radial, one can use the well-known
formula for the convolution of radial functions. The(d − 1)-dimensional
Fourier transform of a radial functionη(y) = ψ(|y|2/2) is itself radial and
can be obtained from the formula

Fη(|λ|) = 2π

|λ|(d−3)/2

∞∫
0

ψ(r2/2)J(d−3)/2(2π |λ|r) r(d−1)/2 dr (4.1)
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whereJn is the Bessel function of the first kind of ordern. Therefore the
convolution ofη with a radial kernelQ(x) = Q(|x|) has the form∫

Rd−1

Q(x − y)η(y) dy

= 2π

|x|(d−3)/2

∞∫
0

FQ(r)Fη(r) r(d−1)/2 J(d−3)/2(2πr|x|) dr. (4.2)

In the following we give explicit formulae for the integrals approximating
the single and double layer potentials, if the Gaussian functionη(x) =
(2π)(1−d)/2e−|x|2/2 is chosen as the local basis function.

In order to obtain one-dimensional integrals if the Gaussian is used as
local basis function, consider the integral

1

(2π)(d−1)/2

∫
Rd−1

Q(|x − y|) e−|y|2/2 dy = 1

(2π)(d−1)/2

∫
Rd−1

Q(|y|) e−|x−y|2/2 dy

= e−|x|2/2

(2π)(d−1)/2

∞∫
0

Q(r) e−r2/2rd−2 dr

∫
Sd−2

e|x|r cosθdω,

whereSd−2 is the unit sphere inRd−1. From the basic relation for (4.1),∫
Sd−2

eia cosθdω = (2π)(d−1)/2

a(d−3)/2
J(d−3)/2(a),

we obtain∫
Sd−2

e|x|r cosθdω = (2π)(d−1)/2 J(d−3)/2(i|x|r)
(i|x|r)(d−3)/2

= (2π)(d−1)/2 I(d−3)/2(|x|r)
(|x|r)(d−3)/2

with the modified Bessel function of the first kindIn. Hence, even if the
Fourier transform of the kernelQ is not available, the(d − 1)-dimensional
convolution with the Gaussian function can be computed from a one-dimen-
sional integral given by

1

(2π)(d−1)/2

∫
Rd−1

Q(|x − y|) e−|y|2/2 dy

= e−|x|2/2

|x|(d−3)/2

∞∫
0

Q(r) e−r2/2r(d−1)/2 I(d−3)/2(|x|r) dr.

Note that the Gaussian satisfies the moment conditions (2.5) only for
N = 2. To achieve the higher order for the quasi-interpolants as required
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in Theorem 3.1, one can choose, for example, linear combinations of Gaus-
sians. In the numerical tests we used the function

η(x) = 2e−|x|2

π(d−1)/2
− e−|x|2/2

(2π)(d−1)/2

which satisfies (2.5) forN = 4.
Next, we give the formulae based on (4.2) for the integrals appearing in

(3.17) and (3.18) withψ(y) = e−y . Since

ωd

∫
Rd−1

e−2πi(x,λ)

(|x|2 + x2
d )
d/2−1

dx = �(d−1
2 )

8
√
π�(d2)

e−2π |λ||xd |

|λ| ,

formula (4.2) yields

I0(x, xd) = ωd

∫
Rd−1

e−|y|2/2

(|x − y|2 + x2
d )
d/2−1

dy

= 2(d−3)/2πd/2

|x|(d−3)/2

�(d−1
2 )

�(d2)

×
∞∫

0

e−2πr(πr+|xd |) r(d−3)/2 J(d−3)/2(2πr|x|) dr.

(4.3)

Then we consider the integral

I1(x, xd) = ωd (d − 2)xd

∫
Rd−1

(Ky, y) e−|y|2/2

(|x − y|2 + x2
d )
d/2

dy.

Obviously

(Ky, y) e−|y|2/2 = ((K∇,∇)+ trK)e−|y|2/2,

where∇ = (∂1, . . . , ∂d−1) and trK = =ϕ(0), and hence

I1(x, xd) = ωd (d − 2)((K∇,∇)+ trK)
∫

Rd−1

xde
−|y|2/2

(|x − y|2 + x2
d )
d/2

dy.

Since ∫
Rd−1

xd e
−2πi(x,λ)

(|x|2 + x2
d )
d/2

dx = πd/2sign(xd) e−2π |λ||xd |

�(d2)



50 V. Maz’ya, G. Schmidt, W. Wendland

with sign(0) = 0, we finally derive

I1(x, xd) = 2(d−3)/2π(d+2)/2 sign(xd)
�(d−1

2 )

�(d2)

×((K∇,∇)+ trK)

∞∫
0

e−2πr(πr+|xd |) r(d−1)/2 J(d−3)/2(2πr|x|)
|x|(d−3)/2

dr.

The series expansion

Jn(2πr|x|) = (πr|x|)n
∞∑
j=0

(−1)j (πr|x|)2j
j !�(j + n+ 1)

shows that the function

(K∇,∇) J(d−3)/2(2πr|x|)
|x|(d−3)/2

(4.4)

is smooth. Consider a radial functiong(|x|) and writeω = x/|x|. Then

(K∇,∇)g(|x|) = (Kω,ω)
(
g

′′
(|x|)− g

′
(|x|)
|x|

)
+ trK

g
′
(|x|)
|x| .

Therefore (4.4) can be expressed by using the values of(Kω,ω), trK and
either trigonometric functions (d even) or the Bessel functionsJ0 andJ1 (d
odd) . For example, ifd = 3, then

(K∇,∇)J0(2πr|x|)

= 4πr(Kω,ω)
(
πrJ0(2πr|x|)− J1(2πr|x|)

|x|
)

+ 2πr trK
J1(2πr|x|)

|x| ,

whereas, ford = 4,

(K∇,∇) J1/2(2πr|x|)
|x|1/2 = (K∇,∇) sin(2πr|x|)

πr1/2|x|
= trK

2π |x|r cos(2πr|x|)− sin(2πr|x|)
πr1/2|x|3

−(Kω,ω) (4π
2r2|x|2 − 3) sin(2πr|x|)+ 6πr|x| cos(2πr|x|)

πr1/2|x|3 .

Lastly consider the integral

ωd

∫
Rd−1

(4 |Ky|2 − (Ky, y)2)e−|y|2/2

(|x − y|2 + x2
d )
d/2−1

dy
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appearing in formula (3.17). It is easy to see that(
4 |Ky|2 − (Ky, y)2

)
e−|y|2/2

=
(

− (K∇,∇)2 − 2|K∇|2 + (trK)2 − 2 detK (=+ 2)
)
e−|y|2/2;

therefore one has to determine(
− (K∇,∇)2 − 2|K∇|2 + (trK)2 − 2 detK (=+ 2)

)J(d−3)/2(2πr|x|)
|x|(d−3)/2

.

For the radial functiong(|x|) we get(
− (K∇,∇)2 − 2|K∇|2 + (trK)2 − 2 detK (=+ 2)

)
g(|x|)

= (Kω,ω)2
(

− g(4)(|x|)+ 6
g(3)(|x|)

|x| − 15
g

′′
(|x|)
|x|2 + 15

g
′
(|x|)
|x|3

)

+ |Kω|2
(
− 4

g(3)(|x|)
|x| + 12

g
′′
(|x|)
|x|2 −12

g
′
(|x|)
|x|3 −2g

′′
(|x|)+ 2

g
′
(|x|)
|x|

)

+ trK (Kω,ω)
(
− 2

g(3)(|x|)
|x| + 6

g
′′
(|x|)
|x|2 − 6

g
′
(|x|)
|x|3

)

+ (trK)2
(

− 3
g

′′
(|x|)
|x|2 + 3

g
′
(|x|)
|x|3 − 2

g
′
(|x|)
|x| + g(|x|)

)

+ detK
(
4
g

′′
(|x|)
|x|2 − 4

g
′
(|x|)
|x|3 − 2g

′′
(|x|)+ 2

g
′
(|x|)
|x| − 4g(|x|)

)
.

The differential expressions can easily be calculated by the use of programs
like Maple or Mathematica.

5 Numerical examples

The approach presented was tested numerically in the computation of single
layer potentials for the three-dimensional Laplacian. We applied the com-
bined formulae to obtain the integral

1

4π

∫
�

e−|q|2

|p − q| dσq, (5.1)

for a paraboloid� given byx3 = k11x
2
1 + 2k12x1x2 + k11x

2
2. Using the

quasi-interpolation formula (3.21) with the local function

η(q) = 2e−|q|2

π(d−1)/2
− e−|q|2/2

(2π)(d−1)/2
,
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Table 5.1. Approximation order for the flat surface

dist(p, �) h = 0.4 h = 0.2 h = 0.1 h = 0.05
2.0 12.5505 12.4669 7.4823 0.0000
0.1 3.6585 3.9123 3.8671 3.9177
0.01 3.7009 4.0864 3.9906 3.8467
0.001 3.7054 4.2484 3.8495 3.8415
0.0001 3.7071 4.3752 3.7439 3.8589
0.00001 3.3292 3.7139 3.8543 3.9662
0.0 3.3262 3.6974 4.0360 3.8644

Table 5.2. Approximation order for the paraboloid

dist(p, �) h = 0.4 h = 0.2 h = 0.1 h = 0.05
2.0 4.0356 17.9653 1.8432 0.0002
0.1 3.4212 3.0952 2.9031 2.9200
0.01 3.3849 3.2257 3.0537 2.7146
0.001 3.1082 2.5078 2.8485 2.9774
0.0001 3.1773 2.8232 3.1836 2.8206
0.00001 2.8018 2.5479 3.0889 2.8765
0.0 4.8512 3.0970 2.6406 2.8437

the approximation error of the densitye−|q|2 isO((
√Dh)4 + ε). The same

rate is shown for the cubature of the potential for flat�, i.e., kij = 0. In
Table 5.1, we give the approximation order obtained by halving the step size
h for a randomly chosen pointp with prescribed distance from�. We chose
the parameterD = 3.0 in formula (2.4) in order to keep the saturation error
less than 10−10. The high orders for dist(p, �) = 2.0 result from the fact
that the simple midpoint is used for all mesh points. In the other cases we
approximate the density by a fourth order quasi-interpolant. Since� is flat,
formulae (3.17) and (3.18) provide the exact values of the potentials of the
basis functions. Therefore the single layer potential is approximated with
the same order as the density.

In Table 5.2, we provide the results for the curved surfacex3 = x2
1 +

2x1x2+2x2
2, which are in total agreement with the assertion of Theorem 3.2.
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