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Abstract. Multidimensional surface potentials associated with elliptic dif-
ferential operators are defined by surface integrals involving fundamental
solutions of the differential operators which become singular when the ob-
servation point approaches the surface. Here we combine the choice of basis
functions for the so-called approximate approximation of the surface layer
density with the integration of the basis functions over the tangential space
by the use of appropriate asymptotic expansions. Our approach leads to cu-
bature formulae involving only nodes of a regular grid. These formulae turn
out to be extremely efficient provided the saturation error of the approximate
approximation is a priori chosen sufficiently small.

1 Introduction

In this paper we describe a new cubature method for the computation of
multi-dimensional surface potentials of the form

/ 0(p — ) (q)do,.
I

whererl is a sufficiently smooth manifold iR¢. Itis well-known that, owing

to the singularity of the kerngd at p = ¢, the case in whiclp is located on

or close to the surfack requires special attention. This problem is usually
addressed by sophisticated methods such as special variable transformations
or singularity substraction combined with high order cubature formulae
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and mesh refinement near to the singularity (see [1,3,5,10,11] and their
references).

We propose cubature formulae for these singular or nearly singular inte-
grals which use only the density values at the nodes of a regular grid and the
corresponding surface parametrization. The underlying ideas are as follows:

1. The densityf is approximated by quasi-interpolation formulae using lo-
cally supported smooth radial functions which are centered at regularly
distributed nodes on the surface. These approximations were studied in
[9] and represent a special case of the so-cadlgmtoximate approxi-
mations. Although they do not converge as the grid size tends to zero,
it is possible to construct formulae which provide arbitrarily high order
approximations up to any prescribed accuracy. Various applications of
approximate approximations have already been considered in [4,6-9].

2. The potentials of local basis functions over curved surfaces are approxi-
mated by a linear combination of integrals over the tangential space. This
approximation is obtained from an asymptotic expansion of the potential
by the use of the local parametrization of the surface at the center of
the basis function. Again arbitrarily high approximation orders can be
achieved by taking the smoothness of the surface into account.

3. Since approximate approximations are very flexible as regards the choice
of local basis functions, these are chosen such that the resulting integrals
over the(d — 1)-dimensional tangential space can be transformed to
efficiently computable one-dimensional integrals. Thus, the proposed
formulae are particularly well-suited for the cubature of integral operators
on high-dimensional surfaces.

Since, in principle, both the approximation of the density and the ap-
proximation of the potentials can be performed with arbitrarily high order,
the proposed cubature formulae can provide very accurate approximations
even for moderate grid sizes.

Here we consider this approach for the example of the single layer har-
monic potential

re /@
VI = Ga=pma R | - g
r (1.1)
@

d do,.
J lp—qli2"1

We derive a cubature formula which uses only the values of the normal
and of the curvature dof at the nodegq,,} of a regular grid. It is proved
that this formula approximates the single layer potential uniformly with
orderO (h%|logh|), whereh denotes the grid size. It will be clear from the
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constructions given below, how this approach can be applied to other types
of potential operator, and how higher order formulae can be obtained by
incorporating more smoothness data alout

The outline of the paper is as follows. In Sect. 2, we describe results on
the quasi-interpolation on manifolds by locally supported radial functions,
providing estimates for the approximation of the single layer potential (1.1)
by linear combinations of surface integrals with small integration domains.
In Sect. 3, we approximate these integrals by integrals over the tangential
space and obtain uniform error estimates. Here, we also give the cubature
formula with weights defined by theg# — 1) -dimensional integrals, which
can be transformed into one-dimensional ones. This is shown in Sect. 4.
Finally, in Sect. 5 we provide numerical results, which are in agreement
with the uniform error estimate.

2 Quasi-interpolation on surfaces

After applying a partition of unity we may assume that the functfonas
compact support ofi parametrized by, = ¢ (x) with a sufficiently smooth
function given on a bounded domajn: y c R — R. Then (1.1)
becomes

O, ()

Vv = 1 v 2 l/2d
f(p) wd/ (Ix—y|2+(xd—g0(y))2)d/2‘1( + Vo))~ dy
14

(2.1)

with p = (x, x4). To approximate the value &ff (p) we introduce a uni-
form grid {mh € y : m e Z?'} and consider the cubature using the
midpoint rule

f(mh, p(mh))(L+ |Vo(mh)|?)Y?

_ d-1
Vif (P) = b D R Goa — plmh T

mhey

(2.2)

Due to the well-known error estimate for the cubature of smooth integrands
on uniform grids

[eray =t Y gtm)| < cont [ 1Wigiay, e=12....
Y

¥ mhey

(see [2]), we have

IVF(p) — Vi f(p)| < ¢ hE(dist(p, 1)+ (2.3)
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if dist(p, I') > O for sufficiently smoothy andg. In the case that digp, I')
is very small, formula (2.2) has to be modified. Usually the cubature of
potentials is based on special variable transformations or high order cubature
formulae and mesh refinement near to the ppint

To retain the grid and the simple structure of (2.2) we choose a spe-
cial approximation of the density near the pomt This is a high order
guasi-interpolation method applied to ahtimes continuously differen-
tiable functionf onT" with compact support, which was studied in [9] and
has the form

fiol@) = D72 N f@tm)) n(

hmey

q — ¢ (hm) ) (2.4)

V/Dh |¢' (hm)|/@=D

where, specified to the case considered above, the magpanof the form
¢ (x) = (x, p(x)), and thuge’ (x)| = /1 + [Ve(x)[%
In formula (2.4),n is chosen as a smooth radial function, igx) =
¥ (|x|2/2) with a smooth functiony : R* — R. Moreover, we assume that
n decays rapidly and satisfies the moment conditions

/ n(y)dy =1, / y*n(y)dy =0, (2.5)

Rd-1 Rd-1

for all multiindicesa with 1 < || < N. Then the following estimates can
be proved.

Lemma 2.1 [9] Assume that the radial function n € S(R?~?!) satisfies the
moment conditions (2.5) and that ¢ € CV*(y). If £ € C{'(I"), then for
any ¢ > OthereexistsD > 0 such that, at any pointg € T,

N-1
1fil@) = F@) < c YDV I flleny +€ ) e WDh)',  (2.6)

k=0

where ¢ does not depend on f, 2 and D and the numbers ¢; depend on the
values 0% f (¢) for |a| < k.

Remark 1 For any given local basis function the functional dependence

of ¢ upon the parameteP is explicitly known. Therefore, in numerical
computations the parametBrcan be chosen so thais less than any pre-
scribed accuracy. Then the last term in (2.6), which we call the saturation
error because it does not converge to zero, can be neglected and the approx-
imation process and corresponding numerical algorithms behavé/iike

order approximations.

Remark 2 Sincer is rapidly decaying, the approximation error (2.6) remains
valid if the summation in (2.4) is restricted to the grid poiptgim) € T’
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satisfying
lg — ¢ (hm)| < vVDhmax|g'(x)|V“~ s
Xey

for an appropriately chosen> 0.
Here, we use the quasi-interpolant (2.4) of the density to obtain a cubature
of the single layer potentials (1.1),

Vif () = s 2 6 (hm)

hmey

q — ¢ (hm) 2-d
X/”<¢5h|¢’(hm)|l/(d—l>>lp A dey @D

r

Thus, in suitable norms, the differencgég (p) — V,, f (p) behave like esti-
mate (2.6). To obtain efficient methods for computing the integrals appearing
in the sums over’, which in general has a small but curved integration do-
main, we approximate these by integrals over the tangential space at the
points¢ (hm). We are interested in the accuracy of this approximation if, in
addition to the first derivatives @f, i.e., the direction of the normal, second
derivatives, i.e., the curvaturesof are also used to determine the integrals
over the tangential space.

3 Asymptotic formulae for the single layer potential acting on local
basisfunctions

In the following we derive asymptotic formulae of the single layer potential

Vin(p) =wd/|p—q|2dn(%)doq (3.1)
r

ash — 0. Given the normak to I at go we choose a new coordinate
system such thajy becomes the origi® and the normal coincides with
ed:(O,... ,O,l).

Multiplying by a suitable cut—off function we assume first thas sup-
ported in the ballBs = {|p| < 8}, p = (x,x4) € RY, g = (y,yy) € T.
Without loss of generality we can assume that, in a neighboribbotithe
origin O, the boundary is given by

va = @(y) with ¢(0) =0 andVe(0) = 0. (3.2)
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We choosé such thatB,s "\I" ¢ U and writeU,, = ¢~*(U). Then (3.1)
takes the form

Van(p) = 4 / (x = ¥[2 + (xa — ()72
Uy

4 @)dy. (3.3)

212 (Y
X (4 VemP (5. 5

First we show that,n(p) allows an asymptotic expansion in powers of
h. Let the parametrizatiop(y) be a real analytic function and denote the
curvature tensor b = ||8,k(p(0)||]k 1- Then, in view of (3.2),

() = —(Ky y)+Zy 9°9(0) and
o123 (3.4)
IVe)I? = [KyPP+ ) 8ay".

la|=3

Therefore, the area element is, nénrof the form

1
L+ Ve P2 =1+ 1Ky + Y m(),
2 k>3

wherer; are homogeneous polynomials of degkeklence, fory = h—1y
we have

1
ds, = hd-l(l +SIKY PR+ Y h371k(Y)>dY.
k>3

Analogously, ifn(y) = ¥ (|y|?/2) is real analytic then one obtains from
Taylor's expansion

y @) 2j =D 2 _1 2i
n(=, ==) =) ———yV(Y*/2)(h phY))¥
-2

Y)?

= (Y, 0) +h2( WAYP2)+ Y ps(Y. —w(m /2)

j=3

with certain differential operatoys,; (Y.
coefficients of degreg 2;. Thus,

, dt) of order;j/2 having polynomial

e “’(y))<1+|w<y>| 2

— Y (Y2/2) + = (4w<|Y| J2)IKY2+ 9/ (Y F/2)(KY, V)?) (3.5)
+) hiP(Y, —>w<|Y| /2)

j=3
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) %) of order j/2 having polynomial coef-

with differential operators; (Y
ficients.

Similarly, the kernel function can be expanded in powers.M/e con-
sider two zones, the far fielgh|> > 48212 and the near fieltlp|? < 98242,
where the kernel function is singular. In the far field we use the Taylor

expansion

J
(1 = y P+ (s — g2 = Y PN ‘”j(”) 9 (1x — yI2 + xBT2,
j=0

Since|p — ¢| > |pl/2, we obtain the fact that

2j
j j _ 1-d/2 Cj |y| 2— d+/
O 12 (b =y 43 = e e < <

If |x]% 4 |x4|? < 96°h? we expand the kernel with respectgor) — ¢(y):

(x = Y12 4 (xa — p(y))?)4/2

(p(x) =) ,; -
=D (e = P G — o)D),
j=0
We writex; := x4 — ¢(x). Then
| < lx — y|/ max|Vel/
(x —yl2 x§d=2+p/2’

[(@(x) — ()] 18] (|x — y|? + ¥2)174/2

where the maximum giVg]| is taken for|x| < 384. Hence,

hJ
X j 3Jx_ +)E21d/2< Cj ‘
(@ (x) — ()7 [13)(Ix — yI? ) | < (x —yP 4+ 22 1

Thus V,n(p) can be expanded, at least formally, as a power series with
respect tgr. The coefficients are given as integral operators over domains
in RI-1,

In what follows, we determine the approximationsVaf) (p) by using
the curvature tensdt = ||8,k<p(0)||j +—1 Of " at 0. Due to (3.5), we obtain

(4505 557) =0 o) + 00
with the function
o(y,h) =y (yl’/2)

h? (3.6)
+ 5 (4w U2 1Ky P+ /15172 (K. 7)),
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and we have to analyze the integral

Vin(p) = w4 f (e = Y12+ (xa — w(y))z)H/zo(%, hydy, (3.7)
Un
which differs from the original one by
dy
Y12+ (xa — @(y)H)@2-1

Vin(p) = Vin(p)l < ¢ h® / T (3.8)
Un

3.1 Far fidd |x|? + |x4|? > 48%h?
Since in this aredp — ¢| > | p|/2 we obtain

Vin(p) — Vin(p)| < e h** | p|*. (3.9)
Then expansion of the kernel gives

1

(Ix — 12+ (x4 — @(y)H)¥/2-1
1 d—=2)xq9()

C(x — Y242 (jx — p|2 4 x2)d/2

+ Ro(p. q)
with

1
Ry(p,q) = f(l — " (t)dt,
0

1

h = '
wherep(r) (Ix — y|2 + (xg — to(y))2)d/2-1

Note that

ol = 3P A= D) — ()
=@ DO (e g — ()2

and therefore

lo(»)I?
Ipl4
which, in view of|y| < ch, implies the estimate

(0] <

Y
wd/RZ(PaQ)U(Zsh)dO'q SCW
r
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Thus, it remains to consider the integrals
1

| (= P2 4 i "G
(d 2) e / (| _(Sz’jlg)wz 0(%,h)dy
T+ -2 xd/ — ffz(i)xg)d/z o () dy,
With 93(y) = D_ 238 In the new variablex = ;l—c Xy = % Y = %

the first two integrals transform to

oY, h)

wgh
d (|X _ Y|2 + Xg)d/z—l

’
B(S

+(d—2)th (KY,Y)o(Y,h)

2 (X —vP+x32 " |
5

whereas the third integral can be estimated by

@3(y) y d+2, \1-d
)(d _ Z)wdxd/ i y|2+x§)d/2"<ﬁ’ h)dy‘ < ch*?|pI?. (3.10)
Uy

Here B; = B; N R?~! denotes the support of the radial functipim R4~

From (3.6) we therefore obtain as an approximatiorvig(p) in the far
field

Vv (Y1?/2)
(I1X — Y|2 + X2)d/2-1
B
ws (d —2)h?X, [ (KY,Y)¥(Y|?/2)
T 2 (X — Y2+ X2)d/2 (3.11)
BS

+a)dh3/4|KY| v (Y?/2) + (KY, Y)211f(|Y|2/2)

8 (X =Y P+ X3t :
B

which in the following is denoted b}?hn(p) and, in view of (3.9), provides
uniform approximations oV, (p) of orders?+?| p|*~<. Note that the third
integral in formula (3.11) is of orde® (79| p|>~%), which, for| p| = O (h),
is the same as for the error term (3.10).

41
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3.2 Near fidld |x|? + |x4|? < 98%h?

Here (3.8) leads to

~ d
[Vin(p) — Van(p)| < Ch3/ ﬁ <ch*. (3.12)

Un

As mentioned above, we use the Taylor expansion of the kernel about the
point(x — y, X;), wherex; = x, — ¢(x). From (3.6) we obtain the integrals

1 y oo V(Y 2/2) dy
(x P+ ey T O = el | vy e
B/
L @uh® [AKYPY(YE/D + (KY. D (YED)

8 (IX — hY |2 4+ X?2)d/2-1
By

whereX = h~x , X; = h=X(xs — ¢(x)). The succeeding term in Taylor's
expansion gives

. p(y) —ox) y
wy(d — 2)xd/ (x — y|2 +)Z§)d/20(ﬁ’ h)dy.

If we replacep(y) by (Ky, y), the error satisfies

@3(y) — @3(x)
wi(d —2) ¥ /(| 3_y|2 312)(1/2 oz, )y‘

(Iy1> + x> dy

_ 3
(x P+ i - O

Thus, for pointsp = (h X, hX,;) in the near field, we obtain the formula

v (1Y1%/2)
(IX — Y2+ X2)d/2-1
pe

Vin(p) = wah

(3.13)

L @ald— QW2 X, [ (KY,Y)— (KX, X))y (Y [%/2) iy

2 (1X — Y[2+ X3)4/2

’
BS

which inview of (3.12) provides uniform approximations\gf; (p) of order
he.

Thus the single layer potential of the Laplacian is approximated for all
p € R? by (3.11) and (3.13) with the uniform errér(h?+2/(| p| + h)4-1).
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3.3 Matchinginthearea 26h < |p| < 38h

According to the remark at the end of Sect. 3.1 we have to show that the sum
of the first two integrals in (3.11) differs from (3.13) by higher order terms if
the pointp = (hX, hX,) liesinthe matching area. Sin&g = )?d+<p(x)/h
and(|X — Y|? + X3)1-9/2 is smooth forg = (1Y, y4) € U, we have

1
(X = Y2+ X3)i21

= (X — Y2+ gs)d/Zfl (3.14)
_ w4(d =29 hX)X, (qz(hX)?)
h(|X — Y|2+3(‘§)—d/2 12 .

Thus, if we replace (hX) by h?(K X, X)/2 in (3.14), we see that formula
(3.11) differs from (3.13) by terms of ordé&r(x3), i.e., in the overlapping
region both formulae generate the same asymptotic error.

3.4 Approximation error
The approximation oV, f (p) is now given by

Vif (p) = DY 2" f($(hm) Vi, n(p — ¢ (hm)), (3.15)

hmey

where the parametéy, = /D |¢'(hm)|Y @~ and the formulae fo¥}, »
are determined by (3.11) or (3.13) in dependence on the valpe-af (hm)|.
Due to the uniform error estimate, the differentgn(p) — V,n(p)| can be
estimated by

(VDh |¢/ (hm)| Y/~ D)d+2

(Ip — ¢ (hm)| + ~/Dh |¢’ (hm)|¥d=D)d-1
¢ (y)|@+2/ (=D

dy
(Ip— ¢ (3)|+~Dh |/ (y)[V/@=D)d=1 (3 16)

14
< «(~Dh 3/ | f (@)l 4
=P o= a1+ VD

< ¢l fll e (v Dh)®| log(max(v/Dh, dist(p, T))|.

S O L F @ m))]

hmey

< (VD3| | F o))

Note that the integrals appearing in the formulae (3.11) or (3.13) are
restricted to the domaiBy, which is the support of the basis functigrin
R?-1 after multiplication by a suitable cut—off function. Due to the rapid
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decay of one can obviously extend the integration domain to the whole of
R4~ giving an error less than a prescribed tolerasnce
Thus, we fix§’ > 0 such that

Y Plnn)|dy <e,

Rd71\381

with ¢ the saturation error from Lemma 2.1. To compute the approximation

of (1.1) we choose a local coordinate system with origin at the i)

such that thex,-axis is directed as the normal 10 at this point. In the

new coordinate system, the surfdtés given locally by the mapping, =
px), x € Rd 1, The corresponding curvature tensor we denotekby=

||8]kg0(0)||jk ;- Letp —¢(hm) = (x,x4) = (hX, hX,), and consider the

approximations oV, n(p — ¢ (hm)):

1.if |p — ¢ (hm)| = hé’, then

Y (Y 2/2)
(IX =Y+ X523

L @ (d —2)h*Xy ) (KY,Y) ¥ (IY1?/2)

Vil (p — ¢ (hm)) = wgh

2 (X — Y2+ X2)d2 (3.17)
RI-1
+wdh3 41KYPy(Y?/2) + (KY, Y)*y' (|Y|2/2)
8 (X — Y|2+X2)d/2 1 Y
Rd-1

2.if |p — ¢ (hm)| < h8', then

v ([Y[%/2)
X — Y2+ )?s)d/Z—l

o R(l*l
N wq(d — 2)h? X, / (KY,Y) — (KX, X)v(Y|?/2) dyfs.ls)

2 (1X — Y2+ X3)/2

Vin(p — d(hm)) = wgh f :

Rd-1
whereX, = X, — h~Y@(hX). Then from Lemma 2.1 and (3.16) we derive

Theorem 3.1 Suppose that the radial function n € S(R?) satisfies the mo-
ment condition (2.5)with N = 4. Then the single layer potential

o

is approximated by the sum (3.15)with order

IVF(p) — Vi f(p)l = O((WDh)®| log(max(~/Dh, dist(p, ')))| + &),
(3.19)
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provided that the surface I' has C#-smoothnessand f € C3(TI"). The satu-
ration term e can be made negligibly small if D is sufficiently large.

3.5 Cubature formula

As mentioned above we use formulae (3.17) onlypif- ¢ (hm)| is small,
otherwise we can use the simple midpoint rule (2.2). To give the correspond-
ing bounds forp — ¢ (hm)| we introduce a cut—off functiom, with the
property thaty,(¢) = 1 for |¢| < h# andx,(¢) = 0 for |q| > (h# + hY/%)

for someg € (0, 1) to be specified later. We split the single layer potential
into two integrals

f(q)xh(p—q)da + o f@@A = xulp —q))
lp—qle2 1 lp — ql4-2

do, (3.20)

and apply Theorem 3.1 to the first one. Note, thi&y) x,.(p — q) # O,
g € T, only for dist(p, T") < (h# + h*%). Since|V x;| < ch~Y*, we have

Lf X0 (P = leaq < ch™ I fllcag,-

Thus, in view of Theorem 2.1, the functigi(g) x,(p — ¢) can be approxi-
mated orl" by the quasi-interpolant

DUV N f(p(hm))

|p—¢ (hm)| <hF=1/4

X 00 (p — ¢ m) n(

q — ¢ (hm)
Vﬁﬁu¢«hmnﬂw—h> &2

with error
3
c (VD2 fllcaq + & Y _ cx (VD)™
k=0

Consequently, iff € Cg(I'), then we can argue as in Theorem 3.1 to
derive the estimate

' F@xn(p—q)
wy | —————

_ (1-d)/2
lp — ql?=2 doy =D

o F@m)x(p — (hm) Vi, n(p — ¢ (hm))

|p—¢ (hm)|<hP +h1/4

= O((vDh)%| log(v/Dh)| + ).
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Thus, it remains to choose such that the second integral in (3.20) is
approximated with orde® (h°) by

] f @)L= x(p = $mh)))
hd 1
e ,,% P = @mh)li2

If dist(p, T') > h# + W4, theny,(p — ¢ (y)) = 0 and

/ VE(M\/H va(y)lz) dy
Y

|¢'(mh)|.

lp— (42

<Zc]\w ,<f<¢<y>>m>\/| ¢( )Idﬂ -

dlamy Y

<SS TR [ s
Thus,

h(z/' (IP f(i(()y’))l)d 2 1+|V<P(Y)|2) dy < ch' (WP + nY%i-t.

If dist(p, ') < h? + h%/4, we have

e (f(¢(y))(1 —xn(p —d(INV1+ |V<p(y)|2) < chU=b/4,
and
dy p-))
/ p—pmz =
p—¢ () |=h?P
so that

dy < ch* T Ppb,

gl

Y

1
ve(f(fb(yﬁy( ¢X(hy(;|7d 2¢(y))) 1+|V<p(y)|2)

Hence, depending on the smoothngss C{(I") with ¢ > 4, the value
B =1—2/(¢ — 1) provides the following estimate of the cubature error:

‘w f@QA=xup—-q)
¢ lp —qld=? !
d-1 f(@mh))(X — xn(p — p(mh))) "
“ ,,% P — $(mh)|72 o il

3
<ch I fllce -
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Therefore Theorem 3.1 remains valid if, for instange,c Cg’(l“), and
xn(q) is chosen such that,(q) = 1 for |¢| < hY? and x,(¢) = O for
lg| < h'?2 + h'/4. Then formulae (3.17) are applied in the regiodi <
|p— ¢ (hm)| < (hY?+ hY/*)8" with the function valueg (hm) x, (p — hm),
and the midpoint rule with the value&hm)(1 — x,(p — hm)) is applied
in the region|p — ¢ (hm)| > h%/2§’.

Summarizing, we obtain the following result.

Theorem 3.2 Suppose that the surface I' is C**™, f € C§(I"), ¢ > 4, and
set B =1-—2/(¢ — 1). Then the single layer potential

f(@) do

\% =
£ wdrflp_qld_z :

is approximated by the sum of

D2 N f(@hm)) xu(p — ¢ (hm)) Vi, (p — ¢ (hm))

|p—¢ (hm)|<hP4+h1/4

and

¢ (mh)|

= (@ mh))(1 — xn(p — ¢ (mh)))

i G |p — ¢ (mh)|*~2

with order (3.19) Here x;,(¢) isa sufficiently smooth cut—off function in R¢
vanishing outside the ball |¢| > h# + h%/# and equal to 1 for |g| < h?. The
saturation term e can be made negligibly small if D is sufficiently large.

4 Basisfunctions

Here we show that the integrals appearing in formulae (3.17) and (3.18) can
be converted into one-dimensional integrals. Thus, the proposed integration
procedure for surface integration is also well-suited for high-dimensional
cases. Since the basis functignis radial, one can use the well-known
formula for the convolution of radial functions. The& — 1)-dimensional
Fourier transform of a radial function(y) = v (|y|?/2) is itself radial and

can be obtained from the formula

2r r
Fn(Al) = W—_3)/2/‘/f("z/z)J(d—S)/Z(ZJTV»V)I’(d1)/2dr (4.1)
0
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where J, is the Bessel function of the first kind of order Therefore the
convolution ofp with a radial kernelp(x) = Q(|x|) has the form

/ Ox —yny)dy
Rd—l

2w r
B W——s)/z/}_Q(F)fn(r)r(dl)/z Ja-3@rr|x|)dr. (4.2)
0

In the following we give explicit formulae for the integrals approximating
the single and double layer potentials, if the Gaussian funafian =
(27)1-9/2,~1x/2 s chosen as the local basis function.

In order to obtain one-dimensional integrals if the Gaussian is used as
local basis function, consider the integral

1 2 1 r—y|2
Gy | 0 =0 Ry = s [ 0 ey
Rd-1 Rd-1

2
e—lx2/2

oo
—r2 — X|r
= —(Zn)(d_l)/Z/Q(r)e /2pd=2 qr / eI g,
0

§d—2

whereS?—? is the unit sphere ilR“~1. From the basic relation for (4.1),

. (27-[)(1171)/2
/ el cosé)dw — W.}(d—3)/2(a)a

§d—2
we obtain
/elxlrcos@dw @)Y gy g pilxlr)  (2) D2 g 5(|x]r)
(i]x|r)d=372 (Jx|r)y@=372
§d—2

with the modified Bessel function of the first kirfg. Hence, even if the
Fourier transform of the kerng is not available, théd — 1)-dimensional
convolution with the Gaussian function can be computed from a one-dimen-
sional integral given by

! Cyl2
(2m)d-D/2 / O(x — y]) e P2 ay
Ri-1

e 1x17/2 x e
- |x|<d—3>/2fQ(r)e TP IR I g a(|x 1) dr.
0

Note that the Gaussian satisfies the moment conditions (2.5) only for
N = 2. To achieve the higher order for the quasi-interpolants as required
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in Theorem 3.1, one can choose, for example, linear combinations of Gaus-
sians. In the numerical tests we used the function

D¢~ 1xI? e 1?72

M) = G0z T (g2

which satisfies (2.5) foN = 4.
Next, we give the formulae based on (4.2) for the integrals appearing in
(3.17) and (3.18) withy (y) = ¢~”. Since

e~ 2mi(x.3) (d l) =27 |A|xql
f (Jx[2 + x2)d/2-1 14 T8/ar(d) Bl
formula (4.2) yields

2
e~ IvI°/2

d
(= 3P+ 271

Zo(x, xq) = wg
Rd-1
B 2(d—3)/2.d/2 F(d—gl)

d—3)/2 d (4'3)
|x|@=3/ I'(3%)

[e.e]

X / e Zrrrtixal) . (d=3)/2 Ja—32@mr|x])dr.
0

Then we consider the integral

(Ky,y)e™ Iy[2/2
—y|2+x5)d/2

Ti(x, xq) = wq (d — 2)xq4 / 0

Obviously
(Ky,y)e VP2 = (KV, V) + trK)e /2,
whereV = (91, ..., 04-1) and trKk = Ago(O), and hence

xde—lylz/2 J
y.
x — Y24 x7)d/2

Ti(x,xq) = wq (d —2)((KV, V) +1rK) / 1

Since

x4 e~ 2mi(x,3) nd/zsign(xd) e~ 2 IAlIxal
X =
(Ix]2 4 x3)4/2 r'$)

Rd-1
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with sign(0) = 0, we finally derive
réh
INE))

oo
XKV, V) +trK) [ 2wt a2 Ja9 2@ XD )
|x|(d73)/2
0

Ta(x, xq) = 29792 02 signixy)

The series expansion

oo

Ja@rrlx)) = Grrlx)" Y

j=0

(=1)/ (zrr|x|)?
JIT(G+n+1)
shows that the function

Ja—3),2(2mr|x|)
x[@3/2

(KV,V) (4.4)

is smooth. Consider a radial functigidx|) and writew = x/|x|. Then

8 (IXI)> ks (IXI)‘
|x] |x]
Therefore (4.4) can be expressed by using the valuék ef, w), trk and

either trigonometric functionsi(even) or the Bessel functions andJ; (d
odd) . For example, il = 3, then

(KV, V)g(lx]) = (Ko, &)(g () -

(KV, V)Jo(2rr|x|)

J1(2 J1(2
=4dnr(Kw, w) (nr]o(an|x|) - M) + 2xrtrK M,
|x| |x|
whereas, for/ = 4,
J12(2rr|x]) sin(2rwr|x|)
Kv,v)y ————— =(KV,V) —
4K 2 |x|r coS2mr|x|) — sin(2rr|x|)
arl/2|x|3
(4r?r?|x|? — 3) sin(2mr|x|) + 6mr|x| cog2wr|x|)

arl/2|x|3

Lastly consider the integral

(41Ky|2 = (Ky, y)2)e P2

(v =y + 25/t

Rd-1
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appearing in formula (3.17). It is easy to see that
(41Ky|? — (Ky, y)?)e /2
= ( — (KV,V)? = 2|KV[* + (rK)* — 2 detk (A + 2)>e,|y|2/2;

therefore one has to determine

Ja—3)2(2mr|x|)
|x|(df3)/2

( —(KV, V)2 = 2|KV|? + (rK)? — 2 detk (A + 2))
For the radial functiorg (|x|) we get

( —(KV, V)2 —2|K V]2 + (trK)? — 2detK (A + 2))g(|x|)

(3) 1 !
gD . g (xD g (xD
— 15 15

x| X TP )

(3) " ’ , /
_ 28 xD 4128 (I);I)_lzg (I);I)_zg (x]) + 25 (le))
|x| |x| |x|

|x]

(3) " ’

LK (Koo, o) (— 250D g8 (XD o8 (%D
|X| |X|2 |_x|3

gdx) g dxD) g x])
3 S T2y te)

CTY A C RPN (]
x| x| x|

= (Ko, 0)*(— g®(x) +6

+ |Ka)|2<

+ (trK)z(

+ detK(4 —4g(|xl))-
The differential expressions can easily be calculated by the use of programs
like Maple or Mathematica.

5 Numerical examples

The approach presented was tested numerically in the computation of single
layer potentials for the three-dimensional Laplacian. We applied the com-
bined formulae to obtain the integral

1 e la’?

47 ) |p —q|
r

do,, (5.1)

for a paraboloidl™ given byxs = ki1x? + 2kipx1x2 + ki1x2. Using the
quasi-interpolation formula (3.21) with the local function
2¢—l41? e~ lai/2
N9 = Gz T gy
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Table 5.1. Approximation order for the flat surface
dist(p,I') h=04 h=02h =0.1h=0.05

2.0 125505 124669 74823 (00000
0.1 3.6585 39123 38671 39177
0.01 37009 40864 39906 38467

0.001 37054 42484 38495 38415
0.0001 37071 43752 37439 38589
0.00001 33292 37139 38543 39662
0.0 3.3262 36974 40360 38644

Table 5.2. Approximation order for the paraboloid
dist(p,T) h=04h=02hrh=01h=0.05

2.0 4.0356 179653 18432 00002
0.1 34212 30952 29031 29200
0.01 33849 32257 30537 27146

0.001 31082 25078 28485 29774
0.0001 31773 28232 31836 28206
0.00001 28018 25479 30889 28765
0.0 48512 30970 26406 28437

the approximation error of the density!?”* is O ((vDh)* + ¢). The same
rate is shown for the cubature of the potential for flati.e., k;; = 0. In
Table 5.1, we give the approximation order obtained by halving the step size
h for a randomly chosen poiptwith prescribed distance froim. We chose
the parameteP = 3.0 in formula (2.4) in order to keep the saturation error
less than 10'°. The high orders for digp, I') = 2.0 result from the fact
that the simple midpoint is used for all mesh points. In the other cases we
approximate the density by a fourth order quasi-interpolant. Sirisdlat,
formulae (3.17) and (3.18) provide the exact values of the potentials of the
basis functions. Therefore the single layer potential is approximated with
the same order as the density.

In Table 5.2, we provide the results for the curved surfege- xf +
2x1x2+2x§, which are in total agreement with the assertion of Theorem 3.2.
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