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Abstract

We consider Hardy inequalities in IR™, n > 3, with best constant that involve either
the distance to the boundary or the distance to a surface of co-dimension k < n, and we
show that they can still be improved by adding a multiple of the critical Sobolev norm.
The main ingredient in our approach is the Gagliardo—Nirenberg—Sobolev inequality, or
equivalently, the isoperimetric inequality.

1 Introduction

If R} = {(«/,z,,) € IR", x, > 0} is the upper half space, the following Hardy inequality
holds:

1 u? 0/ TN
/Rn Vuldr — /]Rn >0, Vue CF(RY), (L.1)
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where % is the best constant. On the other hand by the Sobolev embedding we have that for
n >3,

n—2
/ Vul2dz > S, (/ yu\f—%dx> . Vue CR(RY), (1.2)
R Ry
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with best constant S,, = mn(n—2) (I'(§)/I'(n)) ", see [T]. In fact, the following improvement
of (1.1) has been established in [M] Corollary 3, p. 97,
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Vulds - § /IR e = C (/]R ]u\n%la:) . Vue CR(RM), (1.3)
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which combines both the Sobolev and the Hardy terms the latter with best constant. We
note that (1.3) is still scale invariant. This is a rather surprising result, in the light of other
related improved inequalities where the “improving” term destroys the scale invariance. For
instance, if Q C IR™, n > 3 is a bounded domain, Brezis and Lieb [BL], have shown that

Ve 24z > S, unzd:c ”+Cu2n w  Yue Q) 1.4
5w 0

where ||ul|_»_,, denotes the weak L7 norm. Also, if Q@ C IR", n > 3 is a bounded domain,
containing the origin, then ([FT], Theorem A)

n—2
n—2 2n_ 2(n 1) T o -
/Q\Vu]zdw - ( ) /Q z |2 (/ |u|n= (| |)dx) , Vu € C5°(Q),

(1.5)
where X (r) :== (1 —Inr)™}, 0 <7 < 1 and D := sup,cq |z|. Inequality (1.5) involves the
critical exponent, but contrary to (1.3) it has a logarithmic correction. Moreover, it is sharp
in the sense that one cannot take a smaller power of the logarithmic correction X. We note
that (1.5) is the analogue of (1.3) in the sense that it involves the distance to the origin
instead of the distance to the boundary. In both inequalities the Hardy term appears with
best constant.

Our goal in the present work is to extend (1.3) to more general domains © and distance
functions. That is, to improve the plain Hardy inequality with best constant by adding in
the right hand side a multiple of the critical Sobolev norm. We note that there are many
other directions in improving Hardy inequalities. See e.g., [AE], [BV], [BFT], [BM], [CM],
[GP], [HHL], [MMP], [Til], [Ti2], [VZ] and references therein for various other improvements
and applications.

To simplify the presentation and make the comparison between various results easier,
we first consider the case where distance is taken from 0, that is, d(z) = dist(x, 09), and
restrict ourselves to L? Hardy inequalities.

If Q C IR™ the analogue of (1.1) is

1 2
/Q Vulds - | /Q Ldr >0, YueCF(Q). (1.6)

However this is not correct for an arbitrary domain €. If Q is convex the (1.6) holds true and
% is the best constant; see [MMP, MS]. In a different direction, if © is a bounded smooth
domain, then Brezis and Marcus [BM] have shown that there exists a constant M depending
on {2 such that

/Q|Vu| da — —/ d2dw+M/ W2dr >0,  Vue C(Q). (1.7)

No convexity is needed for (1.7) at the expense of adding an L? norm in the left hand side.
If, in addition,  is convex then they showed that (1.7) holds with M = —1/(4diam?(Q)). At
the same time they raised the question of what is the kind of dependence of the best constant
M on the (convex) domain 2. In this direction Hoffmann-Ostenhof M., Hoffmann-Ostenhof
T. and Laptev A. [HHL], established (1.7) with M = —¢(n)(vol(Q))~2/".

Motivated by the question of Brezis and Marcus we have established in [FMT2], that if Q
is a convex domain with bounded interior radius D := sup,cq d(z) < 0o, and 2 < ¢ < =~ 2 ,



then the following inequality holds

2 2
/ Vul?dz '“' M ge > o) (/ \uyqu) L we ). (1.8)
Q
Moreover, there exist positive constants ¢; = ¢;(q,n), i = 1,2 independent of € such that
n—2—2n n—o_2n
c1(g,n)D . >C(Q) > calq,n)D a . (1.9)

This answers the question of [BM] but unfortunately the method of [FMT?2] failed to cover
the critical Sobolev exponent ¢ = % .
On the other hand if €2 is a bounded smooth domain (no convexity is required) it has

been proved by Déavila and Dupaigne in [DD], that

1 [ u? @
/ \Vul|?dx — Z/ Z—2dx + M/ udx > C (/ |u|qu) q, Vu € C5°(Q), (1.10)
Q Q Q Q

for M and C' positive constants depending on 2, and 1 < g < ¢q1 := % (< %) Again,
this also misses the critical Sobolev exponent.
In our first results of the present work we improve both (1.8) and (1.10) by obtaining the

sharp analogue of (1.3). Thus, in case 2 is convex, we have:

Theorem 1.1 Let Q C IR", n > 3, be a bounded convexr domain of class C?. Then, there
exists a positive constant C = C(QQ) depending on Q such that

1 [ u? w N\
/Q \Vu|?dx — 2 /Q Z—de >C (/Q \ul%dx) , Vu € C5°(Q). (1.11)
Without assuming convexity of €2, we have:

Theorem 1.2 Let Q C IR", n > 3, be a bounded domain of class C?. Then there exists
positive constants C = C(n) and M such that

/ |Vu|?dx — —/ d2dx—|—M/ uldx > C(/ \u!n 2dx) Vu € C3°(Q). (1.12)
Q

We emphasize that the constant C' in (1.12) is independent of 2. We strongly believe that
this is also the case for the constant in (1.11) but we are unable to establish it.
We further extend these results in two main directions. First by considering LP? Hardy
inequalities with 2 < p < n, and secondly by considering more general distant functions.
We denote by K a compact, C? manifold without boundary embedded in IR", of co-
dimension k, 1 < k < n. When k = 1 we assume that K = 02, whereas for 1 < k < n we
assume that KN # (). We now set d(x) = dist(x, K) and for § > 0, K5 = {z € Q; d(x) < J}.
In this setting the analogue of (1.6) for p # k is

AT
/|Vu|pdﬂ:—‘p—k
Q p

which is valid under the following “convexity” assumption, see [BFT],

p
/ %dm >0,  weCR(Q\K), (1.13)
Q




p#k and —Apdz;j >0 on Q\K. (C)
On the other hand, without assuming (C'), the analogue of (1.7) for p # k is

kP
/ |VulPdx — ‘p_
Q p

see [DD], for the case p = 2.
In our approach a crucial step is obtaining estimates in Kg. In particular, we have the
following result:

|ul?

L +M/ ufPde >0,  weCEQ\K), (1.14)

Theorem 1.3 Let 2 < p <n, 1 <k <n and p < q < 2. Then, there exist positive
constants C = C(n,k,p,q) and 6y = do(p,n,Q, K) such that for 0 < § < ég and u €
C§°(Q\ K) we have:

(a) If p > k then

_ kP P Card=p, z
/ |VulPdz — ‘p_ ful ——dx > C’( 45 |u|qd1‘) ’ (1.15)
Ks p Ks Ks
(b) If p < k, the Hardy inequality
kP P
/ VulPdz — ‘p— [l e > o, (1.16)
Ks p K; dP

in general fails. However, there exists a positive constant M such that
— kP
/ |VulPdx — ’p_
Ks p

We emphasize that C = C(n,k,p,q) > 0 is independent of Q, K.
(¢) If in addition, u is supported in Ks, that is u € C§°(Ks\ K) then, (1.15) holds true even
forp <k.

D B P
ﬂdyc + M/ |ulPdx > C (/ d_q+%"\ulqda:> Yoo
K dp Ks Ks

Using Theorem 1.3 we next obtain global estimates. In this direction our main result is
the following improvement of (1.14):

Theorem 1.4 Let2<p<n,p#k<nandp<q< nn——Pi*n' For any bounded domain 2 C IR™
there exists positive constants C = C(n, k,p,q) and M such that for allu € C§°(Q\ K), there
holds

AT
/\Vu]pdx—’p—k
Q

[el® 4 +M/ luPda > c(/ 4t yu\quf (1.18)
P dp ’ '

Q

We note that C(n, k,p,q) is independent of Q, K.

We also note that under condition (C') we have the analogue of Theorem 1.1, see Theorem
5.3.

The case where = IR", p =2 and K is affine, that is, K ={xr ¢ R" |1 =20 = ... =
xr =0}, 1 <k < n, k# 2 has already been established in [M].

We should stress that in both Theorems 1.3 and 1.4 the case kK = n (distance from the
origin) is not allowed. In fact both Theorems fail in this case and one needs to introduce in



the right hand side suitable logarithmic corrections, as for instance in (1.5) in the case p = 2;
see also [BFT| Theorem C.

Some preliminary results have already been announced in [FMT1].

We finally say a few words about the method we use as well as the organization of the
paper. Using the change of variables u = d"v, for suitable exponent H we obtain equivalent
inequalities for the v function. For instance, under the change of variables u = d3v estimate
(1.11) is equivalent to

n—2
1 n n o
/ d|Vo2dz + = / (=Ad)|v|*dz > C (/ dn\v\%dx) 7
Q 2 Ja Q

valid for v € C§°(2). Motivated by this we first establish suitable weighted Sobolev inequali-
ties, in the special case where distance is taken from the boundary, and this is done in section
2. The main ingredient in the proof is the p = 1 Gagliardo—Nirenberg—Sobolev inequality
which is equivalent to the isoperimetric inequality. We then use these inequalities in section
3 to derive Hardy—Sobolev inequalities when distance is taken from the boundary. In sections
4 and 5 we consider more general distance functions, where distance is taken from a surface
of co-dimension k, as well as other critical norms via interpolation.
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2 Weighted inequalities involving the distance function

Let Q C IR" be a bounded domain with C? boundary and d(z) = dist(z,0$). We denote
by Qs := {z € Q: dist(z,0) < §} a tubular neighborhood of 05, for § small. Then, for §
small we have that d(xz) € C%(Qs). Also, if x € Qs approaches zg € 9Q € C? then clearly

d(xz) — 0 and also
Ad(z) = (N = 1)H(z0) + O(d(x)),

where H(x() is the mean curvature of 9 at x¢; see e.g., [GT] section 14.6. As a consequence
of this we have that there exists a §* sufficiently small and a positive constant ¢y such that

|[dAd] < cpd, in Q5 for 0< o < 0% (R)

We say that a domain Q C IR" satisfies condition (R) if there exists a ¢y and a §* such that
(R) holds. In case d(z) is not a C? function we interpret the inequality in (R) in the weak
sense, that is

\/ dAdqsdx\ch/ d¢dr, Ve CP(Q), ¢>0.
Qs Qs

In our proofs, instead of assuming that Q is a bounded domain of class C? we will
sometimes assume that (2 satisfies condition (R). Thus, some of our results hold true for a
larger class of domains. For instance, if § is a strip or an infinite cylinder, condition (R) is
easily seen to be satisfied even though €2 is not bounded.

We first prove an L! estimate.



Lemma 2.1 Let Q be a bounded domain which satisfies condition (R). For any a > 0 and
S € (O, %nﬂ%[F(l +n/2)]_%), there exists 69 = do(a/co) such that for all & € (0,dp] there
holds

. Yo eC™(Q). (2.1)

/ d“|Vv|d:r+/ dloldS, > S ||d%|
Qs 09 L

N
N-1(Qs)

Proof: We will use the following inequality: If V' C IR™ is any bounded domain and
u € C®(V) then
Snllull 72y o) < IVUllzrw) + ullziov), (22)

where S, = nW%[F(l + n/2)]_%; see [M], p. 189.
For V' = Qs we apply (2.2) to u = d%, v € C*(Q) to get

Sy ld®ol| g/ d“|Vv|dx—|—a/ d“_1|v|dx+/ d*[v]dS,, (2.3)
L-T(Q5) ~ Jo, Qs o0¢

To estimate the middle term of the right hand side, noting that Vd - Vd = 1 a.e. and
integrating by parts we have

a/ d*ulde = / Vd* - Vdv|de = —/ d*Ad|v|dz —/ d*Vd - Viv|dx +/ d*v|dSy
Qs Qs Qs Qs 0905
Under our condition (R) for ¢ small we have |dAd| < cpd in Q5. It follows that
(a— c05)/ d* Holdr < / d*|Vo|dz +/ d*v|dSy. (2.4)
Qs Qs 0905

From (2.3) and (2.4) we get

a

— ol a / a / a
S, ||d n < [ d*|Vu|d d*|v|dS,.
2a — coo | U”L”*(Qs) —Jas [Volde + 0% !

The result then follows by taking

_a(S, —29)

N s, S)

(2.5)

We similarly have

1
Lemma 2.2 Let Q be a domain which satisfies condition (R). For any S € (0, %nv;{) and
a > 0 there exists o = do(a/co) such that for all 6 € (0,0¢] there holds

/Qd“|Vv|dx > S|l Y€ GRS, (2.6)
)

The proof is quite similar to that of the previous Lemma. Instead of (2.2) one uses the
(p = 1)-Gagliardo-Nirenberg inequality valid for any V' C IR"™, and any u € C§°(V)

Sulull 2 o, < IVlla vy, 27)

- 1
where S,, = nv?, and v, denotes the volume of the unit ball in IR".
We next prove



Theorem 2.3 Let Q be a bounded domain of class C% and 1 < p < n. Then there exists a
do = 90(2, p,n) such that for all § € (0,0d0] there holds

dp_1|Vv|pdx+/ wPdS, > C(n,p)|dT v||p . WweC™(Q), (28)
Qs n=P (Qs)
with a constant C'(n,p) depending only on n and p.

Proof: We will denote by C(p), C'(n,p) etc. positive constants, not necessarily the same
in each occurrence, which depend only on their arguments. As a first step we will prove the
following estimate:

-1
COonpIT o g, < [ VP AT O oy (29)
L LTmP (909)

To this end we apply estimate (2.1) to w = |v
Then,

n(p-1)  np — (1)1 (n-D(p=1)  (n—1)p
S(n.p) </ P |v|npd:r> gs/ d = |Vv|dx+/ dTEE 5 s,
Qs Qs Qg

We next estimate the middle term

(0-DG-D) 0= n(p=1) B ) 0
/ d |v| n=p ]Vv]dx < ( dn=r |v|n=p de) (/ dr— ]Vv]pdx)
Qs Qs Qs

n(p—1) =t . =
e(/ d n=r |v|n=p Pdm) + ce (/ dr |Vv|pdx) ,
Qs Qs
whence,

n—=1
n(p—1) n (n—1)(p—1) (n—1)
(S(n,p)—es) (/ d = \U\npdx) < sc. (/ P 1yvuypda;> +/ d v || e dS,.
Qs

Raising the above estimate to the power = we easily obtain (2.9).

To prove (2.8) we need to combine (2.9) with the following estimate

o, 5 = CE ywith ¢ = (20021 5 g

A

IN

-1
CopldT ol < / & |\VolPdr + / l0[PdS,. (2.10)
L =P (8Qs) Qs 005

In the rest of the proof we will show (2.10) We note that the norm in the left hand side is

p=1
the critical trace norm of the function d » v. To estimate it we will use the critical trace
inequality ([B], Proposition 1),

Jull” sy < C(n, p)IVulllp iy + Mlullg, (2.11)
L n=p (0Qs)
where M = M (n,p, Q) in general depends on the domain Q as well. For reasons that we will
explain later we will apply this estimate not directly to 47 v but to the function u = d_+9
with 6 > 0 instead. More specifically we have
el —0p || 755 +0
ld 7 vll” o)y = 0P Nd7 " ),
L =1 (084) L n=p (09s)
— P40 4
55%(<nmwwp+>u o+ M 0 )
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Now,
p=1 p—1 1 p=1
[V(d > +%)HLP(95) < (T +9) |d ”+6UHLP(95) +||d +9VU|’LP(95)7
and 1 "
147 0| oy < 6 1A 70| 1o ay)-

From the above three estimates we conclude that

5o gy < COT [ T
L n=p (095 S

+[C(n,p,0) + MoP| (5_9”/ d=1P0 )y |Pdy,
Qs
whence, by choosing ¢ sufficiently small,

—1
HdeU”p(nl)p(a | < C(p)é—@zo/Q dp—l—‘rp@‘VU‘pdaZ
L n-p Qs 8

+C(n,p,0) 5% / 440y P, (2.12)
Qs
To continue we will estimate the last term of the right hand side of (2.12). Consider the

identity:
Opd 1P = —dP Ad + div(d?PVd) (2.13)

We multiply it by |v|P and integrate by parts over 5 to get
ep/ d—1+9p\v\l’da;+/ = —depAd\v\pda;—p/ dep]v]p_1Vd-V]v]dw+/ d|v|PdS,.

Qs Qs Qs 0905

By our assumption (R) we have that |dPAd| < ¢y d~'+%. On the other hand
\p/ PPV - Voldz| < p/ oo P~V Vo) da
Qs Qs
< pe/ A=y Pdy +pcg/ AP0\ Ty Pdz.
Qs Qs

Putting together the last estimates we get

(Op — cod — pe)/ d=HP P < ch/ dP=HPO |7y P da +/ d°|v|PdS,, (2.14)

Qs Qs a9

whence, choosing 9, e sufficiently small,

C(p, 6) / 440 |p|Pd < C(p) / PP da + / 0[P dS,. (2.15)
Qs Qs o0
Combining (2.12) and (2.15) we obtain
Cln,p, O ol o o, < 50 / P10 Gy Py 4 5 / &|v[PdS,
L =P (09s) Qs o008
< dp_1|Vv|pd:r—|—/ lv|PdS,. (2.16)
Qs an

By choosing a specific value of 0, e.g., § = 1, we get (2.10). We note that estimate (2.15)
fails if # = 0, and this is the reason for introducing this artificial parameter.
Od
We next have



Theorem 2.4 Let Q C IR™ be a domain satisfying (R) and 1 < p < n. Then there exists a
do = do(co, p,n) such that for all § € (0,dp] there holds

/dp_1]Vv]pdx > C(n,p)”d%vai( L Yo e CR(9), (2.17)
Qs Ln

P (Qs)
with a constant C'(n,p) depending only on n and p.

Proof: One works as in the derivation of (2.9), using however (2.6) in the place of (2.1).
We omit the details.
We finally establish the following:

Theorem 2.5 Let 1 < p < n. We assume that € is a convexr domain satisfying condition
(R) with D = sup,cq d(x) < co. Then there exists a positive constant C' = C(n,p, coD) such
that for any v € C§°(Q),

/dp_l\Vv\pda:—l—/(—Ad)]v]pda: > Cd T ol np (2.18)
Q Q L7=5 ()

Proof: We first define suitable cutoff functions supported near the boundary. Let a(t) €
C*°([0,00)) be a nondecreasing function such that a(t) =1 for ¢t € [0,1/2), a(t) =0 for t > 1

and |o/(t)| < Cp. For § small We deﬁne os(x) = af dl )) € C3(92). Note that ¢5 =1 on Q5/2,
¢s =0 on Qf and |V¢s| = |a ’( D) ‘Vd(x” < £ with Cj a universal constant.

For v € CO (Q) we write v = ¢5v + (1— qbg)u The function ¢sv is compactly supported
in Qg, and by Lemma 2.2 we have

S [ld° ¢ /Qd“]V(¢5v)]dx. (2.19)

L7T(Qy)

On the other hand (1 — ¢5)v is compactly supported in /o and using (2.7) we have

COo (1= 65)0l oy < (52) [ 1900 = 690 (2:20

Combining (2.19) and (2.20) and using elementary estimates, we obtain the following L'
estimate:

Cla,n )Hd“vHLn y )g/ﬂydawdﬂ/%\gm 4" |o|da. (2.21)

We next derive the corresponding LP, p > 1 estimate. To this end we replace v by |v|® with
s = p("_ L n (2.21) to obtain

an ;1 n(p—1)
Clanp, 5 (/ ) T < s [ al Vel
Q
n(p—1)

—I—/ 4| da.
Qs\Qs /2

Using Holders inequality in both terms of the right hand side of this we get after simplifying,
a(n—p) 1/p
anp, </d s(/d"1|v|p>
Q

a(n—p) 1/p
4 (/ = ﬂ’mp) L (22
Qs\Qs /2

IN

n— 1|fu|n pdaj)




For a = % > 0, this yields

C’(n,p,i)Hd%va& S/dp_1|Vv|pd:E—|—/ d~olPde. (2.23)
D L7 (Q) Q 25\ Qs /2

We note that convexity has not been used so far and therefore all previous estimates are valid
even for non convex domains.
To complete the proof we will estimate the last term in (2.23). For § > 0, we clearly have

po
<§> / 4 |olPdz < / 4+ da < / A Pdr, (2.24)
2 Q5\Qs/2 Q5\Q5/2 Q

To estimate the last term we work as in (2.13)—(2.15). Thus, we start from the identity
(2.13), multiply by |v|P and integrate by parts in Q. Now there are no boundary terms and
also the term containing Ad is not a lower order term anymore and has to be kept. Notice
however that because of the convexity of ) we have that —Ad > 0 in the distributional sense.
Without reproducing the details we write the analogue of (2.15) which is

C(p, ) /Q 4140 |o[Pdz < C(p) /Q P10 Ty P + /Q & (— Ad)|o]Pde. (2.25)

Combining (2.24) and (2.25) and recalling that d < D, we get

po
C(p.0) (i> / dolPds < / P VolPde + / (—Ad)[v]Pda. (2.26)
D 5\ 2 Q Q

Choosing e.g., # = 1 and combining (2.26) and (2.23) the result follows. The dependence
of the constant C' in (2.18) on the domain 2 enters through the ratio §/D. By Lemma 2.2
(cf (2.5)) we obtain that the dependence of C' on €2 enters through c¢yD. We also note that
C(n,p,00) = 0.

O
3 Hardy— Sobolev inequalities

Here we will prove various Hardy Sobolev inequalities. Let d(x) = dist(z,99) and V' C Q.
For p > 1, and u € C§°(£2) we set

Llu(V) = /V VulPdz — (%)p V%d:p. (3.1)

For simplicity we also write Ip[u| instead of I,[u](€2). We next put
u(z) =d 7 (x)v(z). (3.2)
We first prove an auxiliary inequality

Lemma 3.1 For p > 2, there exists positive constant ¢ = c(p) such that

Lu)(V) > ¢(p) /V dP | VulPdx + (’%)p_l /V Vd - V|v[Pdz. (3.3)

10



Proof: We have that

- 1 2= P
Vu= ppopl Lovd + dpP1Vv =:a+b.

For p > 2 we have that for a, b € IR",
la + 0P — |a]? > c(p)[b]” + plal”~2a - b.
Using this we obtain
1 p—1\""
Lul(V) > c(p)/ AP Vo |Pdr + (—) / Vd - V|vlPdz. (3.4)
\% p \%4
which is the sought for estimate.

We first establish estimates in (2.

Theorem 3.2 Let 2 < p < n. We assume that Q is a bounded domain of class C%. Then,
there exists a do = do(p,n, Q) such that for 0 < § < g and all u € C§°(2)

—_1\?P P n =t
wapdr — (P2 [ s o ([ juiBan) T (3.5)
Qs D Qs dP Qs

where C' = C(n,p) > 0 depends only on n and p.

Proof: Using Lemma 3.1 we have that
Cp) Lu)() = / @Y VolPdz +/ Vd- V|v]Pda.
Qs Qs
Integrating by parts the last term we get

Cp) Lu)(Qs) > /Q @ Vol + /Q (—Ad)v]Pdz + /8 _lopas.. (3.6)

8

We next estimate the middle term of the right hand side. By condition (R) we have

| / (—Ad)v]Pdz| < ¢ / [P da. (3.7)
Qs Qs

Starting from the identity 1+ dAd = div(dVd), we multiply it by |v|? and integrate by parts
over {15 to get

/ |U|de+/ dAd|o[Pdz = —p/ dloP-1vd- V|v|dw—|—5/ lu[PdsS.
Qs Qs Qs 905
Using once more (R) and standard inequalities we get
(1 - deo — ep) / lo|Pdz < 6pC. / P \VoPde + 5 / lu[Pds,
Qs Qs 09
whence for ¢, § sufficiently small,

/ wPdz < C(p)s / &V olPdz + C(p) / lu[PdsS. (3.8)
Qs Qs 0905
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Combining (3.6), (3.7) and (3.8) we obtain,
o@ﬂwmng/'f*wmwx+/ (0[P dS,. (3.9)
Qs o0¢

To complete the proof we now use Theorem 2.3, that is,

P |VolPdz + / wPdS, > Cn.p)|dF vl
808 Ln=P (Qy)

= Cn,plul’ w . (3.10)
Ln=P(Qs)

Qs

The result then follows from (3.9) and (3.10)

Next we prove:

Theorem 3.3 Let 2 < p < n. We assume that Q is a bounded domain of class C?. Then
there exists positive constants M = M (n,p,2) and C = C(n,p) such that for all u € C§°(R),
there holds

n—p

p—1\P [ |ul? p o\ Tn
/ |VulPde — | —— / ——dr + M/ |ulPdx > C / |u| = dz . (3.11)
Q D o dp Q Q
We emphasize that C(n,p) is independent of Q.
Proof: Clearly we have
Ip[u](Q) = Lp[u](2s) + Lp[u](€25). (3.12)
By Theorem 3.2 for § small we have
L[u](2s) > C(n,p)llull’ (3.13)
Ln=r (Qs)
Since d(z) > ¢ in Qf,
c p—- 1\
@mmgz/\wwm—(——)/‘mwx (3.14)
Qg po Qg

Using the Sobolev embedding of L%(Qg) into W1P(Q), see [H], Theorem 4.1, we get

”quﬂ
Ln—p

<Cnp) | [VuPde+Clnp.) [ JuPde.
5

)

(€2§)

From this and (3.14) we get

Ip[u](Qg) > C(n,p)HUHPn_g
Ln P(Qg)

The result follows from (3.12), (3.14) and (3.15).

— C(n,p, Q)/Q]u\pdx. (3.15)

We finally show

12



Theorem 3.4 Let 2 < p < n. We assume that  is a conver domain satisfying condition
(R) with D = sup,cq d(x) < co. Then there exists a positive constant C' = C(n,p,coD) such
that for any u € C§°(Q) there holds

—_1\P P n L
wupds — (P2 [ s o (f wiae) T (3.16)
dP
Q p Q Q

Proof: Working as in the derivation of (3.6) we get

Cp) Lu)(Q) = /Q | VolPda + /Q (—Ad)|v|Pdz.

The result then follows from Theorem 2.5.

4 Extensions

Here we will extend the previous inequalities in two directions. First by considering different
distant functions and secondly by interpolating between the Sobolev L#=% norm and the LP
norm. This way we will obtain new scale invariant inequalities.

We denote by K a surface embedded in IR", of codimension k, 1 < k < n. We also allow
for the extreme cases kK = n or 1, with the following convention. In case k = n, K is identified
with the origin, that is K = {0}, assumed to be in the interior of Q. In case k = 1, K is
identified with 0.

JFrom now on distance is taken from K, that is, d(x) = dist(z, K). We also set Ks :=
{z € Q: dist(z, K) < 6} is a tubular neighborhood of K, for § small, and K§ := Q\ K.

We say that K satisfies condition (R) whenever there exists a 0* sufficiently small and a
positive constant ¢y such that

|dAd+1—k| <cpd, in Ks for0<9 <5 (R)

For k = 1 this coincides with condition (R) of section 2. For k > 1, if K is a compact, C?
surface without boundary, then condition (R) is satisfied; see, e.g., [AS] Theorem 3.2 or [S]
section 3.

We next present an interpolation Lemma.

Lemma 4.1 Let a, b, p and q be such that

1<p<n, p<q§ﬂ, and b:a—l—l—q_pn. (4.1)
n—p ap

Then for any n > 0, there holds

1-X
| dvllzaey < A~ T 0l 4 =Nl ), Yo CF@, (@)

where
_ TP o (4.3)
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Proof: For pg := np—_"p and A as in (4.3) we use Holder’s inequality to obtain

[ttt = [ (@)@ o] 10 i
Q Q

Aq
< (/ d“pslv!psdx) " (/ d”(“_l)\v\p)
Q 0

b a, [|A a—1, [|[1—X
2ol ny < a0l oy ol

(1-=XN)g

that is,

Combining this with Young’s inequality
XMWIA < T X 4+ (L= Ay, >0, (4.4)

the result follows. O
We first prove inequalities in Kj.

Lemma 4.2 Let Q C IR™ be a bounded domain and K a C? surface of codimension k,
satisfying condition (R). We also assume that

-1
i b:a—l—l—q

p=1<q¢< ——,
n—1

n, and a#1—k. (4.5)

Then there exists a 0y = (50(“”67]2_1') and C = C(a,q,n,k) > 0 such that for all 6 € (0, o]
there holds

/ d°|Vo|dz +/ dColdS, > Clldl|pasy, Vo e CRQ\K).  (46)
Ks 0K,
Proof: Using the interpolation inequality (4.2) in K5 with n = 1 we get
b ng—1), ., g—n(g—1) 11
™[ Lary) < THd U”L%(K(;) + f”d vl (rcs)
< C d* d*v|d ) . 4.7
< Clng) (ol + [ e (@)
For V = K5 we apply (2.2) to u = d%v, v € C*(Q) to get
Sylld®o] o < / |V oldz + \ay/ 4" || dz +/ &CloldS,,  (4.8)
Ln=1(Ks) K K K

Combining (4.7) and (4.8) we get the analogue of (2.3) which is
Cla, q,n) 1ol poiey g/ d“!Vv[dx+/ da—lyvydx+/ eloldS,.  (4.9)
Ks Ks oK

It remains to estimate the middle term of the right hand side. Noting that Vd-Vd =1 a.e.
and integrating by parts in K5 we have

a/ d* | dx :/ Vd*-Vdv|dx = —/ d“Ad\v\da;—/ d“Vd-V]v[dx—i—/ d*|v|dSy,
Ks Ks Ks Ky 0K
whence,

(a—l—k—l)/ d*|dx = —/ da—l(dAdH—k)yuydx—/ dan-V\v\da;+/ d*|v|dS,.
K6 K6 K§ 8K5
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Using (R) we easily arrive at the analogue of (2.4), that is,
(Ja+k—1| —005)/ 4" o] dar g/ d“|Vv|dm—|—/ d*[v]dS,. (4.10)
Ks Ks oK

For estimate (4.10) to be useful we need |a + k — 1| > 0, whence the restriction a # 1 — k.
The result then follows from (4.9) and (4.10), taking e.g., dg = latk=1]

2co

O
We next present the analogue of Lemma, 2.2

Lemma 4.3 Let 2 C IR™ be a domain and K a surface of co-dimension k, satisfying condi-
tion (R). We also assume

-1
p=1<g< 4= 2, and a#1—k

n—1’

Then, there exists a §g = (50(‘[14'07]2_”) and a C = C(a,q,n,k) >0, such that for all 6 € (0, do]
there holds
/ dC|Volde > Olldv|pe,), Vo€ CF(Ky). (4.11)
Ks

The proof is quite similar to that of the previous Lemma. The only difference is that instead
of (2.2) one uses (2.7). We omit the details.
We next have

Theorem 4.4 Let Q C IR" be a bounded domain and K a C? surface of co-dimension k,
with 1 < k < n, satisfying condition (R). We also assume

1<p<n, p<q§ﬂ, and b—a—1+u, (4.12)
n—p ap

and set a = I’%k. Then there exists a o9 = do(p,q,?, K) and C = C(p,q,n, k) > 0 such that
for all 6 € (0,80] and all v e C°(\ K) there holds

/ - k|Vv|pdx+/ A HoldS, > Ol (4.13)

in particular the constant C' is independent of Q, K.

Proof: We will use Lemma 4.2. Since in this Lemma the parameters a, b, p, ¢ have a
different meaning, to avoid confusion, we will use capital letters for the parameters a, b, p, q
appearing in the statement of the present Theorem. That is, we suppose that

Q—-P

P
1< P<n, P<an_”P, and B =A—1+=gmn (4.14)
and for A = £5%, we will prove that the following estimate holds true
/ 4P|V o|P de +/ A HolPdS, > ClldPvl|bage,- (4.15)
Ks 0K
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We will argue in a similar way, as in the proof of Theorem 2.3. We first prove the following
L% — LF estimate:

C(P,Q,n, k) d%0| Lo, < /Kédp_k\Vv\Pda:Jr/aKédl_k]v]Pde

P—k
P o ye (4.16)
L n—P (0Kjy)

To this end we replace in (4.6) v by |v|® with

s = Q—l + 1. (4.17)

Also, for A, B, P and @ as in (4.14), we set
¢g=Qs ', b=Bs, a:b—l—l—q%qlN:BQ%+A. (4.18)
It is easy to check that a, b, ¢ thus defined satisfy (4.5). Then, from (4.6) we have
a0l oy’ = 1 oy < Cs [ aopop = Veldz € [ deppra, (419)

with C' = C(a,q,n, k) = C(P,Q, A,n, k). Using Holder’s inequality in the middle term of the
right hand side we get

/d“|v|s_1|Vv|d:U _ / dA V| dBRTE o] da
Ks Ks

< WAelllrgey  a%l B e,y
< el dAVolllh 2 + elldPy H;; s (4.20)
From now on we use the specific value of A = %k. For this choice of A a straightforward
calculation shows that Po1Q_P
a—l—l—k‘:T Iz (n—Fk) #0, (4.21)

and therefore it corresponds to an acceptable value of a, see (4.5). Because of (4.21) the case
k = n is excluded.

We next estimate the last term of (4.19). Using Holder’s inequality (similarly as in Lemma
4.1), we get

d*v|*dz :/ du|v|)\(Q%+1) dBQ%+A—u|U|(1—A)(Q%+1)d$
0Ks 0K

(P— k)(n 1) P(n-1) @5’1—}{2(@%“) kP 2@ +1)
< (/ d— =P || TP dZL'> < d "y dZL'> ,
0K 0K

where,

-DQ-P) . (n=DQ-PP=K)
QP -1)+P P2
Using then Young’s inequality (cf (4.4)) we obtain for a positive constant C' = C'(P,Q,n),

A=

Ks

Q& +1
P—k 1—k
o[ apldrs <HdTvH ran +udTvuLp<aK5>) S a2
OK; L7 (3
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From (4.19), (4.20) and (4.22) we easily obtain (4.16).
To complete the proof of the Theorem we will show that

T | Pp sy < [ dPFVo|Pde+ / ' [v]PdS,, (4.23)
L =P (9Kj) K 0K

for a positive constant C' = C(P,Q,n,k). The proof of (4.23) parallels that of (2.10). In
particular, for k& = 1 this is precisely estimate (2.10). In the sequel we will sketch the proof
of (4.23).

Applying the critical trace inequality (2.11) to d¥+9v, 6 > 0, in the domain K; we
obtain for § sufficiently small the analogue of (2.12), that is

17 0| ) < C(PE)SOP | qP=F+POyy|Pdy
L™ n—PF (dKj) Ks

+ C(n, P,k,§) 677 / 4P P . (4.24)
Ks
We next estimate the last term of (4.24). Starting from the identity
(1 —k+0P)d*P = _ql=k+9P Ag 4 div(d*—++0Pva) (4.25)
’P

we multiply it by |v|* and integrate by parts over K5 to get

(1—k+ ep)/ 4P|y P gy = —/ 4P A d|o| P da
K K

8

_p dl_k+9P|v|P_1Vd-V|v|dm+/ IR HOP| | P g,
K 0K

or, equivalently,
ep/ d=FHOPy|P dz = —/ AP (AAd +1 — k) |v|P da
K Ks
—P/ A FOP 1P d . V| da +/ dFHOP 1 P as,.
K 0K
By our condition (R) we have that |dAd + 1 — k| < cpd. On the other hand

|P/ d P Py d . Vlolde| < P/ dFHOP |y P=1 | dae
K Ks

IN

Pe/ d—k+9P\v\de+Pce/ dP =0 7y|P dz.
K Ks
Putting together the last estimates we obtain, for €, 6 small the analogue of (2.15) that is
c(P,6) / 4P Py < O(P) / APFHPO G Py + / 4RO PaS, . (4.26)
K Ks K5

Combining (4.24), (4.26) and using the fact that d(z) < § when & € Ks, we complete the
proof of (4.23) as well as of the Theorem.
O
Remark 1 We note that estimate (4.13) fails when k& = n (see (4.21)). This is not
accidental as we shall see in the next section.
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Remark 2 The choice a = p?%k corresponds to the Hardy—Sobolev inequality as it will
become clear in the next section. We note that the corresponding estimate for a € IR and b,
P, q as in (4.12) remains true. Thus, there exists a positive constant C' = C(a,n,p, ¢, k) such
that for all v € C§°(©2\ K) there holds

/ 4| Vo| dz + / d@=DPHL|yPds, > C||dv] ooy, (4.27)
K 0K

The proof of (4 27) in case a # £ ; is much simpler than in the case a = == p . We also note

that if @ # 2= then (4.27) is true even if k = n.
We will ﬁnally prove the analogue of Theorem 2.5. The analogue of convexity is now the
following condition on Q, K (cf [BFT]),

p#k and —Apdz;j >0 on Q\K. (C)
We then have

Theorem 4.5 Let 2 C IR™ be a domain and K a surface of codimension k, 1 < k < n,
satisfying condition (R). In addition we assume that D = sup,cq d(z) < oo, condition (C')
is satisfied and

1<p<n, p<q§ﬂ, and b—a—l—l—u. (4.28)
n—p

ap

We set a = I’%k. Then there exists a positive constant C' = C(p,n,Q, K) such that for all
v e CFQ\ K) there holds

/ | VoPdz + | / dH(=dAd = 1+ K)[oPde| > Clldu]? . (4.29)
Q Q

Proof: As before, to avoid confusion in the proof, we will use capital letters for the parameters
a, b, p, ¢ appearing in the statement of the Theorem. That is, we suppose that

Pn Q—-P
< < A
1< P<n, P<Q_n—P’ and B=A-1+ o n,
and for A = ~5%, we will prove that
/ dP=*Vo|Pdz + |/ ™ (—=dAd = 1+ K)o Pde| > C[[dP0| Fog. (4.30)
Q Q

Let a(t) € C*([0,00)) be the nondecreasing function defined at the beginning of the
proof of Theorem 2.4 and ¢s(x) := a(@) € C2(Q), so that ¢5 = 1 on Ks/2, ¢s = 0 on K§
and |Vos| < %1 with Cp a universal constant.

For v € C§°(Q2) we write v = ¢sv + (1 — ¢s)v. The function ¢sv is compactly supported
in Ky, and by Lemma 4.3 we have

Cla,n ) |dvlagiy) < [ d*[Volde. (431)
§
On the other hand (1 — ¢5)v is compactly supported in K§ /2 and using (2.7) we easily get

Io|
C() 5 W19 ((1 = 65)0)

5/2

la(1 = @5)vll Lagxee )

). (4.32)

<
5/2 -
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Combining (4.31) and (4.32) we obtain the analogue of (2.21) which is
a a a—1
Clld®l, 2y g/ﬂw Vv|d:1:+/ 4o dz. (4.33)

Ks\Ks/2

We next pass to L-L” estimates. We replace in (4.33) v by |v|® with s as in (4.17). Also,
for A= 25k and B, P, Q as in (4.18), we get (cf (4.19))

OBl ok < s/ d“|v|s_1|Vv|d:L"+/ o de. (4.34)
o Ks Ks\Ks/2

Using Holder’s inequality in both terms of the right hand side we get
/ oY Volde = / dAVo|  dBRTE |o]QF da
Q Q

P1
< Nt Volllpe@) 1470015 ),

and

/ A folfde = / A V| BT v 4
Ks\Ks/2 Ks\Ks/2

P—1
A_
< N Polllzr gy 145005,

Substituting into (4.34) we get after simplifying,
Clld®o|Fogq < / APV P da + / d* o) Pda. (4.35)
Q

Ks\Ks/2

Here we have also used the specific value of A = %. To conclude we need to estimate the
last term in (4.35). For 6 > 0, we clearly have

po
(§> / 4 |o|Pd < / dR+PO) | P gy < / 4R+ POy |P g (4.36)
2 Ks\Ks/2 Ks\Ks/2 Q

To estimate the last term we work as in (2.24)—(2.25) (see also (4.25)—(4.26)) to finally get
/Q 459 |Pde < O(p) /Q dPFHPO Gy Py | /Q dF PO _Ad + 1 — k)|o|Pde|. (4.37)
We not that we also used the fact that
p#k, and (p—k)(dAd+1—k)<0, on Q\K, (4.38)

which is a direct consequence of condition (C'); see [BFT]. Combining (4.36) and (4.37) and
recalling that d < D, we get

)
C(P,6,2) / 4 v|Pde < / dPF || P dx + |/ A (—dAd+1— k))|o|Pdz], (4.39)
D" Jks\Ks) Q Q
and the result follows easily.
O
Remark 1 As in Theorem 4.4 the case k = n is excluded.
Remark 2 In case k =1 or in case ¢ = n”Tpp, the dependence of the constant C' in (4.29) is

the same as in Theorem 2.5, that is, C = C'(n,p, coD).
Remark 3 In case a # 7%]“ the analogue of (4.29) remains true. That is, for b, p, ¢ as in
(4.28)

/ d?|Vo|Pdx + y/ AP (—dAd — 1+ k)|v|Pdz| > C [|d°v]| La(q), (4.40)
Q Q

for a constant C' = C(p,q,n, k,a) > 0. The case k = n is not excluded.
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5 Extended Hardy—Sobolev inequalities

In this Section we will use the v—inequalities of the previous Section to prove new Hardy—
Sobolev inequalities. For V C IR"™ we set

p—kP [ |uP
L, i Ju](V ::/ Vupdzn—‘— —— 5.1
A B e CBY
Then for u(z) = d¥ (z)v(z) with
H = . K
p
we have for p > 2,
L g[u) (V) > c(p)/ dP=R|VoPdx + H]H]f”‘2/ d*=*Vd - V]v|Pdz. (5.2)
14 v
The proof of (5.2) is quite similar to the proof of (3.3).
As in the previous section,
1<p<n, p<q§ﬂ, and b:a—l—i—un. (5.3)
n—p ap

We will be interested in the specific value a = p?%k which corresponds to the critical Hardy
Sobolev inequalities.
We first present estimates in K.

Theorem 5.1 Let 2 < p < nandp < q < nn—_pp. We assume that Q@ C IR"™ is a bounded
domain and K a C? surface of co-dimension k, with 1 < k < n, satisfying condition (R).
Then, there exist positive constants C = C(n,k,p,q) and 6y = do(p,n,Q, K) such that for
0<0<dp andue CF(Q\ K) we have:

(a) If p > k then

D B P
/ |VulPdz — |H|P/ L </ d_q+qu"|u|qu) " (5.4)
K Ks dp Ks

(b) If p < k, the Hardy inequality

p
/ VulPdz — yHyp/ [l® g > 0, (5.5)
K Ks dp
in general fails. However, there exists a positive constant M such that
|u|p —q+L2p %
/ |VulPdx — ]H]p/ ——dz + M/ |ulPdz > C (/ d P \u!‘%la;) . (5.6)
Ks Ks dP Ks Ks

We emphasize that C = C(n,k,p,q) > 0 is independent of Q, K.
(c) If in addition, u is supported in Ks, that is uw € Cg° (K5 \ K) then, (5.4) holds true even
forp <k.

Proof: Using (5.1) and integrating by parts once we have that

Lalu(Ks) = C) / &P F [V olPde + H|H|P~2 / A (—dAd + k — 1) o]Pda

Ks Ks

+ H;Hyp—2/ d**v|PdS,. (5.7)
0

é
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At first we estimate the middle term of the right hand side. We have that
|[dAd + 1 — k| < cod,  for x€ K, (5.8)
and therefore

| [ d7*(—dAd +k —1))|vPdx| < co/ d*FoPda. (5.9)
K Ks

At this point we will derive some general estimates that we will use in the sequel. Our goal
is to prove (5.11) and (5.12) below. For a € IR we consider the identity (1+ a)d® +d'T*Ad =
div(d'*t*Vd). Multiply by |v[P and integrate by parts to get
(a+ 1)/ da\v\pdx—i—/ d" M Ad)v|Pde = —P/ d"Vd- Vv \U\P—lda;+/ d"|v|PdS,,

K6 K6 K§ 8K5
or, equivalently,
(a + k:)/ d°|o[Pdz + / d*(dAd + 1 — k) [v]Pde =
Ks Ks
—p / 4V d - V| o] d + / 4 |p[PdS,. (5.10)
K 0K

We next estimate the first term of the right hand side of (5.10)

p—

p—1 1
( / da\v\l’da;> ! ( / d“+Pyvuypdx)”
K Ks

p—1) / & [olPde + =) / 4PV olPde.
K Ks

IN

P/ d"N'Vd - Vv| [P~ dx
Ks

IN

From this, (5.8) and (5.10) we easily obtain the following two estimates:
(Ja + k| — b —e(p — 1))/ d*folPde < 5_(”_1)/ da+p|W|de+/ A oPdS,, (5.11)
Ks Ks oK
and,
[ aeds, <00 [ amrvopde + (o + k4 eod+ep-1) [ dfold. (512
8K5 K5 K6
From (5.11) taking a = 1 — k we get that
/ 4 FolPde < C(p)s / Pk VolPde + C(p)d / A [ulPdS, . (5.13)
K;s K 0K

At this point we distinguish two cases according to whether p > k or p < k. Assume first
that P > k or, equivalently H > 0. Then from (5.7) and (5.13) we get that

Lul(Ks) = Cp) / & VolPde + C(p, k) / 4 [olPds,. (5.14)
K 0K

Using Theorem 4.4 as well as the fact that

P

—g+94"Pp q
HdvaII)ﬂ(K(;) = (/ d 9+ ’u‘qu) ,
Ks
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we easily obtain (5.4).

If w € C§°(Ks \ K) then the boundary terms in (5.7) and (5.13) are absent and the same
argument yields (5.4) even if p < k.

Suppose now that p < k, that is, H < 0. Using again (5.7) and (5.13) we get that

L[] (K5) = C(p) / &k VolPde — C(p, k) / 4k [olPds,. (5.15)
K 0K
To estimate the last term of this we will use (5.12) with a = p — k in the following way

& FoPds, = &5 / 4P K|y [Pas,
0K 0K

< 5_(7’_1)/ dP=R|Vo|Pdx + C(a,p)é‘p/ P~k |vPdz.  (5.16)
Ks Ks
From (5.15) and (5.16) choosing € big we get
Lu[ul(Ks) = C(p) / P VolPde — M / & [olPde. (5.17)
K Ks
On the other hand from (5.16) and Theorem 4.4 we get that
Cp.q.m B0y < C0) [ @ Vopdo+ M [ @ Fopdz. (5.18)
K Ks

From (5.17) and (5.18) we easily conclude (5.6).

It remains to explain why when p < k and u € C§°(Q \ K) the simple Hardy (5.5) in
general fails. Let us consider the case where K and therefore K are strictly contained in §2.
In this case the function u. = d7+¢, for ¢ > 0 is in W'P(Ks). On the other hand for p < k
a simple density argument shows that W'P(Ks\ K) = WYP(Ks). An easy calculation shows
that

p
/ V. |[Pdz — |H|p/ [l = (e — |H|p)/ d gy < 0, (5.19)
K Ks dP K
by taking £ > 0 small and noting that H < 0.

Remark The result is not true in case k = n, as discussed in the introduction.

We next prove estimates in 2.
Theorem 5.2 Let 2 < p <n and p < q¢ < n"—_pp. We assume that @ C IR™ is a bounded
domain and K a C? surface of co-dimension k, with 1 < k < n, satisfying condition (R).
Then, there exist positive constants C = C(n, k,p,q) and M such that for allu € C§°(Q\ K),
there holds

_L|P P _ a
/|Vu|pdx—’p—k /Mde/ |u|pdx20</ d—q+%”"|u|qd:p>q, (5.20)
Q P Q dP Q Q

We note that C'(n,k,p,q) is independent of Q, K.

Proof: Clearly we have

Ly e[u) (@) = Ip k[u](Ks) + I k[u] (K§). (5.21)

22



By Theorem 5.1 for § small we have

L lul(K5) = C(n, ko pr g (/ gt ym%m) —M/ lufPda. (5.22)
Since d(z) > § in K,

Lul(K$) = / VulPdz — C(p, k, 6) / lufPde. (5.23)
K¢ K¢

8

From the Sobolev embedding of L%(Kg) into WhP(K§) we get

lalf o < Clon) [ VuPds + Con 2K) [ fulrda.
L (Kg) Kg K¢

8

Using the interpolation Lemma 4.1 (with a = 0) we have

Q
S
=
-
VR
S
IS
[}
_l’_
3
_3
<
=
QL
5
S~
=]
A

p
HUHan_fP(Kg +[ld” u”LP(KC

L +67P . 5.24
Il g gy Tl (24
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From (5.23)—(5.24) we get for M = M (n,p,q,Q, K),
2

— q
Llu)(K$) = C(n.p,q) (/ d—q+q7""|u|qu> M [ Jupds. (5.25)
K¢ Kg

8

The result follows from (5.21), (5.22) and (5.25).

Our final result reads:

Theorem 5.3 Let2 <p<nandp < q< n"Tpp. We assume that Q@ C IR™ is a domain and
K a surface of co-dimension k, 1 < k < n, satisfying condition (R). In addition we assume
that D = sup,cqd(xz) < oo and condition (C) is satisfied. Then for all u € C§°(2) there

holds ,
— p P _ =
/ \VulPdz — ‘p—k / [ e > ¢ (/ d‘q+¥"\uqu) " (5.26)
Q D o dP Q

for C=C(n,P,Q,Q,K) > 0.
Proof: Working as in the derivation of (5.7) we get

Clp. k) L a[u)(Q) > /Q P VolPde + H /Q A (—dAd + 1 — k) |o]Pde.  (5.27)

Because of condition (C') we have that H(—dAd +1 — k) > 0, see (4.38). The result then
follows from Theorem 4.5.
O
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