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Abstract

As a main result of the paper, we construct and justify an asymptotic approximation of
Green’s function in a domain with many small inclusions. Periodicity of the array of inclusions
is not required. We start with an analysis of the Dirichlet problem for the Laplacian in such a
domain to illustrate a method of meso scale asymptotic approximations for solutions of boundary
value problems in multiply perforated domains. The asymptotic formula obtained involves a
linear combination of solutions to certain model problems whose coefficients satisfy a linear
algebraic system. The solvability of this system is proved under weak geometrical assumptions,
and both uniform and energy estimates for the remainder term are derived.

In the second part of the paper, the method is applied to derive an asymptotic representation
of the Green’s function in the same perforated domain. The important feature is the uniformity
of the remainder estimate with respect to the independent variables.

Keywords: Singular perturbations, meso scale approximations, multiply perforated domains, Green’s
function.

1 Introduction

Uniform asymptotic approximations of Green’s kernels for various singularly and regularly per-
turbed domains were constructed in [1]-[4]. In particular, the papers [1], [2] address the case
of domains containing several small inclusions with different types of boundary conditions. In
the present paper, a similar geometrical configuration is considered, but the number of inclusions
becomes a large parameter, which makes asymptotic formulae in [1], [2] inapplicable.

In Sections 4-7, we address the Dirichlet problem for the Poisson equation —Au = f in a
multiply perforated domain with zero Dirichlet data on the boundary. Section 4 contains the
formal asymptotic representation

N
u(x) ~ vp(x) + > G5 (PO(x) — dm cap(FV)) H(x,01))), (1)

j=1
where

e vy is the solution of the same equation in a domain € without inclusions,



e PU) is the harmonic capacitary potential of the inclusion F @),
e cap(FU)) is the harmonic capacity of FU),
e H is the regular part of Green’s function G of €.

The coefficients C; should be found from the algebraic system
(I+SD)C+ V=0, (2)

where I is the identity matrix, and the matrices S, D and the vectors C, V; are defined by

. N
S = {(1 —5)GO®), o<l>)} . D =dn diag {cap(FV), .., cap(F™)}, (3)
and
C= (Clﬂ B CN)Tv Vf - (Uf(0(1)>7 cee 7vf(O(N)))T7 (4)

with OU) being interior points in FU).

The unique solvability of the system (2) is not obvious, and it is established in Section 5 under
the natural assumption € < ¢ d, where c is a sufficiently small absolute constant, € is the maximum
of diameters of FW),j =1,..., N, and d characterizes the distance between inclusions. In the same
section, we obtain auxiliary estimates for the vector C under two different constraints on ¢ and d.

Justification of the formal asymptotic approximation (1) is given in Sections 6 and 7, where
we show that the remainder admits the uniform estimate O(e + e2d~7/2) and the energy estimate
O(g2d~%).

Although we see that the asymptotic method described above may be applied formally under a
very mild geometrical constraint € < ¢ d, the convergence of the approximation in the space Lo (2)
and in the Sobolev space H'(2) has been proved when ¢ < d"/* and e < d2, respectively. Hence, the
asymptotic approximation (1) is efficient for certain meso scale geometries, intermediate between a
collection of inclusions whose size ¢ is comparable with d and the classical situation with € ~ const d*
appearing in the homogenization theory (see [5], [6] et al.). As is well known, in the latter case u
is approximated by a solution of the equation with a “strange term” —Au + pa = f, u > 0.

In the concluding Section 8, we derive the above mentioned asymptotic formula for Green’s
function G (x,y), uniform with respect to x and y. The following is the specially simple form in
the case of Q = R3 :

N
Jj=1 1<i,j<N, i#j

where gU) are Green’s functions in R3*\ FU), and the matrix C = (Cy)Y is

ij=1
defined by C = (I+ SD)"'S.

2 DMain notations and formulation of the problem in the perfo-
rated region

Let Q be an arbitrary domain in R3, and let {O®) j-vzl and {FU )};V:l be collections of points and

disjoint compact subsets of {2 such that 09 ¢ FU and FU) have positive harmonic capacity.



Assume that the diameter ¢; of F’ () is small compared to the diameter of Q2. We shall also use the
notations

d=9"1 i o) — o — . — 1 FUN
i 2B | o= max e, ap=e max cap(FY) (5)

It is assumed that € < ¢ d, with ¢ being a sufficiently small constant.
We require that there exists an open set w such that

N
U F(J) Cw, diam(w) = 1, dist (Ow,(?Q) > 2d, (6)
j=1

N
and dist{ U F(j),ﬁw} > 2d.
j=1

Let us introduce the complimentary domain
Qy =Q\ UL, FU), (7)

as shown in Fig. 1.

Figure 1: Perforated domain containing many holes.

Let u denote the variational solution of the Dirichlet problem

Qo

—Au(x) = f(x), x€ Qy, (8)
u(x) =0, x ey, 9)

Ne)

where f is assumed to be a smooth function with a compact support in €2, such that diam(supp f) <
C with C being an absolute constant.
We seek an asymptotic approximation of u as N — oo.



3 Auxiliary problems

We collect here solutions of some boundary value problems to be used in the asymptotic approxi-
mation of u.

3.1 Solution of the unperturbed problem

By vy we mean the variational solution of the Dirichlet problem

-Avg(x) = f(x), x€Q, (10)
vp(x) =0, x €09, (11)

where f is the same smooth function as in (8).

3.2 Capacitary potentials of F()

The harmonic capacitary potential of F¢) will be denoted by P9, and it is defined as a unique
variational solution of the Dirichlet problem

AP(j)(X) =0 on ]Rg\F(j), (12)
Pi(x) =1 for x € R\ FV), (13)
PD(x) =O0(elx — 0W|1) as e lx — 0W] - . (14)

It is well known (see, for example, Pdlya and Szeg6 (1951)), that these functions have the following
asymptotic representations:

A (4)
P(])(X) . Cap<F )

= 2 2 1 O cap(F)|x — OD|72) for |x —OV)| > 2. (15)
|X — O(J)’

The harmonic capacity of the set F) can be found by
1

cap(FW) = =
T

/ VPO (€) 2de. (16)
R3\F(j)

3.3 Green’s function for the unperturbed domain

Green’s function for the unperturbed domain is denoted by G(x,y), and it satisfies the boundary
value problem

AGx,y)+0(x—y)=0, x,y €, (17)
G(x,y) =0 as x€ 90 and y € . (18)

The regular part of Green’s function is defined by

H(x,y) = (4nlx —y)™' = G(x,y). (19)



4 Formal asymptotic algorithm

Let the solution u of (8), (9) be written as
u(x) = vy(x) + RV (x), (20)

where vy solves the auxiliary Dirichlet problem (10), (11) in the unperturbed domain, whereas the
function R(M is harmonic in Qy and satisfies the boundary conditions

RW(x) =0 when x € 89, (21)
and
RW(x) = —vs(x) = —v;(0®) 4 O(e) when x € J(R®\ F*)), (22)

Let us approximate the function R in the form
ZC’ ( — 47 cap(FY)) H(X,O(j))), (23)

where C; are unknown constant coefficients, and PU) and H are the same as in (12)-(15) and (19),
respectively.

By (15), (19) and (18), we deduce
PU(x) — 47 cap(FY)) H(x,09) = O(e cap(FU))|x — 0W)|72), (24)
forallx € 092, j=1,...,N.
On the boundary of a small inclusion F*) (k=1,..., N) we have
v (O™ + O(e) + Cr(1 + O(e)) (25)
+ Y g (47r cap(F@) G(O™, 00)) + O(e cap(FW))|x — o<f>y—2>) —0,
1<j<N, j#k

for all x € O(R3 \ FR)).
Equation (25) suggests that the constant coefficients Cj, j = 1,..., N, should be chosen to
satisfy the system of linear algebraic equations

vp(OW) + Cr+4r > Cjcap(FD) G(O®),09)) =0, (26)
1<j<N, j#k

where k=1,...,N.
Then within certain constraints on the small parameters € and d (see (5)), it will be shown in
the sequel that the above system of algebraic equations is solvable and that the harmonic function

R (x) = RW(x ZC’ ( — 47 cap(FV)) H(X,O(j)))

is small on 0. Further application of the maximum principle for harmonic functions leads to an
estimate of the remainder R(? in Q.
Hence, the solution (20) takes the form

N
() + > G (PP (x) — 4 cap(FV)) H(x,09))) + B (x), (27)

where C; are obtained from the algebraic system (26).



5 Algebraic system

In this section we analyse the solvability of the system (26), and subject to certain constraints on
¢ and d, derive estimates for the coefficients Cj, j =1,...,N.
The following matrices S and D will be used here:

N
= By &) o
s={0-danc0®, 001" (28)
and
D = 47 diag {cap(F"), ..., cap(FN)}. (29)
If the matrix I+SD is non-degenerate, then the components of the column vector C = (Cy,...,Cx)T
are defined by
C=-(1+SD) vy, (30)
where
V= (v(0W), ... 0 (0T, (31)

Prior to the formulation of the result on the uniform asymptotic approximation of the solution
to problem (8)-(9), we formulate and prove auxiliary statements incorporating the invertibility of
the matrix I + SD and estimates for components of the vector (30).

Lemma 1. If maxj<j<y cap(FY)) < 5d/(24r), then the matriz I+ SD is invertible and the
column vector C in (30) satisfies the estimate

N N
S eap(FU) € < (1= =) 23 cap(FD) (y(01), (32)

where the constant ap is defined in (5).
Proof:
According to (30), we have (I4+SD)C = —V. Hence

(C,DC) + (SDC,DC) = —(V;,DC). (33)
Obviously, the right-hand side in (33) does not exceed
(C,DC)"*(V;, DV )!/2, (34)

Consider the second term in the left-hand side of (33). Using the mean value theorem for harmonic
functions we deduce

(SDC,DC) = (47)* > G(0Y,09)cap(F?)cap(FW) C;C;
i#5,1<i,j<N

(%) Y .
—ame Y el ) GG / G(X,Y)dXdY,
i#§,1<ij <N |BO| |BU)| B JBU)

where BY) = {x: |x — OU)| < d}, j = 1,..., N, are non-overlapping balls of radius d with the
centers at O, and |BY)| = 47d>/3 are the volumes of the balls. Also, the notation By is used
here for the ball of radius d with the center at the origin.



Let Z(x) be a piecewise function defined on 2 as

: Gy ; @) 5=
E(X)Z{C'Jcaup(F )in BY j=1,...,N,

0 otherwise.
Then
(SDC,DC) (/ / GX,Y)=E(X)Z(Y)dXdY
N
Z cap(FU)))2C? / G(X Y)dXdY) (35)
j=1 BG) JBG)

The first term in the right-hand side of (35) is non-negative, which follows from the relation
/ / G(X,Y)=E(X)Z(Y)dXdY

:/Q‘VX/QG(X,Y)E(Y)dY “iX > 0. (36)

The integral
/ G(X,Y)dXdY
BG) J B

in the right-hand side of (35) allows for the estimate

XdY
/ G X, Y dXdyYy < — / / dXd
By J By By J By ’X - Y‘
Y Y
1 dx{/ d / Y !
47T i< X =Y Jospysx X =Y

1 X dSy dSy
_ = dX / dp/ / / . 37
By viv|=p} X =Y[  Jix| Yi[Y|=p} \X—Y!} (37)

Using the mean value theorem for harmonic functions we deduce

ds
/{Y viey X —YY\ = 47p?|X|7! when |X]| > p. (38)
Y |=p

On the other hand,

dSy
=4 hen | X
Sy TRy = e when [X] < (39)

which follows from the relation

/ dSy / 0 1 s
_ Wy 9 ”
(YiY|=p} PIX = Y] (Y:Y|=p} O1Y|[X = Y]

1
=— Ay ——=dY =47 when |X|<p.
/{Y Y |<p} ‘X_Y’

It follows from (37), (38) and (39) that

1 X2 d°
/ G(X,Y)dXdY < - / (d2 X] >dX smd”. (40)
B JBWG 2 J, 3 15
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Next, (33), (34), (35) and (40) lead to

(SDC,DC) > % /w /w G(X, Y)Z(X)E(Y)dXdY

9o N
— =) (cap(FY)))*C3, (41)

where o = §Z. Then (33) and (41) imply

which yields

12 N 1/2
(1- 247r5aF <Z C2cap ) < (Z(vf(o(j)))zcap(F(j))> . (42)

J=1

Thus, if ear = maxi<j<ny cap(F( )) < 24 d, then the matrix I + SD is invertible and the estimate
(32) holds. The proof is complete. [
Replacement of the inequality € < cd by the stronger constraint ¢ < cd? leads to the statement
Lemma 2. Let the small parameters € and d, defined in (5), satisfy

£ < ed?, (43)

where ¢ is a sufficiently small absolute constant. Then the components C; of vector C in (30) allow
for the estimate
< ) 44
Gl < ¢ max v (07)] (44)

Proof: Let us write the system (26) as

(4)
Gorir Y o) /()G(O(k),y)dy:—vf(O(k)),kzl,...,N, (45)
1<j<N, j#k |Bd/4| Bj)s

where B[(lj )4 is the ball of radius d/4 with the centre at 0. Also let o be a piece-wise constant
function such that

- (46)

j ()
o(x) = { C; cap(F1)), X € ij/4,
/4"

0, x e R3\UN_,B

Multiplying (45) by cap(F*)) and writing the equations obtained in terms of o we get

192
o(0W) + 02 () / o(y)G(O®), y)dy = —v;(0%)) cap(FH),
d Ui<j<n, jzk <(1J/)4



which is equivalent to

a(0W) + %2 cap(F™) / G(y,z)o(y)dy = cap(FW) ®W(z), k=1,...,
d Ui<j<n Bf{/l
where
(k) () — (k)y , 192
2 (z) = —vp(O") + —- G(y,z)o(y)dy
a3 Jp

d/a

192
o o) (OW,y) - Hizy))dy
1<j<N, j#k “d/4
48 1 1
it o(v){ - =@ pdy, forallze BY
T JUycjen, o BY), ly —z[ |O®W —y]|

Next, we multiply (47) by

2M—1
(/ o G Z)U(Y)dZY> ,
Uicj<n Bd/4

where M is a positive integer number. Also, taking into account that o(O®))

2M—1
( JR— G(y,z>a<y>dy> 7(a)
Ui<ijcn Baya

2M
+27 cap(F™) ( Lo G(y,z>a<y>dy)

= cap(F®) () (z) </
U

Since ¢ = 0 outside the balls B((j 21,

and summation with respect to 1,...,N lead to

2M—1
i < i G(y,z>o<y>dy> o(2)dz

192 & M
B cap(F*)) /(k) (/ G(y,z)a(y)dy) dz
B Q

k=1 d/4a

2M—1
<I>(k)(z)</QG(y,z)a(y)dy> dz.

B(/i we write

2M—1
G(y,Z)G(Y)dy> , ze B

®)
1<j<n B

k=1 Bd/4
The identity

2M—1 2M 1
/ ( / G(y,z>a<y>dy) o(z)dz = 2~
Q Q

(/G%

/4

1t follows that the integration of the above equation over B /4

=o(z) forall z €

(k)



shows that the first term in the left-hand side of (49) is non-negative. By Holder’s inequality, the
right-hand side of (49) does not exceed

N 1/@M)
k k 2M
<gégcap(F()) /;“»(é()(z)) dz)

dja

N oM\ (2M—1)/(2M)
x<2cap<F<’f>> I ( i G(y,z>o<y>dy> dz> |

k=1 Bd/4

and hence (49) yields

N
192

bt E (k)

d3 <k_1 cap(F™) /B(k)

dja

1/(2M)

2M
( / G(y,z>a<y>dy> dz>
Q

N 1/(2M)
< (anp<F<k>> [ <¢><k><z>>2Mdz> .
B

k=1 d/4

After the limit passage as M — oo we arrive at

<ec¢ max  sup |®F)(z)],

d=3 sup
ISk<N-cp®

k
z€U <<y B;/l

/ Gy, z)o(y)dy
Q

and by (47) we deduce

QNPT (k) ©)
|o(OY))] < ¢ cap(F )1?]&5\[ sug) |®Y)(z)]. (50)
zeBd/4

In turn, it follows from the definition (48) of the functions ®*) that

192
sup [00)(2) < [0y (OW)] + " max [o(00)] sup [ Gly. 2y
zEB((i’;zl == zEB;I;l Bd/4

192

5 Dax lo(0@)] sup E / |HOW . y) — H(z,y)|dy
1<q<N k) . . ) BUY)
ZEBd/4 1<j<N, j#k d/4

48 1z — OW)|

+— max |o(09)| sup E / dy
3 . k Y

wd? 1<<N weB®) 1< S o By 1Y — 2100 —y]

which, together with (50), yields

(k) (k) () -2 ()
0(0W)] < ¢ cap(FM) { max [v,(0D)] +d" max [o(0V)}.

If max;<p<ny cap(F (k)) < c¢d?, with ¢ being a sufficiently small constant, then referring to the
definition (46) of the function o we deduce (44), which completes the proof. [J

10



6 Meso scale uniform approximation of u

We obtain the next theorem, which is one of the principal results of the paper, under an additional
assumption on the smallness of the capacities of F').
Theorem 1. Let the parameters € and d, introduced in (5), satisfy the inequality

e<cd’t (51)

where c is a sufficiently small absolute constant.
Then the matriz I+ SD, defined according to (28), (29), is invertible, and the solution u(x) to
the boundary value problem (8)—(9) is defined by the asymptotic formula

N
u(x) = vy(x) + Y (PP (x) — am cap(FY)) H(x,00))) + R(x), (52)
j=1

where the column vector C = (Cy,...,Cn)T is given by (30) and the remainder R(x) is a function
harmonic in Qy, which satisfies the estimate

RG] < C{elVorllaw) +e2d 2 loslnaw |- (53)

Proof:
The harmonicity of R follows directly from (52).
If x € 092, then

1

- H(x.0W
0w ~ Hx09)

N
R(x) = —47TZCjcap(F(j))<
j=1

N
+ > 1Ci0( cap(FD)|x — OW|72).

j=1
Since G(x,00)) =0 on 9Q, and PY) satisfies (15) we deduce

N
R(x) =) O(c cap(FY)|Cjl|x — OV 7?), (54)
j=1

where [x — OU)| > C d, and C is a sufficiently large constant.
If x € O(R3\ F*)) then

R(x) = v (0™) + O(e|| Vs £ ()

N
+47 3" Cjeap(FV)) (H(o<k>, 0) + 0(5))

=1
cap(FV) e cap(FU))
- Y g{e) L g sl (55)
L<GEN, j#k {O(k) — 00~ oW —0u)p }

11



Noting that (30) can be written as the algebraic system

1
17]0®) — 00|

N
Cr + 473" Cj(1 - 6) cap(FV) (
j=1

~ H(0M,01))) +v;(0W) =0, (56)
which, along with (55) and the obvious inequality cap(F)) < e, implies

R(x) = O(c|| Vv || 1o () + 4mCreap(FP) H(OK), OK))

N

—i—ZO(E cap(F(j))|Cj|)+ Z O(

i=1 LGN, j#k

e cap(FU))

|O(k) — O(J)‘2|C]|) (57)

It suffices to estimate the sums

yvoc cap(FD)|C;|
- :
1<i<N g 100 = OV

and )
FUH|C;
Z acap( 0(]))|2]‘7 x € 992.
142y =0V
When ¢ < ¢ d”/* we refer to Lemma 1, and using the inequality (32) we derive

. . 1/2 1/2
 cap(FO)|Cy| _ 2 cap(F) " ponee)
2 00 — 0|z = 2 100 — Ut 2 cap(FC;

£k, 1<G<N £k, 1<G<N 1<j<N

1/2 1/2
< const d_1/2< Z cap(F(j))(vf(O(j)))2> ( max 52d_3cap(F(j))>

1<j<N ISj<N
2
< const - llopll e (58)
Similarly, when x € 92 we deduce
¢ cap(FU)[Cy| :?
Z W < const W‘|Uf||Loo(w)' (59)

I<j<N

Combining (58), (59), (54) and (57) we complete the proof by referring to the classical maximum
principle for harmonic functions. [

Under the stronger constraint (43) on € and d, Lemma 2 and representations (54), (55) lead to
the following

Theorem 2. If the inequality (51) is replaced by (43), then the remainder term from (52)
satisfies the estimate

BE)| < CLelVosll ) + 2 ol b (60)

12



7 The energy estimate

Under the constraint (43) on ¢ and d, which is stronger than (51), we derive the energy estimate for

the remainder R. This result is important, since it allows for the generalization to general elliptic

systems, and in particular to elasticity where the classical maximum principle cannot be applied.
Theorem 3. Let the parameters € and d, introduced in (5), satisfy the inequality

e<cd, (61)

where ¢ is a sufficiently small absolute constant. Then the remainder R in (52) satisfies the estimate

Proof.

2
9
IVR| ,0y) < Const @Hf“LOO(QN) (62)

For every k =1,..., N, we introduce the function

cap(F(j)) ) (63)

W) = ur(x) — o0+ 3 G(PY0 — oy

1<G<N,j#k

N
~4r 3 C; cap(FD) (H(x,00)) — H(OW,00)))
j=1

—47Cy, cap(FFYH(O® O*)),

where the coefficients C; satisfy the system (26).
By (52) and (63), for quasi-every x € d(R?\ F*))

gy

1<G<N, j#k

which together with (26) implies

j( cap(FU))

R(x) + Uy (x) = —vs(0%)) — ¢y,

_cap(FBV) MVE(O® o)
oW —ouy] 4T cap(F)H(0®,0 )),

R(x)+ ¥r(x) =0

quasi-everywhere on d(R? \ F*)) (i.e. outside of a set with zero capacity).
We set B,()k) = {x: |x—O0®]| < p}, and define the capacitary potential of F*) relative to Bfl’;i,
that is a unique variational solution of the Dirichlet problem

‘We note that

APy(x) =0, x e By \F®, (64)
P(x) =1, xe€dR>\ FR), (65)
Pu(x) =0, |x|=d/4. (66)

N ~
R(x) + ) Pr(x) U4 (x) (67)
k=1

13



vanishes quasi-everywhere on 0Qy and that the Dirichlet integral of (67) over Q is finite. There-
fore, by harmonicity of R

VR(X)-V(R(X)+ 3 pk(x)‘llk(x)>dx:0.
QN 1<k<N

Hence

IVRIZ,@n) S IVRILy@n) IV D Pelllza@y)s
1<k<N

which is equivalent to the estimate

N 1/2
D 2
I VR |[Ly0n) < <k21” V(P V) IILQ(B;%J . (68)

In the remaining part of the proof, we obtain an upper estimate for the right-hand side in (68).
The inequality (68) and the definition of ¥ lead to

| VR |3, < 2(/c<1> + KP4 £® 4 £@ 4 MO 4 M@ +N)7

where
N
K0 =3 IV (Puos() =0 (OO 2 oo (69)
(1) ol 5 o cap(F 1))
O =3 Y CjV<Pk(P(])(') - |O(k)—0(3)\)> Hiz(Bé'j))’ (70)

k=1 1<j<N, j#k

N N
MY = (42 S H 3 C; cap(FV) V(Pk(H(-, oY)
k=1 j=1

2
_ k) oW 1
(©®,0M)[ (71)
= 2 NS ®) N\ o B 12
N = () 310k (can(F®)) (H(OW,00)) IR, (72)

k=1

and K&, £2) M® are defined by replacing Bglz) in the definitions of K, £ MWD by Bc(l];i\
B
3e *

We start with the sum K1), Clearly,

2
(1) 2 5 21+ k)2 &
K0 <Vl 3 [, {IPRGIP =00 + (A) Jax

3e

2 cap(F®) (73)

M= 114

< C|[Vosl7 )

B
Il
—

and hence
KW < Ce¥d73 || Vgl - i

14



Furthermore, by Green’s formula and by (10) we deduce

N
K@ — _
>,
+2V Py (x) - va(x)}dx

_ é /(QBQ? Pi(x) (Uf(X) - Uf(O(k))) {Pk(x)gr;g(x)

+(0y(0) = vy (0 5k () s (75)

Pi(x) (v5() = 050" { = Pl £ ()

k k

By the mean value theorem for harmonic functions and the inequality Py (x) < P®)(x), we have

~ C
- (k)
VRG] < g max PO
where B = {y : |y — x| < [x — O%)|/4}. Making use of the asymptotics (15) far from O%) we

deduce
cap(F (k))

x — O)2’
Now we turn to the estimate of (75). The volume integral in the right-hand side of (75) does
not exceed

VP(x)| < C x € By \ BYY. (76)

N F(k)
¢ Y 19l ycan(F) [ ) | r(x)

(k) <k>{ — 0O
Py B \BSE |x — Ok)]

cap(F*)
+|x_0(k)’2\vvf”Loo(w)}dX

< Ced™ |V 0pll 1 {1y + I 0pl )
< CEd f117 . an)- (77)
By 0 < Py(x) < 1 and (76), the surface integral in (75) is dominated by
Cd™3|VugllF () < CEANFIL - (78)
Combining (77) and (78) we arrive at the estimate
K® < C2d72| 7o) (79)
Let us estimate £(M) (see (70)). Obviously,
N () ?
1) v (B - 2E) H
k=1 \1<j<N, j#k

Furthermore, when j # k we have

B , ca ()
HV<Pk(P(”)(-) - M)ﬂ

Lx(BY)
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~ . cap F(]) ~ .
<P (PO() — SELLN ) o) + BT PO

0(h — 00| La(B)’

which does not exceed

e cap(FW)(cap(FW)1/2 &3/ 2cap(FU))
yo(k) — o(j)y2 \o(k) - o(j)y2 )

Hence, using Lemma 1 we deduce

N ) 2
1 2 (CaP(F(])))l/Q
ch<c Z(e 2 1Glom —owp

1<j<N, j#k

N
. 1
54;{ > Genrt) Y optosh

1<5<N, j#k 1<j<N, j#k
and therefore
LW < cePd sl - (80)

Next, we estimate £2). Integration by parts gives

- j cap(F)) ~ m cap(F (™)
/%\B(m V(Pk(x>(P( () - |ok) — o(j)y)) 'V(P’“(X)(P( () - |0k) — 0(m)|))dX

()

_ ; G) ey CBPUEY) N ios o pm)

- Q/B(k) B(k)Pk(X)(P (x) |o<k>_0<j>\)<vpk(x) Ve (X)>dx
d/4\ 3e

- ) cap(FU)) - O im
_/(93§’§) Pr(x) (P(j)(x) o) _o(j)|>{P( x) 6|x|P( )

cap(F(™) 9P,
0 —ou) g 45 (1)

When j # k and m # k, the volume integral in the right-hand side of (81) is estimated as
follows )
O)(x) — _CAPEY) N(ios N o pm) ‘
| /Bm\B(@ 400 (PO () OF — o(j)\) (VP00 9 P(x) Jax

< ¢ @p(F®) cap(FV)) cap(FW) ~ cap(F(™)
- |0k — Q)2 BM Bk [x — OW)[2 |x — Om)]2

+ (P™)(x) —

(82)

d/4a
(cap(F®)))2cap(FU ))Cap(F(m))d < £2d cap(FU)) cap(F(™)

- I0®) — QU2 |0%) — 0|2 — 7|0k — QW2 |0k — Qlm)2

In turn, when j # k and m # k the modulus of the surface integral in the right-hand side of
(81) does not exceed

©) (m) (m) z
o f cap(F ) / cap(F"™)) e cap(F"™)) | 0P (x)‘ S
|Ok) —OW|2 Joptk | |x — OM)]2 "~ |OMm) — OK)|2]J|x]|
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ecap<F< ) cap<F< DI P / cap(F®) o
[0® — 0PI — 0P|~ "7 fypm [x— 0W]2

3 cap(FU) cap(F(™)

0F — 002|0® — O (83)
We have
)
@ _ . () cap(F"))
£ Z O /B(k) (k) () (P (x) = |Ok) — o(j)|)>
1<m,j<N 1<k<N, k;ém k#j d/4
(m)
v(F (m) () _ AP
V(PGP 00— 15— ) ) 4%
and by (81) , (82) and (83)
FO)
® < 2 | I Gy )
1<m,j<N 1<k<N, k#m.k#j
2
=C5 Y (Calcy]
1<m,j<N
0 (m) T @’
xcap(FY) cap(F\") . T2
kN Tt |Ok) — 0W)|2 |OK) — O(m)|2
and therefore ) ) o)
C||Cjlcap(F'7)) cap(F™)
<o Y | J1%9P2 (84)
— 2 m
d TN d+ 100 — Olm)|
Let us introduce a piece-wise constant function
(m)\\1/2 (m)
£(x) = |Con | (cap(F\™)) 2] when x € By,
0, otherwise.
Then the inequality (84) leads to
. (ICml(cap(F™))1/2) (IC;|(cap(FD))1/2)d®
£ <o = Z ,
S 1<m,j<N d+100) — Om)|
<C =
where the constant C' depends on w, and using Lemma 1 we deduce
Z €3 cap(FO)d* < € = va\IL2 (85)

1<]<N

To evaluate M® + M@ we apply the result of Lemma 2 and use the same algorithm as for
K® and K@ to deduce

MY 4 M® < Olfoglf?_,\ed” ( 8473 + a%r?) < CEdogll? - (86)
Similarly, applying Lemma 2, we derive the estimate for the term A
N < CEd?|logll - (87)
The proof is completed by the reference to (73), (79), (80), (85) , (87), (87). O
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8 Meso scale approximation of Green’s function in )y

Let Gn(x,y) be Green’s function of the Dirichlet problem for the operator —A in Qu. In this
section, we derive the asymptotic approximation of Gy (x,y) and estimate the remainder term. In
the asymptotic algorithm, we will refer to the algebraic system similar to that of Section 5. We
need here Green’s functions gU)(x, y) of the Dirichlet problem for the operator —A in R3\ F), j =
1,...,N. The notation /) will be used for the regular part of g(j)7 that is

h(J)(X7Y) = (47’(”){ - y|)71 - g(J)(X7Y)7 X,y € Rg \ F(j) (88)
According to Lemma 2 of [2], the functions ~) allow for the following estimate:

p(j)(y) gp(j)(y)

() ) )
hV)(x,y) rx — 00| < const CGIER

(89)
for all y € R3\ FU) and |x — OU)| > 2¢.

The principal result of this section is

Theorem 4. Let the small parameters € and d, introduced in (5), satisfy the inequality ¢ < c d2,
where c is a sufficiently small absolute constant. Then

N
Gn(xy) =Gxy) - {h@ (x,) (90)
j=1
~PU(y)H(x,09) — PO (x)H(OV),y) + 47 cap(FY)H(x,09)H (0, y)
N
=1
where 4 ' ' '
TW(y) = PY(y) — 47 cap(FU)H(OW), y), (91)

with the capacitary potentials PY) and the reqular part H of Green’s function G of Q being the
same as in Section 3. The matriz C = (Cij)f};-:l is defined by
C=(1+SD)'s, (92)

where S and D are the same as in (28), (29). The remainder R(x,y) is a harmonic function, both
i X and 'y, and satisfies the estimate

|R(x,y)| < const ed 2 (93)
uniformly with respect to x and 'y in Q.

Prior to the proof of the theorem, we formulate an auxiliary result.

Lemma 3. Let the small parameters ¢ and d, defined in (5), obey the inequality (43). Then
the matriz C in (92) satisfies the estimate

ICllgy g < cd™?, (94)

where ¢ 1s an absolute constant.
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Proof. First, we note that
ICllry—ry < const |[[Slpx_ g, (95)

which follows from Lemma 2, where V; should be replaced by the columns of the matrix S.
Additionally,

IS||gy gy < const d—3. (96)
To verify this estimate we introduce a vector & = (fj)é'v:l, I€]| = 1, and a function £(x) defined in
Q by
¢ nBU ={x:|x-00)|<d}, j=1,...,N,
§x) = { 0 otherwise. (97)
fhen £(X)E(Y)dXdY
S < tdo
< E’E) — cons / / 47T|X Y|

< const d_G/ |¢(X)|?dX < const d3,

which yields (96). Then (95) together with (96) lead to (94). O

Proof of Theorem 4. The harmonicity of R follows directly from (90).

Let us estimate the boundary values of R on 0.

If x € 92 and y € Qu, then according to the definitions of Section 3.3 for Green’s function of
2 and its regular part the remainder term R in (90) takes the form

N

. PU)(y) . , ca (F(j))
— E ' (4) __Y) (4) (3) () — P 7))
Rbey) = = {h G.5) 4r|x — OW)| H(07y) <P < x — O(j)|>

o | )
+H(OW, 0W) TV (y) (P(])(X) - Eli(l(v)(j)p

N .
; i cap(F(l))
_;CijT( )(Y)<P( (%) - ’)(—O(l)‘)}

Taking into account the estimate (89) for A7) together with the asymptotic representation (15) of
PU) we obtain

2

N
R(x,y) ZO( €P ) + ZZCUT (]X—g()(l)|2> (98)

7j=11i=1

for all x € 092.
Here R(x,y) is harmonic as a function of y. Next, we estimate (98) for y € 0§y
If y,x € 09 then (98), (91) and (15) lead to

N 22 N N gl
Rixy) = JZO(yy 0U)||x - O (j>yz)+22%0(\x 002y — OU yz) (99)

7j=11i=

Using (94) we can estimate the double sum from (99). For a fixed x € 0€2, let us introduce a

vector
2

V= (mom)er
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and a function V(X)) defined in £ by

_ [ V; when X € BU),
VX) = { 0 otherwise,

where the balls BU) are the same as in (97). It follows from Lemma 3 that the double sum in (99)

does not exceed
const const 4

G [ vexpax <

The above estimate together with (99) imply

cd?|V|? <

R(x,y) = O(e2d73|log d| + £*d™") when x,y € 9Q. (100)

Now, we estimate (98) for y € (RY \ F(™). In this case we have

2
7aXJ9=“9Qx_iﬂﬂP)+ E: O(w- oU ﬁx— (ﬁQ)

1<GSN,j#m

ERATI N —

> Cl-j(cap(F(j))G(O(j),y)—FO(€2|2)>} (101)

1<j<N j#m [y —OU

We also note that according to (92) the coefficients C;; satisfy the system of algebraic equations

(1= 6im)G(O™,09) = Cpppy —dm Y~ Cij cap(FP) G(O"™,0%) =0, m,i=1,...,N,
1<j<N, j#m
(102)
Hence, in the above formula (101) the expression in curly brackets can be written as

Cim + O(|sz’€)
o) e?
. J J
D) Cij ( can(FP)G(O ,y>+o<‘y_o(j),2>)
1<j<N,j#m

2
m i — 9 m
== 5m)GO™. 0N + 0™ + >, CiO(—gpp): ¥ €IRV\F™), (103)
1<j<N,j#m

and then formulae (101) and (103) imply

4

- 2, 2 3, 3,4 g €
R(x,y) = O<€d +e|logd|d™ +&°d ) + Z Z C”O(,y — 0 2|x — 0(z’)|2)’
1<iSN 1<j<N,j#m
where the estimate of the double sum is similar to (99). Thus, we obtain
R(x,y) = O(ed? + *logdld ™" + £*d~* + £4d77) = O(=d?), (104)

for all x € 9Q and y € O(R?\ F™), m =1,...,N.
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Using the estimates (100) and (104) and applying the maximum principle for harmonic functions
we deduce that
R(x,y) = O(ed™?), (105)

for all x € 92 and y € Qp.
In turn, when x € 9(R?\ F®), the formula (90) and the definition (88) of h(9) lead to the
expression for the remainder term on the boundary of the inclusion

R(x,y) = H(x,y) - HOW,y)+ > (h(” (x,y) - P“’(X)H(O(”,.Y))
1<EN, sk

N N
+> 1Y(y) (H(O(j), 0) TU)(x) — H(x,09)) =Y " c;;7? (x)> . (106)
j=1 J=1

Using the formulae (15) and (89) for PU) and h\9) together with the definition (91) of T¢) and the
definition of Section 3.3 of the regular part of Green’s function of 2 we deduce that

T (y) ( g2 +ePU)(y)

W (x.y) — PO 0) ) —
W9 (x,y) = PV (x)H(OY), y) 00 — QL2

= | # k 107

and
H(x,y)=H(OW y)+0(), (108)

for x € O(R?\ F®) and y € Qu. The representations (91) together with (106)—(108) imply

T (y) g2 +ePU)(y)
\<iSN itk {47r\x — 00| (\o(k) — o(y)\2)

N N
3T <x>) + 3 0ET ). (109)
i=1 j=1

Bearing in mind the asymptotic formula (15) for the capacitary potentials and the definition (91)
we deduce that for x € d(R?\ F(*))

. ) . . ja®)
W) (x) — @PEY) () ) e cap(£V)
TO) = g 4 can(FU)H(x, 0 )+o( - o<j>|2> (110)
) ) e’ :
=47 Cap(F )G(X, O ) -+ O<|X—O(])|2)7 Vi 7é ]{7
Thus, (109) can be rearranged in the form
R(x,y) = T“)(y){G(o(k),oU)) —Cj
1<G<N, j#k
—4m Yy Cij cap(FY) G(O(k),O(i))} +RW(x,y), (111)
1<i<N, itk
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where

e [TV .
RYxy) =06+ > {O(W)+O(ed_l|T(9)(y)|)}

1<j<N, j#k — 00

+ Y O(€|T(j)(y)| 4 52""513(])(3’)>

k) — 2
1<G<N, j#k |0®) — Q)|
e cap(F®)
20 B _ 00 (112)
1IN, ith (d [0 — O )|2>

- .. TW (O e cap(F()
>, D, CTV(y) (10(’0—0@‘)]2)

j=11<i<N, i#k
It follows from (92) that the coefficients C;; satisfy the system of algebraic equations

(1-66)GOW, 0Dy —Cpj—am > Cyj cap(FP) G(OW,00) =0, k,j=1,...,N, (113)
1<i<N, i#k

and hence using (111)—(113), we arrive at
R(x,y) =RV (x,y) (114)

for all x € O(R3\ F*)) and y € Qy.
Let us consider the case when y € (R3\ F(™). Then

)
) () — () ) e cap(FY)\
T0)(y) = 7 cap(F) G(O9,y) + O( =05 ). J #m

and
70" (y) =1 — 47 cap(F™) H(O™,y).

The double sum in (112) can be rearranged according to (102)

S oGS )

1<i<N, ik

e cap(F®) {
= Y Ol =g 3 )4 Cim + O(Cimle)
k) _ i)|2
VSN <|o() 0()|>

2
+ A Z Cij( cap(F(j))G(O(j), y)+ 0(2)> }

1<j<N j#m [y - 0
2

- F ol oo o)

1<i<N, ik i#m

gl

DY 2 €005 — 0w EIom — o2 (115)

I<i<N, i#k 1<j<N,j#m

= O0(?|logd|d2 + 3d™* +4d™T), for x e IR\ F¥), y € O(R?\ F™),
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where the estimate of the last double sum in (115) is similar to (99). Combining (112), (114) and
(115), we deduce that R(x,y) = O(ed~2) for x € 9(R3\ F®)), y € (R>\ F™), m,k=1,...,N.
Using the symmetry of R(x,y) together with (104) we also obtain that R(x,y) = O(ed~2) for
x € JR}\F®) k=1,...,N, y € 9Q. Applying the maximum principle for harmonic functions
we get

R(x,y) = 0(ed™?) for x e 9R3\ F®)) k=1,...,N, y € Qn. (116)

Finally, formulae (105) and (116) imply that R(x,y) = O(ed~?) for x € 90y and y € Qy, and
then applying the maximum principle for harmonic functions we complete the proof. [
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