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Abstract

We deal with Neumann problems for Schrodinger type equations, with non-necessarily
bounded potentials, in possibly irregular domains in R™. Sharp balance conditions between
the regularity of the domain and the integrability of the potential for any solution to be
bounded are established. The regularity of the domain is described either through its isoperi-
metric function or its isocapacitary function. The integrability of the sole negative part of the
potential plays a role, and is prescribed via its distribution function. The relevant conditions
amount to the membership of the negative part of the potential to a Lorentz type space
defined either in terms of the isoperimetric function, or of the isocapacitary function of the
domain.

1 Introduction

It is our aim to exhibit minimal conditions on the domain 2 C R™, n > 2, and on the potential
V : 2 — R ensuring the boundedness of any weak solution u to the Neumann problem for the
Schrodinger type equation:

(1.1) {—div(A(x)Vu) L V(@)u=0 inQ

A(x)Vu-n=0 on 0f).

Here, n denotes the outward unit normal to 0f2, and A is a matrix-valued functions, with
essentially bounded coefficients, satisfying for a.e. x € €, the ellipticity condition

(1.2) A(x)E - € > €2 for £ € R™.
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The boundedness of solutions is a classical issue in the theory of elliptic PDE’s. Fundamental
results on this problem can be traced back to [Stal, and to the reference monographs [LU] and
[Mo|. Further contributions to this and closely related topics include [ALT, BEM, BMS, BST,
Chal,[Ci2, Li2, MS| Ma2, Ma6, Mi, Str, Tall, Ta2, We]. Most of these references, which of course do
not exhaust the rich literature on this matter, deal either with local problems, or with Dirichlet
boundary value problems; results for Neumann problems in regular domains are also considered,
and take a form very similar to those under Dirichlet boundary conditions. The situation is
substantially different, both in the results and in the techniques, when Neumann problems in
irregular domains are taken into account. Investigations in this generalized framework concerning
existence and estimates for solutions are the subject of [ACMM, (CM1) ICM2, Lil, Ma4, Ma5,
MP2]. Related spectral problems for the Neumann Laplacian in irregular domains are analyzed
in [BD, DS, HSS, JMS, ISi].

In the present paper, neither regularity on €2, nor on V is a priori assumed. Sharp criteria
for the boundedness of the solutions to (1.1) are formulated in terms of a balance between the
(ir)regularity of € and the degree of integrability of V. The description of the regularity of Q
has a geometric-functional nature, and involves either the perimeter of sets relative to €2, via its
isoperimetric function Aq, or the capacity of sets relative to €2, via its isocapacitary function vq.
As far as the potential V' is concerned, only its negative part V_ = %(|V\ — V) plays a role. Note
that V_ cannot vanish identically for a non-constant solution u to (1.1) to exist. Information on
V_ is retained through its distribution function (namely the function measuring its level sets),
or, equivalently, through its decreasing rearrangement V*. The interplay to be required between
Q) and V_ amounts to the membership of V_ to a classical Lorentz space depending on €.

Both the use of the isocapacitary function rq, and that of the isoperimetric function Aq,
lead to optimal criteria for the boundedness of solutions to Neumann problems of the form (1.1)
in classes of domains 2 with prescribed behavior of V_, and either of v, or of \q, respectively.
The situation is different when results for specific single domains are in question. For each
domain satisfying customary conditions, including Lipschitz and Holder domains, cusp-shaped
domains, funnel-shaped unbounded domains, and John domains, the two approaches yield the
same results (Examples 1-5, Section 6). However, there exist highly irregular domains €2, such as
~v-John domains, and certain domains with rooms and passages, to which our criteria involving
vq apply, whereas those formulated in terms of A do not, or require a stronger integrability on
V_ (Examples 5-6, Section [6)). These examples demonstrate how the approach to the regularity
of solutions to problem (1.1)) relying upon capacity turns out to be well fit to deal with specific
domains with complicated geometric configurations, and provides us with precise information
that cannot be derived via more standard methods exploiting isoperimetric inequalities.

2 Main results

We hereafter assume that
Ve L'(Q),

and denote by WXI/Z(Q) the weighted Sobolev space
W‘1/2(Q) = {u : u is weakly differentiable in Q, and/ Vaul|? + |V (2)|u? de < oo}.
Q

A function u € W‘l,z(ﬂ) is said to be a weak solution to (1.1) if

(2.1) /QA(:I:)Vu -Vodx + /ﬂ V(z)updr =0



for every test function ¢ € W‘l/z(Q)

Existence of solutions to (1.1) will not be discussed. Let us just recall that, as noted above,
a necessary condition for a non trivial (i.e. non-constant) weak solution to (1.1) to exist is that
V' be negative in a subset of 2 of positive measure. This is easily verified on choosing ¢ = u
in (2.1), owing to the ellipticity condition (1.2). We thus henceforth assume that V_ does not
vanish identically.

Uniqueness of solutions to (1.1) is not requested in what follows. For instance, (1.1)) reduces
to an eigenvalue problem for the Neumann Laplacian when A(z) equals the identity matrix and
V(z) agrees with (a negative) constant in €. In this case, it is well known that, at least when Q
is regular enough, the Neumann Laplacian has a discrete spectrum. Hence, if V' (z) is constant
and equals any of the eigenvalues, there exists a whole eigenspace of associated eigenfunctions
u solving (L.1)).

Domains, namely connected open sets, {2 such that

19| < o0

are considered throughout. Here, || denotes the Lebesgue measure of 2. The notion of isoca-
pacitary function of €2 coming into play in our results is related to that of condenser capacity,
and is a variant of that introduced in [Ma3]. Given sets E C G C {2, the capacity C(E,G) of
the condenser (E, G) relative to Q is defined as

(2.2) C(E,G)= inf{/ |Vu*dz:u e WH2(Q),u>1in Eand u <0in Q\ G
Q
(up to sets of standard capacity zero)} ,

where W12(€) denotes the classical Sobolev space.
The isocapacitary function vq : [0, |2]/2] — [0, 00] of Q is given by

(2.3) vq(s) =inf {C(E,G): E and G are measurable subsets of 2 such that
EcCcGcQ,and s < |E| < |G| <1Q]/2} for s € [0, (€] /2].

The function vq is clearly non-decreasing. In what follows, we shall always deal with the left-
continuous representative of v, which, owing to the monotonicity of vq, is pointwise dominated
by the right-hand side of (2.3)).

The very definition of v entails that the isocapacitary inequality

(2.4) vo(lE]) < C(E,G)

holds for every measurable subsets of Q such that £ C G C Q and s < |E| < |G| < |9]/2.
Let us mention that, in the standard situation when 2 is a Lipschitz domain, one has that

n—2

s ifn>2
2.5 vo(s) ~ _ ’
(2:5) 2(s) {(10g1)1 if n =2,

near 0. Here, the notation f ~ ¢ for functions f,g : (0,00) — [0,00) stands for f < g < f,
where, in turn, f < g, means that there exists a positive ¢ such that f(s) < cg(cs) for s > 0.
The condition f < ¢ (and similarly f = g) is said to hold near 0, or near infinity, if there exist
positive constants ¢ and sg such that f(s) < cg(cs) for 0 < s < sg or for s > s¢, respectively.



For arbitrary domains €2, the isocapacitary function v may have a behavior at 0 different from
the right-hand side of (2.5). Such behavior for some classes of domains can be determined -
see e.g. [Ma7, Ma&, MP1], and Section 6 below. Heuristically speaking, the more irregular the
domain € is, the faster vo(s) decays to 0 as s — 0T.

Our first result provides an essentially weakest possible condition on the isocapacitary func-
tion v of ), and on the decreasing rearrangement V* of the negative part of the potential V' for
any solution u to (1.1) to be bounded. Such a condition amounts to requiring that V_ belongs to
a Lorentz space. Recall that, given an integrable, non-increasing function g : (0, |2]) — [0, c0),
the classical Lorentz space A(0)(2) is the Banach function space of those measurable functions
w : ) — R whose norm

19|
lwollage = /O w*(s)ols) ds

is finite. When o(s) = 577 for some p € [1,00), the space A(p)(Q2) is usually denoted by
LPY(Q).

Theorem 2.1 Assume that V_ € A(%)(Q), namely that

(2.6) /0 V(o) ds < oo.

VQ(S)

Then any weak solution u to (L.1) is essentially bounded, and there exists a constant C =
C(V*,vq) such that

(2.7) [l oo () < Cllullr2(q) -

In particular, inequality (2.7) holds with

inf 1
= in - .
S€(0,121/2) 43 (1 IR dr)
0 vq(r) n
Note that, since V_ # 0, condition (2.6) implies that sup,cq |o|/2) ﬁ(s) < 00. Thus, the

embedding W11/2(Q) — L%(Q) holds as a consequence [Ma7, Theorem 6.6]. Therefore, any weak
solution to (1.1) actually belongs to L?(2) under (2.6), and hence the norm on the right-hand
side of (2.7) is finite.

Condition (2.6) is satisfied, in particular, whenever v and V_ belong to a pair of mutually
associated rearrangement invariant spaces — we refer to [BS, Chapter 2] for a comprehensive
treatment of the theory of these spaces. For instance, Theorem 2.1/ has the following corollary.

Corollary 2.2 Letp € (1,00] and let p’ = p%l (with the usual modification if p = 00). Assume

that
/ _ds
0 va(s)” .

If V_ € LP(Q), then the conclusion of Theorem 2.1 holds.

The sharpness of condition (2.6) in classes of domains €2 with prescribed asymptotic behavior
of v, and in classes of functions V' with a prescribed upper bound for V* near 0 is demonstrated
by Theorem 2.3/ below. The latter relies upon a careful analysis of problem (1.1) in suitable model



domains (2, and tells us that the conclusion of Theorem 2.1/ may fail as soon as condition (2.6)
is replaced by the slightly weaker assumption that

(2.8) lim /SV*(r)dr:O.
0

s—0 vq (S)

The notion of functions from the class Ay is employed in the statement of Theorem 2.3l Recall
that a non-decreasing function f : (0,00) — [0,00) is said to belong to the class Ay near 0 if
there exist constants ¢ and sg such that

(2.9) f(2s) <ecf(s) if 0 < s < sp.

Theorem 2.3 Let v be a non-decreasing function of class Ao such that there exists a > 0 for
which

v(s)

(2.10)

-~ ~ a non-decreasing function near 0.
s

Let h: (0,]€2]) — [0,00) be a measurable function such that
1 S
(2.11) lim/ h*(r)dr =0,
0
but

(2.12) /0 05) s — oo

Then there exists a an open set Q C R? such that |Q| < co and

(2.13) vo R,

and a measurable function V : Q — (—o00,0] such that

(2.14) /0 ) V*(r)dr < /0 ) K (r)dr

(and hence such that (2.11) is fulfilled with h replaced with V') for which problem (1.1) has an
unbounded solution u.

Remark 2.4 Assumption (2.10) is consistent with the fact that, by (2.5), the isocapacitary
function vg(s) cannot decay more slowly than (log 2)~! as s — 0, whatever the domain  is.

Remark 2.5 Conditions (2.11) and (2.12) are invariant under replacements of v and h by
equivalent (in the sense of =) functions. Indeed, condition (2.12)) is equivalent to the membership
of h to the Lorentz space A(1/v); hence, the assertion follows from the boundedness of the
dilation operator in r.i. spaces [BS, Chapter 3, Prop. 5.1]. On the other hand, it is easily seen
that the assertion concerning (2.11) will follow if we show that (2.11)) implies that

for every ¢ > 0. This implication is a consequence of the fact that, since h is non-increasing,

/ R*(r)dr < max{l,c}/ h*(r) dr for s > 0.
0 0



The relative isocapacitary inequality (2.4) can be regarded as a variant of the more classical
relative isoperimetric inequality, where P(FE, ), the perimeter of E relative to 2, replaces the
condenser capacity C'(E, G) on the right-hand side. Recall that P(E; ) agrees with K"~ (0™ EN
Q), where H"~! denotes the (n — 1)-dimensional Hausdorff measure, and 9™ E is the essential
boundary of E (see e.g. [AFP, Ma7|). According to [Mal], the isoperimetric function \q :
[0,]92]/2] — [0,00) of Q is defined as

(2.15) Aa(s) =inf{P(E,Q):s < |E| < |Q]/2} for s € ]0,192]/2].
Then the relative isoperimetric inequality in ) takes the form
Ao(|E]) < P(E;Q) for every measurable set E C Q with |E| < ||/2.

Likewise that of vq, the asymptotic behavior of Aq at 0 depends on the regularity of €. For
instance, if € is a Lipschitz domain, then

(2.16) A(s) = s/ as s — 0t

[Ma7, Corollary 3.2.1/3]. Various qualitative and quantitative properties of Aq for domains €2 in
different classes are well-known — see e.g. [BuZa), [Cil, HK| KM, La, Ma7], and Section 6/ below.

The next result contains a counterpart of Theorem 2.1, where an analogue of condition (2.6),
involving A\ instead of vq, plays a role. In the statement, ¥ : (0, |€2]/2) — [0,00) denotes the
function defined as

1Q1/2 gy
Uq(s) = /8 )\Qd(r)2 for s € (0,]92/2).

Theorem 2.6 Assume that V_ € A(¥q)(Q2), namely that

(2.17) /0)\933)2 /0S VE(r)dr ds < oc.

Then any weak solution u to (1.1) is essentially bounded, and there exists a constant C =

C(V*, A\q) such that
(2.18) [l Lo (@) < Cllullr2(q) -

Theorem (2.6 is a straightforward consequence of Theorem 2.1, owing to the inequality

1
vo(s)

(2.19) <Wq(s) fors e (0,]Q]/2),

which holds for any domain Q in R"™ of finite measure (see the proof of [Ma7, Proposition
4.3.4/1)).

Assumption (2.17) in Theorem 2.6/ is sharp in the same sense as (2.6) is sharp in Theorem
2.1. This is the content of the following result.

Theorem 2.7 Let A be a non-decreasing function such that

A(s)

Let h: (0,]€2]) — [0,00) be a measurable function such that

(2.21) lim </S|QV2 AZ;) (/O h*(r)dr) 0,

(2.20) ~ a non-decreasing function near 0.



but

(2.22) / e / (r)dr ds = oo

Then there exists a an open set  C R? such that |Q| < co, and
Aq ~ )\7

and a measurable function V : Q — (—o00,0] such that

(2.23) / v ( / h* (r)dr |

(and hence such that (2.21) is fulfilled with h replaced with V') for which problem (1.1) has an
unbounded solution u.

A remark analogous to Remark 2.4/ holds about assumption (2.20) in connection with (2.16)).
Also, a remark parallel to Remark 2.5 holds concerning the invariance of conditions (2.21) and
(2.22) under replacements of X and h with equivalent functions.

The remaining part of the paper is organized as follows. After recalling a few definitions
on rearrangements, stating some properties related to the isoperimetric and the isocapacitary
functions, and proving some preliminaries in Section 3, we establish Theorem 2.1/ in Section 4.
The question of the sharpness of our results is addressed in Section 5. In fact, we limit ourselves
to proving Theorem 2.3; a close inspection of its proof will reveal that Theorem 2.7/ is in fact
established there in passing. The final Section 6/ is devoted to a number of applications, as
anticipated in Section (1.

3 Background and preliminaries

Given a measurable function u : 2 — R, we denote by i, : R — [0, 00) its distribution function
defined as
pu(t) = [{x € Q:u(z) >t} for t € R.

The decreasing rearrangement u* : (0,|Q2|) — [0,00) of u is then defined as
u*(s) = sup{t : puy(t) > s} for s € (0, |92)),
and the signed decreasing rearrangement u° : (0,]2|) — R as
u®(s) = sup{t : py(t) > s} for s € (0, ]9]).

The function u** : (0, |Q]) — [0, 00) is given by

1 S
(3.1) u(s) = s/ u*(r)dr for s € (0,92]).
0
One has that
(3.2) u*(s) = ; sup / |u(x)|dx for s € (0, 92]).
|E|=s



The Hardy-Littlewood inequality is a basic property of rearrangements, which tells us that

(3.3) / u(z)o(z)] dz < /D ()0 (5) d

for any measurable functions u,v : 2 — R.

For p € [1,00], we denote by V1P(Q2) the Sobolev type space of those weakly differentiable
functions u : @ — R such that |[Vu| € LP(Q2). Given u € V12(Q), let us define the functions
Yu, Yua: R —Ras

t dr
3.4 Py (t :/ fort € R,
34 =)y Ty Wuld1(2)
and
dr
(3.5) Vu,a(t) / o fort e R,
Jpumry “ M ()

respectively. In (3.5), and in what follows, A(z) denotes a Borel representative of A(z). Such a
representative exists by a standard result in measure theory (see e.g. [AFP, Exercise 1.3]). By
condition (1.2), one has that

(3.6) Gua(t) <u(t)  fort>0.

Set
med(u) = u*(9]/2),

the median of u. From an easy variant of [Ma7, Lemma 2.2.2/1], one can show that, if

(3.7) med(u) =0,
then
1

(3.8) vo(py(t)) < ) fort >0
and hence

1
(3.9) va(s) < @ (5) for s € (0,92]/2).
Thus, owing to (3.6),

1
(3.10) va(s) < O] for s € (0,92]/2).

Note that u°(s) > 0 if s € (0, |2|/2), since (3.7) is in force.

Lemma 3.1 Let V € LY(Q), and let u € VH1(Q). Then the function

(0,]2]) 3 s+ — V(x)dx
{u>u°(s)}



is absolutely continuous. Moreover, if ® : (0,]Q|) — R is the function obeying

d
(3.11) O(s) = —— V(z)dx for a.e. s € (0,]9),
ds o
{u>u(s)}
then
(3.12) O™ (s) < V¥ (s) for s € (0,|9]).

Assume, in addition, that g : R — R is a non-increasing, locally absolutely continuous function

such that Vg(u) € LY (). Then
(3.13) - AMO( o)V (i = /0 g ()(r) dr  for s € (0, [9).

Proof. Consider any family of pairwise disjoint intervals (ry, si) C (0, |Q]), & € K, where K C N.
One has that

(3.14) _ / V(2)d + / V(2)da| = / V(2)dz
l;C {u>u°(sg)} {u>u°(rg)} l;C {u°(sg)<u<u®(rg)}
< / |V (z)|dz.
keie / {u (sk)<ugul (rg)}

The function s — || (usu(s)} |V (x)|dz is constant in any interval where u° is constant. Thus, if ry
belongs to such an interval, the rightmost side of (3.14) does not change if 7, is replaced by its left
endpoint. After such a replacement (if necessary), [{u°(s;) < u < u®(r)}| < (sp — %), whence
|Ukerc {u°(sk) < u < u®(rg)}] < D opexc(8k —7%). Thus, by the Hardy-Littlewood inequality (3.3),

P
(3.15) >

(sk—7k)
WV (2)|de < / T (s ds.
ke

/uo(sk)<u§uo(7’k)} 0

The absolute continuity of the function f{u>u°(s)} V(x)dz follows from (3.14)—(3.15)), since V* €
L'(0,]Q|), inasmuch as V € L'(Q).

Note that the same argument applies if V is replaced by any function from L!(£2), and hence the
function s — f{u>u°(s)} g(u(x))V (z)dz is absolutely continuous as well, provided that Vg(u) €

LY(€2). Furhermore, we claim that

d

(3.16) _4
ds J{usue(s)}

g(u(x))V(z)der = g(u°(s))®(s) for a.e. s € (0,|Q]).

Indeed, given s € (0,|€2|) and h > 0, one has that

H(- /{ e SV @+ /{ o o)V (2)de )

. (9(u(z)) — g(u®(s + )V (z)dx

h /{u° (s+h)<u<u°(s)}

1
- = / g(u°(s+ h))V(x)dx.
h {u°(s+h)<u<u°(s)}
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Since u € V11(Q), the function u° is locally absolutely continuous (a.c. for short) in (0, Q)
(see e.g. [CEG, Lemma 6.6]), and hence g(u®) is locally a.c. as well, being the composition of
monotone locally a.c. functions. Thus,

1 d
lim —/ g(u®(s+ h))V(z)dr = —g(u(s))— V(z)dx
h=0" S (s4h) <usuc(s)} ds J{usue(s))
= g(u°(s))®(s) for a.e. s € (0,|9]);

moreover,

1 °(s T)dxr
h‘/{U°(5+h)<u<u°(8)}(g(u<$))_g(u (s + )V ()d

|V (z)|dz,
h {ul(s+h)<uu®(s)}

whence

lim — ! / (g(u(x)) — g(u°(s+ h)))V(x)de =0 for a.e. s € (0,]9]).
h—0+ I J e (s1hy<u<uc(s)}

Altogether, we obtain equation (3.16), and hence, via integration, (3.13).
Let us now focus on (3.12). By property (3.2), it suffices to show that

|E|
(3.17) / |D(r)|dr < / VX(r)dr for every measurable set E C (0, |€]).
E 0

First, it is easily verified via the very definition of derivative that
d

‘ - — / V(x)dx
a5 Jfusus(s)}

Next observe that we may limit ourselves to proving (3.17) in the case when E is an open set,
since any measurable set can be approximated from outside by open sets. Thus, we may assume
that £ = Ugex(rg, Sk), where  C N and the intervals (ry, si) are pairwise disjoint. One has
that

(3.19) /|<1> dr—Z/r P|dr < Z/ (dr /{wuo o) V_(a:)dx>dr

(3.18)

< d/ V_(x)dx for a.e. s € (0,]Q]).
s Ju>ue (5))

ke ke
— Z/ V_(z)dx :/ V_(z)dzx,
ker ¥ {ue (sk)<u<ul(rg)} Urerc{u® (sg)<u<u®(rg)}

where the inequality holds by (3.18). Note that integration in the last two integrals is ex-
tended just over {u°(sg) < u < u°(rg)}, instead of {u°(sx) < w < u°(rg)}, inasmuch as
% f{u>u°(r)} V_(z)dr = 0 in any interval where u° is constant. Since [{u°(s;) < u < u®(rg)}| <
(sk — 1),

| Urex {u(s1) < u < u(ri)} <> (sk — i) = |-

kek

Thus, by the Hardy-Littlewood inequality (3.3) again,
|E|

/ V_(x)dx < VX(r)dr.
Unerc{u® (sk)<u<u®(re)} 0

Inequality (3.17) follows from (3.19) and (3.20). O

(3.20)
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4 Boundedness of solutions

Here, we establish Theorem 2.1.

Proof of Theorem [2.1. Given s € (0,|Q]) and h > 0, choose the test function ¢ defined as

o

if u(z) <u®(s+h)
(4.1) ¢(r) = u(@) —u’(s+h) if u(s+h) <u(x) <u(s)
u®(s) —u®(s+h) if u(s) < u(z),

in equation (2.1). Notice that ¢ € W‘l/Q(Q), since ¢ € V5H2(Q) by standard results on the
truncation of Sobolev functions, and [, |V (z)|¢*dz < [, |V (2)|u*dz < co. We thus obtain that

(4.2) A(z)Vu - Vudz

/{u°(5+h)<u<u°(s)}
u\r)\ul\x —'LLO S+h V(z)dx — Uo S —Uo S+h u(z) V(z)dx .

/{uo(s+h)<u§u°(s)}
Consider the function U : (0, |2|) — [0, 00) given by

(4.3) U(s) = / A(x)Vu - Vudz for s € (0,9)).
{usue(s)}
The function u° is locally a.c. in (0, |€?|), owing to [CEG|, Lemma 6.6]. The function
(0,00) 2t A(x)Vu - Vudz

{u<t}

is also locally a.c., inasmuch as, by the coarea formula,

(4.4) / A(z)Vu - Vudz = / / VUV pn )iy fort € R,
{u<t} {u=1} ’V’U,‘
Consequently, U is locally a.c., for it is the composition of monotone locally a.c. functions, and
A .
(4.5) U'(s) = uO/(s)/ Ale)Vu - Vu dH" 1 (z) for a.e. s € (0, 92]).
fu=w(s)y |1Vl

Thus, dividing through by h in (4.2), and passing to the limit as h — 07 yield

A(z)Vu - Vu _
4. _ 0! d n—1
(16)  —ule) /{u—uo(s)} [Vl H @)

= —u’'(s) < —/ u(x)V(m)daz) for a.e. s € (0, |9]).
{u>uc(s)}
Owing to (3.5), and (3.13) with g(¢) = ¢, inequality (4.6) takes the form
(47) —(5) = (= buaw(s) [ (B(@)de  Torac. s € (0,19,

Let 0 < s <& < |Q/2. Via integration in (4.7), one obtains that

@y o= [ ([ @) (<) d = orse 0.0



Define the operator T as

(4.9) / </ flo > — YA (r)))/dr for s € (0,¢),

for an integrable function f in (0,¢). Then, equation (4.8) reads
(4.10) (I—T)(u")=u(e).

Set
v =u — med(u),

and observe that med(v) = 0, and
v° = u® — med(u).
In particular,

(4.11) v°(s) >0 if s € (0,]€]/2).

Given s € (0,¢), one has that

(/f ) Al (1)) dr
< [ 1 ) — o a(°(r))) dr

(since (T/JU7A<UO))/ = (qu(vo))/ )

/</ e ‘dé’)(‘%w%r»)’dr
_</ Sl dr)/ F(0)l1®(e)|de
“f

( / a7 ) @ 2(0)de

(4.12) ITf(s)

(by Fubini’s theorem)

= (oa(w(s)) — Goalv /|f ) ®(0)|de
+/E (0.0 (0)) — o.(w*())) 1£(2)]|B(0)]do
< poa(v /\f ) (0 |rdg+/wv,4 0)/|®(0)|do

(thv,4(v°(€)) = 0 by (4.11))
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dlleede+ [ o2

(by (3.10) with u replaced with v).

Thus,

1
413 TSm0 < Ifllims) s <m<s> / (o) / ‘(<’ )
) —d
< 0 B Q)
V*
= 1/l / - 9)’d9<||fum(05> / e,

where the second inequality holds since the function 1/vq is non increasing, and the last one by
(3.12), owing to Hardy’s Lemma [BS, Proposition 3.6, Chapter 2]. Hence, by (2.6), the operator
I — T is bounded from L*(0,¢) into L>°(0, ). Moreover,

S V*(o)
(4.14) /0 valo) do <1,

< [ fllzee 0,6 Sup

provided that e is sufficiently small. For such a choice of €, by a classical result of functional
analysis, the restriction (I —T")s of I — T to L*>(0,¢),

(4.15) (I =T)oo: L®(0,2) — L=(0,¢),

is invertible, with a bounded inverse, and

1
VD
—Jo vat@ 0

(4.16) (7 = T) <

Let us now show that an analogous conclusion holds for the restriction (I — T)g of I — T
to L2((0,¢),|®(s)|ds), where L%((0,¢), |®(s)|ds) denotes the weighted Lebesgue space of those
measurable functions in (0, ) with are square summable with respect to the measure |®(s)|ds.
Owing to (4.12), this will follow if we show that there exists a constant C'(¢) such that

an ([ G [ |f(7“)||<1>(7“)ldr>2<1>(5)|d8> " co( [ 1rorieis) v

and
) dr>2|¢><s>|ds) e co [ \f<s>|2|<1><s>|ds)1/q

a ([ ([ el
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for every f € L%((0,¢),|®(s)|ds), and that C(¢) can be made arbitrarily small, provided that
¢ is sufficiently small. A characterization of one-dimensional weighted Hardy type inequalities
(see e.g. [Ma8|, /OK]) tells us that (4.17) and (4.18)) hold provided that

oo ([ ([ 2 <

and that the constant C(s) in (4.17) and (4.18) is equivalent (up to absolute multiplicative
constants) to the left-hand side of (4.19). Since the function 1/vq is non increasing,

o (f1omne)' ([ o)’ = (56000 23
< 5|<I>(r)!dr</€ Vi) fec (0.0
“Jo valr) T o valr) 7

Thus, there exists an absolute constant C' such that, if € is so small that

€ 1/
(4.21) C/O ‘V/Q((:))dr <1,
then
(4.22) (I = T)s : LX((0,2), |9(s)|ds) — L2((0,¢), |®(s)|ds)
is invertible, with a bounded inverse, and
(123) =1y < Cfl

VQ(T)

Since u € W7(Q), we have that Jou(@)?|V(z)|dz < oo. Thus, equation (3.13) with g(t
t? entails that u® € L2((0,¢), |®(s)|ds). Furthermore, u®(e) € L*(0,¢e) C L2((0,¢),|®(s)|
Thereby, from (4.10) we deduce that

(4.24) u’ = (I =T); ' (u(e) = (I - 1) (w(e)) -

Hence, u® € L*>(0,¢), and

) =
ds).

0 |u®(e)]
(4.25) Ju ||L°°(O,e) < w
—Jo va(r) r
It is easily verified that
(4.26) lull z2() > [[ullz2(0,0) > €2 [ul(e)]-
Thus
o o HUHL2
(4.27) u®(0) < [[u[|poe(o,e) <

1 r)

(1= f5 )

The same argument, applied to —u (which is also a solution to problem (1.1)), yields a parallel
estimate for —u°(|€2|). Since

[[ull oo (ar) = max{u®(0), —u®(|€2])},
inequality (2.7) easily follows. O
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5 Sharpness of conditions

This section is concerned with the proof of Theorem [2.3. The construction of the set € in
Theorem 2.3/ relies upon the next result.

Theorem 5.1 Let Q be a domain in R? of the form:
Q={(z,y) eR*:x e R, [yl < p(2)},

where p : R — (0,00) is an even, twice continuously differentiable function, such that @" is
bounded, ¢ is decreasing and convex near co, and [ p(0)do < oc. Define B : (0,00) — [0,00)
as

(5.1) B(r) = 2/ w(p)do forr > 0.
Then
(5.2) Xa(s) =~ ¢(B71(s)) near 0,
and
N 1
(53) VQ(S) ~ m near 0.
B=1(|2]/2) #(r)

Moreover, if h : (0,|€2]) — [0,00) is a measurable function such that

(5.4) lim ml(s) /0 Bt () dr =0,
but

SO
(5.5) /0 s ds =00,

then there exists a measurable function V : Q — (—o0,0] such that

(5.6) /OS V*(r)dr < /OS h*(r) dr for s € (0,|9]),

and problem (L.1) has an unbounded solution u.

Proof . Equations (5.2) and (5.3)) follow from a variant of the arguments of [Ma7, 4.3.5/1] as,
for instance, in the proof of [CM2, Theorem 4.1].
Assume now that (5.4) and (5.5) are in force. Define the function ¥ : [0, 00) — [0, 00) as

(5.7) I(r) = /OT SOCEZ) for r > 0,

(5-8) q(s) = K (B0~ (s)p(07(s))* for s >0.
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Owing to (5.3), equations (5.4) and (5.5) are equivalent to

§—00

(5.9) lim s /00 q(r)dr =0,
and
(5.10) /00 sq(s)ds = o0,

respectively. Assumption (5.9) implies the compactness of the embedding of the one-dimensional
weighted Sobolev space

W,5(0,00) = {w € W}2(0,00) : w(0) =0}

into L2((0,00), g(s)ds) — see e.g. [OK|, Theorem 7.3]. Hence, by a standard variational argument
making use of a weighted Reileigh quotient, there exists v > 0 such that the problem

(5.11) {w” +7q(s)w =0 for s € (0,00),

w(0)=0

has a (weak) solution in w in W(117’02(0, 00). Moreover, owing to (5.10), any solution to (5.11) can
be shown to be unbounded [CM2,, Proof of Theorem 2.4]. Let us continue w and ¢ to the whole
of R on setting w(s) = —w(—s) and ¢(s) = —q(—s) if s < 0.
Now, let

G ={(s,t) : s e R, [t| < w/2}.

By [Wal, there exists a conformal mapping ¢ : Q@ — G of the form

C(z,y) = (§(x,y),n(x,y)) for (z,y) € Q,

where the functions &, 7 : 2 — R satisfy the Cauchy-Riemann equations

(5-12) §x = Ty, Ey = -7, in Q.

Owing to the symmetry of €2 under reflections about the x-axis and the y-axis, we have that

§(z,y) = —&(—z,y) and n(z,y) = —n(z, —y).
Consider the function u : 2 — R defined as

u(z,y) = w(é(z,y)) for (z,y) € Q,

and the function V' : Q — (—o0, 0] given by

V(z,y) = —|VE(z, y)Pq(é(z,y)) for (z,y) € Q.

On making use of (5.11) and (5.12)), one can easily verify that u is an unbounded weak solution
to the Neumann problem

(5.13) {—Au +V(z,y)u=0 1in Q,

%:O on O0f).
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In particular, note that u € Wé’2(Q), as a consequence of the fact that
/Q Vul? + |V (2, y)|u® dedy = /Q (W' (&, 9))? + (€, ) a(E (2, 9))) I VE(2, y) | dedy
= 277/ W'(8)? +yw(s)?q(s) ds < oo.
0

It remains to prove (5.6). To this purpose, recall that the function » fulfills

An=0 1inQ,
(5.14) n=m/2 on{y =)},
n=-n/2 on{y=—p(x)}

Given xy > 0, define the function p,, : R — (0,00) as

e(p(x0)z’ + 20)

/ /
Pao(X') = for 2’ € R,
o(@) (0]
and set
Quo = {(z,y) : [x — 20| < @(x0), |y < @(2)},
1

QL = { @) ) < 1 < )

and

Q% ={ @) < LI < ).
Note that Q, is mapped into @, under the affine change of variables x = @(xg)z" + o,
y = (xo)y'.
Let Z be such that ¢ is convex and decreasing in (Z,00). We claim that there exist constants
T>2,a>0and b > 0 such that
(5.15) a < pr(z') <b ifxg>7Tand |2’ < 1.

Since ¢ is decreasing in (Z,00), in order to prove (5.15)) it suffices to show that

@ (o + ¢p(x0))

5.16 a< if zg > T,
(5.16) S 0>
and
(5.17) plao=e@0)) 4o

¢(z0)

To verify (5.16), note that, if x > x¢ > &, then
p(x) > p(zo) + ¢’ (x0)(x — 20),

inasmuch as ¢ is convex in (¥, c0). Hence

p(xo + @(x0)) > @(x0) + ¢'(z0)(x0) = @(x0)(1 4 ¢'(x0)) > 5w (x0)

N | —

if 2 is sufficiently large, since lim,_,o ¢’(z) = 0 by our assumptions on ¢.
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As for (5.17), for each = < xq, there exists ¢ € (z,xg) such that
p(x) = p(w0) + ¢'(c)(x — x0).

If x > Z, then ¢ is increasing in (x, 00). Thus

(5.18) p(z) < @(z0) + ¢'(2)(z — 20)

if 7 < x < xg. Since limy_,o p(x) = 0, we have that =9 — p(z9) > 7 provided that zg is
sufficiently large. An application of (5.18) with x = xo — ¢(z¢) then yields

@0 — () < @(x0) — @' (20 — @ (0))0(w0) = (w0)(1 — @' (x0 — p(x0))) < @ () (14 max [¢]),

if g is sufficiently large, whence (5.17) follows.
Let us next note that, since

Pl (@) = ¢ (p(x0)a’ +z9)  for 2’ € R™,

and
Py (@) = (x0)¢" (p(x0)a’ + xg)  for 2’ € R™,

we have that
(5.19) the functions p)  and pl;  are bounded, uniformly in o,

owing to our assumptions on .
Now, let T': Q7 — R be the function defined by

T(z',y") = n(e(xo)z’ + xo,@(xo)y’) for (a',y') € Q-

Then
AT =0 ianO, /
(5.20) T=7/2 on {y/:w}j
o)z +x
T=-m/2 on {y’:_W}.

By standard gradient estimates for harmonic functions,
(5.21) IVT oo (@) < ClIT oo @u,) < Clinllee) = ',
where the constants C' and C’ are independent of zp > T, owing to (5.15) and (5.19). By (5.21),

1 c’
———||IVT || peoior ) <
<P(iU0) || ||L (QIO) = (P($O)

if 29 > T and |y| < ¢(z0), and hence, in particular,

012
o()?

if (z,y) € Q and x > 7. We now show that there exists = such that, if (z,y) € Q and z > 7,
then

(5.23) VE(a,y)|* <

(5.24) £z, y) 2 I(z),
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namely
o dr
0o ¢(r)

By [Wa, Statement II], there exists a function w(z1, z2,y1,y2) such that
(5.26)
T

E(z2,y2) > &(z1,y1) + /

(5.25) E(x,y) >

J el O L P ) (1, 50), (29, 42) €, @1 <
2 (p(ﬂj) 1,22,Y1,Y2 I (T1,Y1), (T2,Y2 y L1 x2,

1
and limg, 400 w(21, 2, y1,y2) = 0, uniformly for zo > x4, |y1| < ¢(x1), and |y2| < ¢(x2). Since,
by our assumptions, lim,_, o ¢'(z) = 0, there exists 1 such that 3 (1 — ¢/(z)?) > 1 if z > ;.
Thus,

i S@9)

z—too [T _dr
0 (r)

uniformly in y for |y| < ¢(x), whence (5.25) follows.
Inasmuch as ¢ is decreasing in (Z,00), we have, by (5.24)), that

(5.27) (07 (E(x,y))) < o(x)

if (z,y) € Q, and x > max{z, z}.
Finally, define the function Z: G — G as

S(s,t) = (B0 (s)),t)  for (s,t) € G.

> 1,

Given any measurable set £ C QN {z > 0}, one has that
(5.28) /E |V (2, y)|dxdy = [Eh*(B(ﬁl(ﬂ% )W~ (E(2,y)))*|VE(z, y)I* dzdy
— [ W B ) () dsi
q02)
h*(r) drdt

E(C(E)

where the last inequality holds owing to the Hardy-Littlewood inequality (3.3). Thus, by the
symmetry of V(x,y) and of Q about the y-axis, there exist constants ¢ and C' such that

2B
(5.29) / V (@, ) |dady < C / W (o) do
E 0

for every measurable set E C €. Next, if E C QN {z > max{z,T}},
(5.30) B(C(E))| = / drdt = 2 / o9~ (5))2 dsdt
E(¢C(E)) C(E)
=2 [ (0 € )IVE ) P dody

<20 /E P07 ()P

go(x)dedy

< 20/ dxdy = 2C?|E)|,
E
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for some constant C', where the first inequality follows from (5.23), and the last one holds owing

to (5.27). Since the functions (9~ (&(x, y)))? and ﬁ are bounded in QN{0 < z < max{z,z}},
we can conclude that there exists a constant ¢ such that

(5.31) [E(C(E))] < ¢ E

for every measurable set E C QN {z > 0}, and hence, by the symmetry of Q about the y-axis,
for every E C Q. From (5.29) and (5.31) we conclude that there exist positive constants ¢ and
C such that

c|E|
(5.32) [E IV (2, y)|dzdy < C /0 W (o)do

for every measurable set E C €. By property (3.2), equation (5.6) follows o

We are now in a position to prove Theorem 2.3l

Proof of Theorem 2.3l Let M be a positive number such that v € Ay in (0, M), and that
(2.10) holds in (0, M). Set vy = v, and let v4, ¢ = 1,2, 3 be the functions iteratively defined by

vils) = </0 Wdr>a for 5 € (0, M).

r

It is easily seen that 15 € C%(0, M), Vé/a is convex in (0, M), and v3 ~ v9 ~ v; =~ v in (0, M).
In particular, the latter property holds owing to (2.10). Moreover,
1 14 1/ Vg(S)l/a

toa / _ 1/a I _ VQ(S) ~
Ui Vs (s) = (v3(s)"/?) S . for s € (0, M),

whence
sv3'(s) =~ v3(s) for s € (0, M),

since v3 € Ag, inasmuch as v € As.
Thus, on replacing, if necessary, v with v3, we may assume, without loss of generality, that

(5.33) v is twice continuosly differentiable in (0, M), v/ is convex,
and
(5.34) sv'(s) ~ v(s) for s € (0, M).

Now, define A : (0, M) — (0,00) as

(5.35) As) = —4) for s € (0, M).

Hence, given any a € (0, M),

1 1 @ dr
(5.36) S / ; for s € (0, M).

Thus, there exists 5 € (0, M) such that

1 ¢ dr 1
5.37 < < — if 0 5.
(537 <[ sisiy  fo<s<s
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We claim that

A
(5.38) \(/Sg) is non-decreasing in (0, M).

Indeed, owing to (5.34) and to the fact that v € Ay in (0, M),

(5.39) = ~ v(s) for s € (0, M).

By (5.38), via an analogous argument as above, A can be replaced, if necessary, by an equivalent
function, still denoted by ), satisfying (5.37) and such that A € C?(0, M) and )\? is convex in

(0, M).
From (2.12)) and (5.37), via Fubini’s theorem, we infer that
(5.40) / Cd
. r=o00.
0 A(r)?
As a consequence,
dr
5.41 —— =00
>4 0 A0)
Indeed, if (5.41) were not true, namely if
dr
5.42 / < 00,
42 0 30)

then limg_q ﬁ = 0, and this limit, combined with (5.42), would imply the convergence of the
integral in (5.40).
Let N : [1,00) — (0, M/2] be the function implicitly defined by

(5.43) / MR dr 1 f 1, 00)
. — =T — orr e |l,00).
Ny A7)

Clearly, N € C?(1,00) and N decreases monotonically from M /2 to 0. Define ¢ : [1,00) — [0, 00)
as

(5.44) o(r) = %)\(N(r)) for 1 € [1,00) ,
and observe that ¢ € C?(1,0). Since

(5.45) A(N(r)) = =N'(r) for r € [1,00),
and lim,_,o, N(r) = 0, one has that

(5.46) /OO AN (p))dp = N(r) for r € [1,00),
whence

(5.47) A(/roo A(N(p))dp) = A(N(r)) for r € [1,00).
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By (5.44) and (5.47),

(5.48) )\<2 /oo cp(p)dp) = 2p(r) for r € [1,00),
and hence
(5.49) As) =2p(B7(s))  for s e (0,M/2).

Observe that the function ¢ is decreasing in (1,00) and lim, . ¢(r) = 0. Furthermore,
(5.50) 2¢/(r) = AN (1)) = N(N(r))N'(r) = =X (N(r))A(N(r)) for r € (1,00),
and
2" (r) = =[N (N (r)) AN (r)) + N (N (r))*]N'(r)
= ' (N)AWN (1) + N (N () IAN () = %(V)”(N(T))A(N(r)) for r € (1, 00).

Thus, ¢ is convex in (1, 00), since A? is convex in (0, M); moreover, ¢” is bounded in (1, co).
Let us continue ¢ to R in such a way that the assumptions of Theorem 5.1/ are fulfilled, and

(5.51) /R@(r) dr = %

Now, let Q be the set associated with ¢ as in the statement of Theorem [5.1. Owing to (5.51)),
we have that |Q] = M. By (5.3), (5.49) and a change of variable,

1 1

(B T fIOI2 dr

B=H(91/2) #(r) A(r)?

near 0.

(5.52) VQ(S) ~

Coupling (5.52) with (5.37) yields (2.13).

The existence of a function V' € L*°(£2) such that problem (1.1) has an unbounded solution now
follows from Theorem 2.3l

In view of a proof of Theorem 2.7, note also incidentally that, by (5.2),

(5.53) Xa(s) ~ o(H 1(s)) near 0,
and hence, by (5.49),

(5.54) Aa(s) =~ A(s) mnear 0.

6 Applications and examples

Lipschitz domains.
Assume that €2 is a Lipschitz domain in R"™. Owing to (2.5), condition (2.6) amounts to requiring
that

(6.1) Vo e L' (Q) ifn>2, and V_ € LlogL(Q) if n = 2.
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Recall that membership of V_ to the Zygmund space LlogL(f2) entails that

9]

S

€2

VZ(s) (1 + log ) ds < oo.

0

Thus, under (6.1), any solution u to (1.1) is essentially bounded, by Theorem 2.1. The same
conclusion follows from Theorem 2.6, via (2.16). In particular, by Corollary 2.2, any solution u
to (1.1) is essentially bounded if V_ € LP(Q2), where either n > 2 and p > §, orn =2 and p > 1.

Holder domains.
Let © be a Holder domain in R™ with exponent a € (0,1). We have that

(6.2) va(s) = s'”wTFa  near 0,
and
(6.3) A(s) = sioTa  near 0.

Inequalities (6.2) and (6.3) follow from a Sobolev embedding of |[Lal; inequality (6.3) for n = 2
was earlier established in [Cil].
From either Theorem 2.1/ and (6.2), or Theorem 2.6 and (6.3) we deduce that any solution u to
(L.1) is bounded, provided that

V. e L% 1(Q),

a+1
200 7

and hence, in particular, if V_ € LP(Q) for some p >

Cusp-shaped domains.
Let L > 0 and let ¥ : [0, L] — [0,00) be a differentiable convex function such that ¢¥(0) = 0.
Consider the domain

Q={zeR":|2'| <I(z,),0 <z, <L}

(see Figure 1)), where z = (2/,1,) and 2’ = (z1,...,2,-1) € R* L Let © : [0, L] — [0,00) be
the function given by

p
O(p) = nwn/ I(r)"dr for p € [0, L],
0

where w,, denotes the Lebesgue measure of the unit ball in R"™. Then, [Ma7, Example 4.3.5/1]
tells us that

e~i(ll/2) -1
/ 19(r)1”dr> near 0.
©1(s)

(6.4) vas) ~

Thus, (2.6) is equivalent to

o-1(j0)/2)
(6.5) / V*(s) / I(r) " drds < 0o,
0 0-1(s)

namely to

O(r)
(6.6) /019(7’)1"/0 V*(s)dsdr < oo,
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3(x,)

Figure 1: a cusp-shaped domain

and to
(6.7) V_ e AMo)(Q),

where

(1921/2)
o(s) :/ I(r)t"dr  for s € (0,]Q)).
-1(s)

Owing to Theorem 2.1, any solution to (1.1) is essentially bounded provided that (6.7) is in
force. The same result can be easily derived via Theorem 2.6, owing to the fact that

A(s) = 907 (s))" ! near 0,

by [Ma7, Example 3.3.3/1].

Unbounded funnel-shaped domains.
Let ¢ : [0,00) — (0,00) be a differentiable convex function such that lim, o+ ¢'(p) > —oo and
lim, .o ¢(p) = 0. Consider the unbounded domain

Q={zeR":z,>0,|2| <{(z,)}
(see Figure 2), where x = (2/,z,) and 2’ = (x1,...,2,_1) € R""1. Assume that
oo
(6.8) / C(r)"tdr < oo,
0
whence [©| < co. Let T : [0,00) — [0,00) be the function given by

—nwn/ C(r)"dr for p > 0.

By [Ma7, Example 4.3.5/2],
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Figure 2: an unbounded domain

T1(s) -1
vo(s) =~ (/ C(r)lndr> near 0.
T-1(9[/2)

Thus (2.6) is fulfilled, and hence any solution to (L.1) is essentially bounded by Theorem 2.1}
provided that

T=1(5)
(6.9) /OV_*(S)/r )C(r)l_”drds < 00,

“(el/2

namely if

00 Y(r)
(6.10) / C(r)l_”/o V*(s)dsdr < oo,

or, equivalently, if

V_ € AMo)(9),
where

T71(s)
o(s) = / C(T)l_”dr for s € (0,]9)).
T-1(19Q1/2)

Note that, by [Ma7, Example 3.3.3/2],
Xa(s) = ¢(T7'(s))""  mear 0,
and hence it is easily seen that condition (2.17) is equivalent to (6.9) and (6.10) in this case.

Thus, Theorem 2.6/ leads to the same conclusions as Theorem 2.1 also for this kind of domains.

John and vy-John domains.

Let v > 1. Recall that a domain € in R" is called a «-John domain if there exist a positive
constant ¢ and a point zg € €2 such that for every x € () there exists a rectifiable curve
w : [0,1] — Q, parametrized by arclenght, such that w(0) = 2, w(l) = x¢, and

dist (wo(r), 0Q) > er” for r € [0,1].
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The ~-John domains generalize the standard John domains, which correspond to the case when
v = 1 and arise in connection with the study of holomorphic dynamical systems and quasi-
conformal mappings. The notion of John and y-John domain has been used in recent years in
the study of Sobolev inequalities (see e.g. [HK, KM]). Assume, for simplicity, that n > 3. As
a consequence of [KM, Theorem 2.3] , the isocapacitary function of a -John domain 2, with
1<~y < Z—ﬂ, satisfies

(n—1)v—1
va(s) = s = near 0.

An application of Theorem 2.1/ ensures that, if 1 <y < %, and

(6.11) V. e LF=en(Q),

then any solution u to (1.1) is essentially bounded.
On the other hand, by [KM, Theorem 2.3],

(n—=1)
Aa(s) = sTw near 0.

From Theorem 2.6 one thus infers that any solution u to (L.1) is essentially bounded if

(6.12) V. € L7t (Q).

Since 2n—2¢(n—1 for v > 1, with equality only if v = 1, one has that

) Z WA
Lr=me=0Y(Q) G Lr=e=nl Q)

for every v > 1. Thus, when 2 is a y-John domain with v > 1, Theorem 2.1/ ensures the
boundedness of the solutions to (1.1) under weaker assumptions on V_ than Theorem [2.6.
This shows that the characterization of a y-John domain, with v > 1, in terms of its isocapacitary
function can be more effective in the analysis of the boundedness of solutions to (1.1) than its
description via the isoperimetric function.

A family of domains with rooms and passages.

Let us consider problem (1.1) in the domain  C R? displayed in Figure 13 and inspired by an
example from [CH]. In the figure, L = 27 and [ = ¢(27%), where k € N and o : [0, 00) — [0, 00)
is an increasing function such that lim,_ g+ U(SS) =0.

The asymptotic behaviors of the functions v and A, under some additional assumption on the

function o, are described in the following proposition.

Proposition 6.1 Let Q be the domain in Figure 3. Let o : [0,00) — [0,00) be an increasing
function of class As.
(i) One has that

(6.13) Xa(s) < o(s?) near 0.
If, in addition,

(6.14) there exists 3 > 0 such that ‘f(:)l 18 non-increasing, and % is non-decreasing,

then

(6.15) Aa(s) ~ o(s'/?) near 0.
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L
Nk
1
Q

0 1

Figure 3: an example from [CH]
(i) One has that
(6.16) vo(s) < 0(51/2)5_% near 0.
If, in addition,
(6.17) there exists 3 > 0 such that ‘f(—:)l s non-increasing and % s non-decreasing,
then
(6.18) vo(s) = 0(31/2)3*% near 0.

By Theorem 2.1/ and Proposition 6.1, any solution to (L.1) in £ is bounded provided that o
fulfills (6.17), and

51/2
V_ e A(a(31/2)>’
namely
s1/2
6.19 | d .
(6.19) v 2 g < o0

For instance, when o(s) = s for some « € (1, 3), condition (6.19) amounts to
(6.20) V. e Lial(Q).

Theorem 2.6/ applies to a more restricted family of domains from the class considered in the
present example, and under stronger integrability assumptions on V_ . Indeed, by Proposition
6.1, condition (2.17) can only hold if

(6.21) /00(33/2)2 /OS V*(r)drds < oo.
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Assumption (6.21)) is stronger than (6.19) in general, as it is easily seen in the case when o(s) =
s“. In this case, (6.21) holds if a € (1,2) and

-
V_ e L= (Q),

a more stringent assumption than (6.20).

This family of domains provides other examples in which the approach to the boundedness of
solutions to (1.1) relying upon isocapacitary inequalities applies, whereas techniques exploiting
isoperimetric inequalities fail, or yield the result under stronger assumptions on V_.

Proposition [6.1] is a special case of a more general result contained in Proposition 6.2 below,
which provides us with the asymptotic behavior of an isocapacitary function vq , associated with
any exponent p € [1,2]. In analogy with (2.2)—(2.3), the isocapacitary function vq, : [0, ||/2] —
[0, 0] of € is given by

vap(s) =inf {C,(E,G) : E and G are measurable subsets of €2 such that
EcGcQand s<|E|<|G|<[Q]/2} for s € [0, |92]/2],

where, for any sets £ C G C Q, the p-capacity Cp(E, G) of the condenser (E,G) relative to
is defined as

6.22) C,(FE,G) =inf VulPde :ue WHP(Q),u>1in Fand u<0in Q\ G
P
Q
(up to sets of standard capacity zero)} .

Proposition 6.2 Let Q be the domain in Figure 3. Let 1 < p < 2, and let o : [0,00) — [0, 00)
be an increasing function of class Ay. Then,

p—1

(6.23) vap(s) < o(s'/?)s 7 near 0.

Assume, in addition, that

A

(6.24) ="

1S MON-INCTeasing

for some 8 >0, and

p+1

(6.25) T s non-decreasing.
a(s)

Then

(6.26) vap(s) ~ 0(31/2)3_% near 0.

Note that equation (6.18) of Proposition 6.1l agrees with (6.26) for p = 2, whereas equation
(6.15) follows from (6.26) with p = 1, since

(6.27) va1(s) = Aa(s) near 0,

as shown by an analogous argument as in [Ma7, Lemma 2.2.5].
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One step in the proof of Proposition 6.2] makes use of Orlicz spaces. Recall that given a
Young function A, namely a convex function from [0, 00) into [0, 00) vanishing at 0, the Orlicz
space L4(Q) is the Banach space of those measurable functions w : @ — R whose Luxemburg

norm
leollzaey :inf{k 0 / A (‘w<~’“>'> iz < 1}
Q k

is finite. A generalized Holder type inequality in Orlicz spaces (see [On]) tells us that if Aj,
i =1,2,3, are Young functions such that A;7'(r)A;*(r) < CA3'(r) for some constant C, then
there exists a constant C’ such that

(6.28) lwiwall Lag ) < C'llwillpar @) lwall a2 q)

for every wy € L41(Q) and wq € L42(9).

Proof of Proposition 6.2,
Part I. Here we show that, if (6.24) and (6.25) are in force, then there exists a constant C' such
that

(6.29) vap(s) > 00(31/2)5_]%1 for s € (0,(92/2).

We split the proof of (6.29) is steps.

Step 1. Fix € € (0,1), and let Q = (—1/2,1/2) x (0,1), X = (—¢/2,¢/2), R. = 3¢ x (—1,0]
and N. = QU R..

Let ¢ = ;Tpp if p < 2, and let ¢ be a sufficiently large number, to be chosen later, if p = 2. We
shall show that

(6.30) (/ |u\qudy>q < C(/ yvu|pdxdy+/ ]u(a:,—l)|pdx>
Q € \JN. Te

for every u € WHP(N.), and for some constant C' independent of € and u. With abuse of notation,

here, and in analogous occurrences below, u(-, —1) denotes the trace of v on (ON.) N{y = —1}.
Define
1
(6.31) u(x) = / u(z,y)dy for a.e. x € (—1/2,1/2).
0

One has that

(6.32) </Q |u|qczxdy>§ < or-t [(/Q lu —u|qudy>5 + (/Q |uqdacdy> Z} ,

where @ is regarded as a function of (z,y), defined on N.. It is easily verified that the function
u — u has mean value 0 on ). Thus, a standard Poincaré inequality easily implies that

(6.33) < / |u—uqudy> e / \Vu|Pdady,
Q Q
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for some constant C' independent of w. On the other hand, we have that

: 1 Y
(6.34) (/ |u|qdacdy> = </ / u(z,y)dy dl‘)
Q - 0
1 p
d
re[1/2,1/2 /0 ule)dy
% 1 1 1 p
([ [ wtemayas+ 2 [ ][ epafar)
-1Jo €Jz. 1 Jo
1 1
§2p_1</ |Vu|pdxdy—|—/ / |u(x,y)|pdydac>.
Q €Js.Jo

Note that a rigorous derivation of (6.34) involves an approximation argument for u by smooth
functions in @). Since

(NI

1
2

IN

IN

y
u(z,y) = /1 uy(x, 2)dz + u(z,—1) for ae. z € 3,

there exists a constant C' such that
Y
lu(z,y)|P < C/ |uy (2, 2)[Pdz + Clu(z, —1)|P  for a.e. x € X..
—1

Thus,
(6.35)

1 1 c ! y c !
/ / lu(z, y)|Pdydx < / / / luy(x, 2)|Pdzdzdy + / |u(z, —1)|Pdxdy
€Jx. Jo €JaJs.J1 € J1Js,

2
< C/ |Vupdxdy+c/ |u(z, —1)|Pdzx .
13 N. 13 P

Inequality (6.30) follows from (6.32)—(6.35).
Step 2. Let N, s be the set obtained on dilating . by a factor ¢, namely

Nes = {(2,y) : (x/8,y/0) € Ne}.
Let u € WYP(N, 5). From (6.30) we obtain that

2 q C
q
(6.36) 577 (/ ]u\qudy) < — (5p_2/ |VulPdzdy + (5_1/ lu(z, —5)\pdm),
Qs € Neys ey

where ()5 and X, 5 denote the sets obtained on dilating @) and 3., respectively, by a factor 6.
Now, let A be a Young function whose inverse satisfies

gr-1
o(0)

(6.37) A7) = for § > 0.

Notice that such a function A does exist. Indeed, the function H : (0,00) — [0,00) given by

_p-1l
H(t) =1 21) for ¢ > 0 is increasing by (6.24), and the function @ is non-increasing by (6.25).
t 2

o(

H! . . . .
Thus, 4 is a non-decreasing function, and, on choosing

t -1
At) = / 2 dr for t > 0,
0 T
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equation (6.37) holds, inasmuch as A(t) ~ H~'(t) for t > 0. Next, we claim that a Young
function F exists whose inverse fulfils
A~H(r)

Tp/a

(6.38) E Y1)~ for 7 > 0.

To see this, note that the function J(7) = AT_; /(qT) is equivalent to an increasing function F'(7)
J(r) _ A7)

T = rl+p/a

(for sufficiently large ¢, depending on g, if p = 2) by (6.24)), and that the function

is trivially decreasing. Set Ji(7) = @ Thus, @ ~ Ji(r) for 7 > 0. As a consequence, one
r 7:('5) ~ T Fl—l(t))’ and the latter is an increasing function. Thus the function F

can show that

given by

t dr
E(t):/oJl(Fl(T)) for t >0,

is a Young function, and since E(t) ~ =it ~ F~I(t), one has that E~1(7) = F(7) ~

- JU(F~1(1)
J(1) = Atp/ff), whence (6.38) follows.

Owing to (6.38), inequality (6.28) ensures that

(6.39) MLy < Clllullzarm@p 25
1

= Clul Qé)m7

1
p p
1@0) 511/1gq]) = Mz

for some constants C' and C’ independent of €, 6 and u. Combining (6.36)—(6.39) yields

Co(9) Co(9)
(6.40) lul?l L4, < 85/&,5 [VulPdzdy + =5 /25?6 u(z, ~0)["dz .
Now, choose
_o(9)
e = 5 y

and obtain from (6.40)

(6.41) alPll sy < C / VulPdzdy + C5'P / lu(xr, —0)Pda

Ne@) 5 o) 5

for every u € WIP(N,) 5)
6 b
Step 3. Choose 6, = 27" for k € N, and set

k k k
Q" =Qs,, X" =Xo0p > N =DNosgs ; -
619 75k 6]9 76](3

Note that |[X¥| = o(d;). Let us translate the sets N* and Q* — the translated sets being still
denoted by N* and QF — to construct the set Q as in Figure 3. Moreover, define @ = (0,1) x (0, 1),
the large square in Figure 3. Given u € W1P(Q), one has that

(6.42) ulllzawegry < D ulPllzagr »
keN
and
(6.43) / VulPdedy = / |VulPdady .
Uka Nk

keN
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Note also that, if 1 < p < 2, then, since the intervals ¥* are disjoint, there exist constants C'
and C’ such that

(6.44) 251 p/ u(z, 1) ypdx—/ lu(z, 1)[P ZXW )

([ hwx,n|¥%dx)2 p(yélxzk@wégldx)p_l
= </01 \u(x,l)]prdx)g_p( k
<c</ yvu\dedy+/ \u]pdxdy>(zk: > -

La(8) N\
< C’Hu”wlp Q)(/O 52 d5> ,

where the last but one inequality holds by a standard trace inequality on the square Q.
If, instead, p = 2, then, for any a > 1

(6.45) 25/ a:1|da?—/|u:v1 ZXEI“ )

0
:</;|u<za1>%>i<zaggf>>ﬂ

k

i

for some constant C'. Owing to (6.24), if 1 < p < 2, then |, (S(Q)dé < 00, and if p = 2, then

fol (;(i)l dd < oo, provided that a is sufficiently large. By (6.41)—(6.45), there exists a constant C

such that

1
(6.46) P2 om < Cllullwre)

for every u € WhP(Q).

Step 4. Denote by R, s the rectangle obtained on dilating R, by the factor 6. Hence, its
6 6

sidelenghts are o(0) (along the z-axis) and § (along the y-axis). Let y;, ¢ = 1,...m, be real

numbers such that y; = —4d, ¥y, = 0, y;41 — ¥; is constant with respect to ¢, and
(6.47) 1< Y0 g fori=1,...,m—1.
a(6)
Let ‘
Rfsz{(l“ay)GR@’gi?JiSySyiH} fore=1,...,m—1

Given u € WP (R4 5), define
5 )

u(y) = o(0) /E(, , u(z,y)dz for a.e. y € (=4,0).
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We have that

(6.48) Nl llzaca) <2 e =P oaryg )+ 2 AP LAy )
5 5 5

where u is regarded as a function of (z,y), defined on R, 5 and A is the Young function
6 k)

introduced in Step 2. Furthermore,

m—1
(6.49) = alllLar ) ) < D =@l pars) -
5 i=1
The mean value of u— over each ng is 0. The rectangles R%, S Rg”_l agree, up to translations.

Moreover, ‘
|R| ~ o(5)?,

owing to assumption (6.47). An analogous scaling argument as in the proof of Step 2 tells us
that

(6.50) L
(6)?) (75)
for some constants C' and C’. Since
(6.51) ‘7555) <C if0<4§<1,
for some constant C, we deduce from (6.49) and (6.50) that
p—1
(652 =8 rce ) < C oz @7 T s

for some positive constants C and C’.
Next, since

0 p
[u(y) P < 2P~ Ha(—o)[P + 2P~ (/5 W’(z)]dz) for a.e. y € (—96,0),

one has that

(6.53)

1@ lace, )
5

< 27 Ha(=8) Pl pacr, g, )+ 207
50

0 1 p
([om ] i)
-0 U( ) Zﬂg LA(R 45
©®

50

)

=

or—1

0 1 p
< a(=0)|P + 2071 (/ / Vu(z,y dzdy)
A7Y1/|Ros 5|)| =) —50(0) 2 5(5) [Vez )l LA(Ro5 )
5 T,é T,(S
2 —lor+ 2l ([ vudedy )
< — u(— + — / uldx y)
A7Y1/|Rows 5’) o(0)P Ro(s) LAR 5(5) )
s T,E T,J
2r—1 2r—1 -1
< U(=0)P + <= [|Ros) | || Vul®
A_l(l/‘RuE;S)ﬁ’)| ( )‘ 0’(5)1’ | %,6‘ ” HLP(R%Q,J) LA(RG((;) 6)
T?
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I ()

S AR Y +a<5) mebnv Wze(r gy
p—1 p—1sp—1
= a(-s)” i

O RGO IVl

g 1 1 p 2p—15p—1 »
T (0 /2() e =0=) + e Mg

Again, the inequality between the leftmost side of (6.53) and its rightmost side is fully substan-
tiated after an approximation argument for u. Combining (6.48)), (6.52), and (6.53)) yields

(6.54) H|u|pHLA(RG(5) 5)
820,

c , o1 ,
SGIATC (o 5)9) /EU O AT | et

<

for some positive constants C' and C’. Denote by R* the set obtained after translating R,

5k 76k

in the construction of Q. Fix u € W1?(Q). By (6.54),

(6.55) ul? | pawerey < D Mul?llagge
keN
1
<C / u(z,1)|Pdz
kGZN U((Sk)A_l C//(U((Sk)(sk) sk | ( )‘
5” ! ,
HO2 (O te g | iy
By (6.51) and (6.37),
st st
6.56 < <C,
(6.56) B AT(CT G (6)) = oo A7)
for some positive constants C and C”. Thus,
(657 sy < 3 g [ 01 + Ol ey

keN

for some constant C. Hence, we deduce from either (6.44) or (6.45) that

1
(6.58) NP2, m < Clulwrrg)
for some constant C.
Step 5. A variant of [Ma7, Theorem 2.3.2], with analogous proof, tells us that given an open
set G C R? with |G| < 0o, and a Young function B, if the inequality

1
(6.59) "I}z /p @ < CIVullpo@) + lullrr )
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holds for some constant C' and for every u € WHP(G), then

1 /
(6.60) B1(1/s) < C'ugp(s) for s € (0,]G[/2),
for some constant C’. The standard Sobolev inequality holds on the square @, and, consequently,
— 2
(6.60) holds if G = @, and B(t) =t2=7 if 1 <p < 2, or B(t) = t* for any a > 1 if p = 2. Thus,
since the right-hand side of (6.38)) is equivalent to a non-decreasing function, inequality (6.60)
also holds with B = A. Hence, there exists a constant C' such that

(6.61) Il % g < CUVullag) + lull o)

for every u € W1P(Q). Combining (6.46), (6.58) and (6.61) tells us that
1

(6.62) NPl % gy < CUIVUllo) + ull o))

for some constant C' and for every u € W1P(Q). Hence,

1

(6.63) 1)

< Crgp(s) for s € (0,]92/2),

and (6.29) follows, owing to (6.37).

Part II. Here we show that, if p > 1, and o is non-decreasing and of class As near 0, then
inequality (6.23) holds. Consider the sequence of condensers (Q*, N¥). Let {uz} be the sequence
of Lipschitz continuous functions given by up = 1 in QF, ux = 0 in Q \ N* and such that uy
depends only on y and is a linear function of y in R¥. We have that

(6.64) Q" ~ &¢,
and

[R*| _ o(0k)
6.65 Pdrdy ~ —- =~

up to multiplicative constants independent of k. Thus, there exist constants C and C’, indepen-
dent of k, such that

C'o (o) '

(6.66) Vo p(Co7) < Cp(QF, NF) < =

It is easily seen that (6.66) continues to hold with dj replaced with any s € (0,|2|/2). Hence
(6.23) follows.
The proof is complete. O
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