Available online at www.sciencedirect.com

science oineers

JOURNAL OF
Functional
Analysis

ELSEVIER Journal of Functional Analysis 217 (2004) 448-488

http://www.elsevier.com/locate/jfa

An asymptotic theory of higher-order operator
differential equations with nonsmooth
nonlinearities

Vladimir Kozlov (Linképing)' and Vladimir Maz’ya
(Link6ping)*!

Department of Mathematics, The Ohio State University, Room 618, Math Tower,
231 West Eighteenth Avenue, Columbus, OH 43210-1174, USA

Received 2 January 2004; accepted 8 April 2004

Communicated by H. Brezis

Abstract

We develop an asymptotic theory of nonlinear operator differential equations of an
arbitrary order in Banach spaces. The nonlinear part of the equation is written in a divergent
form. It is shown that the main term in an asymptotic representation of solutions at infinity
satisfies a finite-dimensional dynamical system perturbed by a small nonlocal operator.
© 2004 Elsevier Inc. All rights reserved.

1. Introduction

The asymptotic theory of infinite-dimensional differential equations (AN,
Bre, DK, KMI1,P] et al.) got a new impetus during the last three decades in
connection with important applications to nonlinear problems of hydrodynamics,
structural mechanics, chemistry, biology, etc. (see, in particular, the books
[BV,ChV,EFNT,T,V] and the extensive bibliography cited there). In the present
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paper, we study solutions to the equation
n .
A (D)u(t) =" Dy Ni(tu(t), ..., D "u(t)) (1)
=0

on the real axis R, where />n, D, = —id/dt, </(D,) is an ordinary differential
operator of order / with operator coefficients and with nonlinear operators
Ny ooy Ny defined on functions in a locally convex Sobolev space

Wlf o (R; {Bk}i;’é), where By, ..., B;_, are Banach spaces (see Section 2.1). We write
the right-hand side in the divergence form in order to cover a wider class of
equations. The operators .47;, described in Section 2.5, are not assumed to be
differentiable with respect to their arguments.

Our main concern is with the asymptotic behavior of solutions as t— + co. We
show that for a certain class of equations (1) the question of asymptotics can be
reduced to that for a finite-dimensional dynamical system perturbed by a nonlocal
operator. Our result is new also for the linear case and, apparently, even for linear
ordinary differential equations with scalar variable coefficients.

Our conditions for the operators .7 and ./"; include elliptic and parabolic partial
differential operators, so that the theory developed in this paper can be applied
directly to the study of local and boundary singularities of solutions to nonlinear
elliptic  and  parabolic equations in the spirit of our works
[KM2,KM3,KM4,KM5 KM6]. Note that our assumptions about ./°; do not
exclude fully nonlinear equations.

Let us describe a corollary of our main result concerning a solution u(¢) to (1) (see
Theorem 2). Let u be subject to the growth requirement

el 1oy <40, (2)

where the majorant .# is subject to conditions stated in Section 2.5. Estimates of this
type are usually available in applications to partial differential equations, where one
can use monotonicity properties of differential operators, the maximum modulus
principle, differential inequalities, etc.

Under some natural assumptions on the nonlinearity we obtain the representation

col(u(t), ..., D/ Vu(r)) = Z hy() col(Uy(2), ..., DL UL(0) + w(t),  (3)
s=1

which is a far-reaching generalization of the variation of arbitrary constants formula
in the elementary theory of ordinary differential equations. The vector functions U;
are solutions to .o7(D,)U(t) = 0 of the form exp(il,t)p with 1, being eigenvalues of
the operator pencil .o/(/) on a certain line 31 = k¢ and with ¢ denoting eigenvalues
corresponding to 4,. We assume here that there are no generalized eigenvectors

corresponding to A4,. The vector h= (hy, ..., h,) satisfies a finite-dimensional
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perturbed dynamical system of the form

(o) + N(:h() + KB(7) = @

where K is a nonlocal nonlinear operator and the components of N are given by

Ng(t;h(7)) = i(ﬂfj (z;i hy(1) Uy Z hy(t)D! " U(t )) D';J'Vk(t))
s=1

Jj=0

Here V} are exponential solutions of the adjoint equation .«7*(D,) V' (¢) = 0 which are
connected with U, by a biorthogonality condition and (- |-) is the inner product.

The vector function w in (3) can be regarded as a remainder term. We give
estimates which show that K and w are weak in a certain sense. In fact, Section 5.7
contains a general result with generalized eigenvectors permitted, where the vector
functions Uy and V are polynomial exponential solutions of equations .«/(D,)U = 0
and .«7*(D,)V = 0, respectively.

System (4) is the corner stone of our asymptotic theory. On one hand, it can be
applied to construct solutions of (1) with the vector h(¢) asymptotically close to a
solution of the dynamical system

d
S +N(GED) =0, 5)

On the other hand, one can try to show that solutions of (1) subject to the growth
restriction (2) have the asymptotic representation (3), where the vector h is
asymptotically equivalent to a solution of (5).

In general, the dynamical system (5) is a very complicated object containing an
arbitrary nonlinear term, so that even the appearance of a chaotic attractor is not
excluded. Therefore, in order to deduce explicit asymptotic formulae for solutions of
(1), one must restrict classes of nonlinearities.

If the line 31 = ky contains a single simple eigenvalue A of the pencil «/(4), then h
becomes a scalar function 4 and system (5) turns into one equation with

N(izh(1) = —ie " 3 2 (Wb g, .. (1) ") ),
s=0

where ¢ and y are the eigenvectors corresponding to the eigenvalues 4y and o of
/(1) and .o/* (1) respectively, subject to

(S o |v) = 1.

This situation appears, for example, in the problem of asymptotic behavior of
solutions to the nonlinear elliptic differential equation of order 2m

L(Du(x) = Y Dy(No(x; {Diu(x)}y <), (6)

o] <m
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in a neighborhood of the origin of R?. Here L is homogeneous polynomial of degree
2m with constant coefficients. In the case 2m<d the dynamical system (5), which
describes the behavior of solutions to Eq. (6) with a finite Dirichlet integral, reduces
to one equation

N N, (e70; 1(1),0)(D"G)(e~'0) dSy = 0,

lo| <m [0]=1
where G is the fundamental solution of L(D,) in R? and zero value of an argument
of N, stands in place of derivatives of the orders 1, ...,m.

This and other applications of our asymptotic theory to partial differential
equations will be discussed elsewhere.

Here is a plan of the paper. Definitions of function spaces and conditions for the
operators involved are collected in Section 2, where basic properties of .o/(D,) are
reviewed as well. In Section 3 we use a new construction to reduce (1) to the
equivalent first-order evolution system

A

(SD, + W) U(1) — N(t;%(1) =0 on R, (7)

where U = (U1, ..., U,), U= (U, ...;Us—p1), W is a linear operator in-
dependent of ¢, and 9t is, in general, a nonlinear operator. The next Section 4
is devoted to the spectral analysis of the operator 2. The results obtained are
used in the last Section 5 to split system (7) into a finite- and infinite-
dimensional parts. Resolving the infinite-dimensional part, we arrive at
system (4). The paper is finished with derivation of asymptotic representations of
solutions to (7) and (1).

2. Preliminaries on function spaces and operators

2.1. Local vector Sobolev spaces

Let / and n be integers, 0<n</, and let {B;}/='." be a collection of reflexive

=—n

Banach spaces such that B; is densely imbedded in B;_; and
lull_, <cjllully, forj=1-n,...0—n
Let B_;' be the dual space of B;. We denote by (-|-) the duality between By and By’

which can be extended by continuity onto B; x B_/ for j = —n, ...,/ —n.
We introduce the space L,(a,b; B) endowed with the norm

L/p
lilonn = ([ Iolar)
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where B is a Banach space and l<p<oo. We need the Sobolev space
W(a,b; {By}]_,) with the norm

b 1/p
||u||W,,f<a,b;{Bk},zq>—< ¥ ||D£‘u<t>|f;jkdr> -

0<k<j

Let L,joc(R;B) and W/

p;loc
L,(t,t+1;B) and Wpf(t, 1+ 1;{Bi}{_,) for all real 7. We equip these spaces with the
seminorms

([R?;{Bk},{:o) be the space of functions belonging to

[ |L,,(t,t+l;B) and  [[ull W, (Le+ 1B} )

respectively.

We define W,,j;‘comp(R;{Bk'};{:()) to be the set of all ue W,,’;(R; {Bk’},{:()) with
compact supports, p'=p/(p—1). A sequence {ur};., of elements in
ijgﬂcomp(R; {Bk’},{:()) converges to ue ij,"comp([Ri; {Bk’},{:()) if the supports of u;
are uniformly bounded and wux—u in Wy (R; {Bi'}/_y)- By W, o (R; {B-x}{_,) we
denote the spaces of sesquilinear bounded functionals on Wy ... (R; {Bi'}/_)

endowed with the seminorms

)

/R (£(0) [ o(0)) di

||f||ij(t,rJrl:{BJc}kj:O) = S‘ip

where supremum is taken over all ve ij;‘comp(R; {By'}]_,) such that
suppvc|t, t + 1], ||U||Wp{(R;{Bk,}kj:0) =1. (8)

If fre Lyjoc(R; B_), k=0, ...,j, then the sum
J -
(0 =>" DI, 9)

k=0

where D/ *f; is the distribution derivative, belongs to W, 7

(R; {B_«}}_,) and

j 1/p
||f||W[f/(r,l—H:{B,k}k/:O)< (Z ||fk||llj‘p(t,t+l;Bk)> :
k=0

One can show that every element of Wp_‘f;)C(IR; {B_x} ,{:0) can be represented in form
(9) so that

Jj 1/p
4 . .
(Z ||fk|L,,(t,r+l;Bk)> <l w2843/ )
k=0
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where ¢ does not depend on f and ¢. The proof is analogous to that of Lemma 10.8.2
in [KMI1].

2.2. Conditions on the operator </ (D,)
Here and elsewhere we use terminology of the spectral theory of operator pencils

following [KM1].
By Aj we denote a linear continuous operator which maps By into B_; for k =

0,....0 —n,j=0,....,n. We introduce the operator pencil
n /—n .
A=Y Ay 7B, ,>B, (10)
Jj=0 k=0

and assume that .«Z(1) is Fredholm for all 1eC and invertible at least for one value
of A. Then the spectrum of .«7(1) consists of isolated eigenvalues of finite algebraic
multiplicity.

The operator pencil

'52{*(2) : Bn/_’an/ (11)

is defined by (x|.o7*(1)y) = (A (1)x|y).
We deal with a variational form of the equation

o (D)u=f in R, (12)
where f'e W, (R; {B_i};_)- By a solution of this equation we mean a function
ue Wi (R; {Bi},_y) satisfying

n /—n

,-; ; /R (Ap D] ult) | DY v(0) di = /R (f (1) | o(t)) dt (13)

for all ve W), om0 (R; {Bi'}i—). We suppose that the operator Ag has a bounded
inverse, which maps By into By.
The left-hand side of (13) generates a bounded linear operator

A (D) : Wit (R {Bi}it) = Wy ioe (Rs { B iy)-

ploc p,loc

We assume that the local estimate

lletllywnco.154803¢2)

< C(H%(Dt)u”W,;”(fl,Z;{B,k}}é:O) + H”Hwp/—n—l(—lﬁz;{s,\v};;g*‘)) (14)
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holds for every ue Wlf‘”(—l,2; {B;},_t). Substituting u(r) = "¢, where 2R and
¢ € B;_,, we conclude that for sufficiently large |4]

/—n

> 12l olls,.,  <Csup|(/ (2] v), (15)
k=0

where the supremum is taken over all ve B,’ subject to

- k
D A ollg = 1.
k=0

It is straightforward that estimate (15) holds for all complex 4 with |arg(+4)|<8,
|R A|=r, where 0 is a positive number and r is sufficiently large. Hence, an arbitrary
strip k_- <R A<k, contains at most a finite number of eigenvalues of the pencil
o/ (2), which have finite algebraic multiplicities.

2.3. Basic properties of </ (D)

We state two propositions concerning existence, uniqueness and asymptotics of a
solution to Eq. (12). Their proofs are literally the same as those of Theorem 10.8.11
and Proposition 3.8.1 in [KM1].

Proposition 1. Let k_ <k, and let the strip k_<3J.<k, be free of eigenvalues of

o/ (1). We introduce the function

u(t) = {ek’(l + t)'"’_1 for t=0, (16)

K1+ )™ for 1<0,

where m . is the maximal partial multiplicity of all eigenvalues of <7 (1) situated on the
line I\ = k4. In the case when there are no eigenvalues on the line 3\ =k, we set

my = 1. Suppose that | belongs to W, (R; {B_k}i_y) and satisfies

O N o o< (17

Then Eq. (12) has a solution ue W/;" (R; { By }\_p) subject to

p,loc

[[uu]| WL (115 Bkt

< [ e = Ol Moo g 45 (18)
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which implies
—k+
||”‘|W;*"(t,t+1:,{Bk}i;3) =o0(e™") as t—>+ 0. (19)
The solution ue W;ﬂ)’é(R; (B Y20 of (12) satisfying (19) is unique.

Let the eigenvalues of the operator pencil .«/(1) be indexed by integers. We denote
by J, the geometric multiplicity of A, and by my, k=1,...,J, its partial
multiplicities. Then the algebraic multiplicity of 4, is equal to my + --- + m,y,.
The number Z, is an eigenvalue of .o/*(2) if and only if 4, is an eigenvalue of .7(1),

and its geometric, partial and algebraic multiplicities coincide with those of 4,. We
fix canonical sets of Jordan chains

{op)} and {yp/},

k=1,...,J,,j=0,...,my — 1, corresponding to the eigenvalues /, and 1, of the
operator pencils (10) and (11). We suppose that the vectors are subject to the
biorthogonality condition

q Myj+S 1

Z Z a(%w}(i")@;{‘ji)mﬂrs—a | lpj(vq)fs) = 5452 (20)

s=0 o=s+1

fork,j=1,....,J,,¢g=0,...,m;— 1. By ;z{(")(l) we mean the derivative of .o/ (1) of
order ¢.
We denote by Z(.<Z, /,) the set of solutions of .«/(D,)U = 0 which have the form

X m l g

U(t) = ™ Z Qum,g, Um—gE€B/_y. (21)

ol
=0

Here /, is an eigenvalue of the pencil «7(1), uy is an eigenvector corresponding to 4,
and uy, ..., u, are generalized eigenvectors. The dimension of Z(.<Z, /) is equal to the
algebraic multiplicity , of 4,. We put

my—1 _g

y z M
‘I)Ec>(z) = Z ol Ef,znkalfa' (22)
=0 :
Then the vector functions
UV (1) = e DidM(ir), k=1,....0s, s=0,...,my—1, (23)

form a basis in Z(.Z, 4,).
Analogously, let Z(.«7*, Z,) be the set of all solutions of .*(D,)V = 0 which have
the form

il - (il)a /
V(t) =e Z 7 Um—c, U,1170-eBn .
=0 :
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Then the collection of the vector functions

V1) = ie D w0 i), k=1, .0, s=0,.mg —1, (24

ks

where

—1 4
v z v
v =) Sl (25)

ol kmy—1—a?

is a basis in Z(.«7*, 1,). The equivalent formulation of the biorthogonality condition
(20) is

n /—n
/ S (4D, (UL (1) | V) (1) di = 510k, (26)
j=0 s=0

where 7 is a smooth function equal to 1 in a neighborhood of — oo and to zero in a
neighborhood of +oo (see [KM1, Section 1]).

Proposition 2. Let k_ <ko<ky and let the strips k_ <3J3A<ky and ko <IA<k, be free

of eigenvalues of </ (1). Suppose that f belongs to Wi (R; {B_k}_o) and satisfies

/ (1 + |r\)m°_l ||f||Wp’"(r,ﬂ»l;{B,k}Zzo) dr< oo, (27)

o0

where my is the maximal partial multiplicity of all eigenvalues of o/ (1) situated on the
line 31 = ky. Then the solutions u, and u_ of Eq. (12) constructed in Proposition 1 for
the strips k_<3i<ky and ko <3IL<k, satisfy

u+(t) 7“*(1) Z Z 2 kp Ukp

3y ko k=1 D=

where

dy = [0 17 o)

2.4. Vector function spaces T' and T
By T'(a,b) we denote the space of vector-functions

Y = (W/l, ...,%/—n)v
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with values in B,_, x --- x By which is endowed with the norm

1/p
||%/||T’(u,b) = < / HW ||B/ n—j+1 + ||DT% ( )||B/ n /) > ’

Also let T(a,b) be the product T'(a,b) x L,(a,b; By) which consists of the vector
functions

U= U U -n1)
with the norm
5 1/p
1\ 00y = (2P oy + 1 om0 im)) "

Furthermore, we use the spaces Tioc'(R) and Tjo.(R) endowed with the seminorms
12 |v1,41) a0 | 215,41y, 1€ R

If ue W/(R; { B}, _s) then by setting %; = D] ™'u we see that

p,loc
UeTi (R) and e T (R)
and

271/17”%”1?([141)<H“||Wp/ n [1+1 {Bk}k 0 < ||% H'ﬂ" (t,t41)" (28)

2.5. Conditions for the operators N'; in Eq. (1) and the majorant ./ (t)

Let us fix two real numbers k., k_ <k;. By m, we denote the maximal partial
multiplicities of the eigenvalues of the pencil /(1) situated on the line 31 = k4. In
the case when there are no eigenvalues on the line 34 =k, we set my = 1.

In what follows, by ¢ and %, sometimes with indices, we mean possibly different
constants which depend on k., p and the unperturbed operator .«/(D,).

In this section and elsewhere, .# is a locally bounded, positive and measurable
function on R, which has appeared already in Introduction. Let us consider the set of

the vector functions % from ﬂ'loc([R{) which satisfy
||QJHWI 1,1+1) <21/p%(l) on R. (29)

We require that the operator .//; appearing in (1) maps the space R x B/, X --- x
By into B_;. We assume additionally that .#"; maps the vector functions subject to
(29) into L, 10c(R; B—;). Also let the following Lipschitz-type condition hold for all

vector functions % and 7~ from ﬂ'lOC(R) subject to (29):

. 1/p
(Z 10t 3r) — 15 mn’;,,(,,,ﬂ;gj))

<P =T g1 (30)
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where p is a measurable, bounded function, which may depend on the majorant .Z.
We put

po = sup p(1)

and assume that p, does not exceed a certain constant c°.
From (30), we obtain

1/p
(Zwv HWMKJ PO 5,11y + 0 (0), (31)

where

1/p
= <Z A5G 0N, Bj)> - (32)
We suppose that
/R,u(r —No(t)dr<c® (). (33)
Note that (33) implies

a(t)< Cc® (1), (34)

where C depends only on k4 and m . In fact, for any f'e L, joc(R)

et < [ Ml des [ Wl o
[t—]<1 li—t]<1

+/ | 1||f||Lp(r,r+l)d’E$C/RM(T*l‘)||f||LF(TJ+1)dT, (35)
T—t—1|<

/11

which implies (34).
Throughout the paper the majorant .# fulfils the condition

elh—repy™ 4(1) decreases and e~ cony ")t A (t) increases. (36)

Note that (36) leads to

a<——=<c¢, for |t—1|<1.
T
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Remark. In what follows we require that the constants ¢® and ¢© are sufficiently
small whereas cy are large enough. Their values depend on k4, p and the
unperturbed operator <7 (D).

3. First-order system corresponding to Eq. (1)

3.1. Reduction of Eq. (1) to a first-order system

Let u be an arbitrary function from W[f o (R; {Bk},i;g) subject to estimate (2),
which implies (29) owing to (28). By conditions for ./*; imposed in Section 2.5, the

operators

u—N;(t;u, DI, =0, ..,m,

map functions from W/ (R; { B}, _4) satisfying (2) into L, 1c(R; B_;). We say that

p.loc
u is a solution of Eq. (1) if

I’l

/ (43D, " *u(t) | Dio(0)) di

Jj= 0 k=0
/ D)) | D o() de (37)

for all ve W), oo (R; {Bi'}i—o)- We write Eq. (1) in the form

Z Dot (D,)u Z DN i(tu(?), ..., D7 "u(f))  on R, (38)
Jj=0
where
/—n
(D)= AzD/ "k
k=0

Let % = col(#,, ...,%;), where
Uy =D"'u, k=1,....0—n, (39)

U piy = Ao(D)u— No(t,u, ..., DI ™"u) (40)
and

Ut-nsj=DUspij1+ A ((D)u— Ni_1(t,u, ..., D" u) (41)
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for j =2, ...,n. With this notation, (38) takes the form
DA+ A o(D)u — N y(tou, ..., D ""u) = 0. (42)

Using (39) and the notation & = D/~"u we write (40) as
/—n—1
AnZ = No(GU L)+ Ui — Y, Aosn iy, (43)
k=0
where as before %' = col(Uy, ..., Ur—n).
Lemma 1. There exist constants Cy, Cy and C; such that the following assertions hold.
() Let U = (U', U s—n11) belong to Tioe(R) and satisfy
HW”mm <CAM(t) on R, (44)

where Cy<1. Then Eq. (43) has a unique solution

¥ =L (6U)
in Lpjoc(R; By) subject to
2111, 141580 < CoUl 241y + 0 (0)) (45)
with ¢ given by (32).
(1) For all U satisfying (44)
19 (159) = S 0|1 151380 < C3 O 5,41y + (1), (46)

where & is a linear operator defined by

/—n—1
yo% = A(;Ol <%/ﬂ+l - Z AO‘/nk%qul) . (47)
k=0

(i) For all U, U € Tioc(R) subject to (44)

1S (t:0) = S (6 U1 101,80 SNV = Do 5,1 (48)
Proof. (i) We write (43) as

Z=7,U%), (49)
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where
/—n—1
5 -1
F(UZ)=Agp | No(GU 2 )+ Up—pi1 — Z Aosnrk¥Urs1 |
k=0

We introduce the Banach space B of functions in L, oc(R; By) with the norm

||u||L (,t+1;By)
su p\ty 50
P T a0

By B(r) we denote the ball in B with radius r centered at the origin. Let Z € B((C,).
By (31) we have

||97(';02lﬂg)||Lp(tﬁt+l;Bo)
<o (t) + pO) U 1 vger) + 12 ygeavrion) + 1205 pa)- (50)
Using (34) and (44), we obtain
17 (5 2)| 1 1.0y < €(Ce® + po(Cr +q) + ) (1),
We can choose Cj, C5, ¢® and the upper bound ¢° for p, so that
o(Ce® + (G + ) + C) < G
which means that # maps B(C,) into itself. The Lipschitz condition (30) leads to
T (5, 20) = F (U, 25)|

ySepol| 21— 2ol

t,t1+1;By t,t+1;By)

for all 2|, %,eB(C,). Hence there exists a unique solution of (49) from B((C,).
Estimate (45) follows directly from (49) and (50).
(ii) Since
L(GU) — LU = Agd N o(6 U, S (),
we deduce (46) from (31) and (45).

(iii) Replacing the pair (%, %) in (43) by (%, %) and (%1, %), we obtain from
(30) that

21 = 2211, (as1.8) < L0121 = 2211, g1,y + 10 = W25, 141)
+ || - %2”1?(:,;4-1)7

which implies (48). [
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By (39) and (40)

Dl 7Mu= (), (51)
It follows from (39) that
DA = Uiy fork=1,...0 —n—1. (52)
Hence
DUy =S (t;U). (53)
Using (51), we write (41) as
/—n—1
DUt —nij =Mr—nyjs1 — Z AjponiMUysr — Ajo S (t;U)
k=0
+ MU, S (GU)) (54)

forj=1,...,n— 1. Then (42) takes the form
/—n—1 R R
Dl + Y AnsniWisr + A (GA) = N (6, S (59)) = 0. (55)
k=0
Relations (52)—(55) can be written as the evolution system

(ID, + WU(t) —N(t;%(1)) =0 on R, (56)

where the operator 9t is given by

N(t;U) = col(0, ..., 0, Ny (;U), Vyonir (LU, ..., Ry (6U)), (57)
with
. R /—n—1
Nyn(t;U) = S (;U) — Ay <%/n+1 - Z AO/nkW/kJrl)
k=0
and
Ny (1)
. R /—n—1
= Ni(6U S (6U)) — Ajo <V(t; ) — Ay <%{n+l -> Ao,/nk“///kH))
k=0
for j =1, ...,n. By (43) these relations can be written as

R (6;9) = Agd Vo', S (100)) (38)
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and
Ry () = N (U S (1)) — AjoAgg N o(6U', S (1)) (59)

forj=1,...,n.
In (56), we denote the identity operator by .#. We also use the operator matrix

A=—7+2 (60)
with # = {7}/, given by
(l—n+1)
0O I 0 - ..
0 0 I 0
“—n)| 0 Ay 0
0 0 0 1
0 0 0 0
and 2 = {Bjk}j:k:] equal to
0 0 0 e 0
0 0 0 e 0
A(;OIAO,/,H AaOIA()’l 0 - 0
Avyon — A1gAg) Aoy—n =+ Aig — A1gdgd Aoy ArgAyy - 0
Angn — AnoAo) Aoy—n =+ At — AnoAgd Aog  AwAyy - 0
with zeros in the last n — 1 columns.
We put
T =By X - X By X By x (B_,)""! (61)
and
R=Bs_,_1 X -+ XB X By x (B,n)n. (62)

By the continuity of Ay : By — B_;, the operator A:J — Z is continuous.
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3.2. Vector function spaces T and S

Here we collect definitions of some spaces which are used in the sequel. Let 7 and
R be the spaces defined by (61) and (62). We introduce the space T(a,b) of vector

functions % = col(% j).f:1 defined on (a, b), taking values in J and supplied with the
norm

1/p

Wleian = ([ 1 + Do) )
This definition is equivalent to

T(a,b) ={%:UecL,(a,b;7),DUcL,(a,b;R)}. (63)
Note that % € T(a,b) implies %' = (U, ..., Us_,) €T (a,b) and U= (U, Uy_1)eT
(a,b) (see Section 2.4).

By S(a,b) we denote the space of all vector functions %(f) represented in
the form

U(t) = col(u(t), ..., D" u(t), us_pii1 (1), ..., us (1)), (64)
where ue W/ ~"(a, b; {Bj}j;g),
urny1€Ly(a,b; By), Dty ni1€Ly(a,b;B_y) (65)
and
Urnijs Dty —nij€Lp(a,b;B_y), j=2,...,n. (66)

We equip the space S(a, b) with the norm

— P 4
||%||S(a,b) - <|u|mf”(”*b?{3/}]/‘§) + ||u/*n+1||L,,(a,b:Bo)

n 1/p
+ ||Dtu/—n+1| 27([171);37”) + Z(||u/—n+j| Z,(a,b;Bfn) + ||Dtu/’—n+j| Z,(a.b;B”)) .
Jj=2

Clearly, S(a,b)=T(a,b) and

v (a,) < €l s a0 (67)

for all % €S(a,b).
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We use the notation Tjo.(R) for the space of vector functions defined on R whose
restrictions to an arbitrary finite interval (a,b) belong to T(a,b). In the same way,
the space Sioc(R) is defined.

3.3. Equivalence of Eq. (1) and system (56)

Lemma 2. (i) If ue W/, "' (R; {B}i;ﬁ) is a solution of (1) subject to (2), then the vector

p.loc

Sfunction U given by (39)—(41) belongs to Sioc(R) and satisfies (56) as well as
| |s (1) S (1) for teR. (68)
(ii) If U € T1oc(R) is a solution of (56) subject to
|y (g 11y S CAM (D) for 1€R, (69)

then U €Sioc(R) and the function u = U, is a solution of (1) satisfying (2).

Proof. (i) In order to verify the inclusion % €Sjo.(R) and estimate (68), it suffices to
show that

%anJrl EL[),IOC([R; BO); Dt%ﬁ”fnJrl ELp‘IOC(R; Bfn)a (70)

%/7n+j7Dtu/7n+j€Lp,loc(R;Bfn)a Jj=2,...,n, (71)

and that

(ll%/"+1||12,,(t,1+1;30) + ||Dt%/*n+1Hi,,(r,tJrl;B,,,)

n 1/p
(. ) RO

Jj=2

4
L,(t,t+1;B_,) + |‘Dr%/—n+j|

The first inclusion in (70) and estimate (72) for the norm of %,_,, follow from (40)
and (34).

Let ne Cy°(0,1) and n,(t) = n(r — ¢). From (40) and (41) combined with (2) and
(34) we obtain

t+1
| emtontc = 0 de| <cnto, (73)




466 V. Kozlov (Linkdping), V. Maz’ya ( Linképing) | Journal of Functional Analysis 217 (2004) 448—488

where j = 1, ..., n. Let the mean value of # on (0, 1) is equal to 1. By the identity

T+1
V)= [ Urmis(o(s =) ds

+1 T+l
_ —i/ Dlls(0) dcr/ n(s — 1) ds

and by (73), we arrive at

||%/*Vl+j||Lﬁ(t.t+l;B,,,) <C(~ﬂ(l) + ||Dt%/’—n+j||Ll7(;,t+1;B,”))- (74)
This inequality with j = 0, along with (42), yield (71) with j = n and the estimate
(||%f||pL,,(t.t+1;B,n) + ||Dt%/||[i,,(z,z+1;13,,,))l/p<C%(I)'

Estimates for the terms in (72) with j=n—1,...,1 together with the remaining
inclusions in (70) and (71) result from (41) and (74).

It follows from the reduction of (1) to the first-order system (56) performed in
Section 3.1 that % satisfies (56). The result follows.

(i) By (52) and (53) we obtain % =D'%, for k=1,....,/—n and

Z(t J?/) = D/™"9,. These equalities along with (69) imply (2) for u = %;. Equality
(43) becomes

Usnir = Ao(D)UN — No(t; Uy, ..., D."Uy),
whereas (54) takes the form
Dy nij=Utnyji1 — A; (D)UY + N (U, ..., D" Uy)
forj=1,...,n— 1, and (55) can be written as
DA + A (D)UY — N (U, ..., DI7"U) = 0.

The last three equations imply (38) for u = %;. O

4. Properties of the pencil (1.7 + )
4.1. Correspondence between /(1) and the linear pencil .9 + A

Lemma 3. Let the row vector e(1) = (e1(4), ...,e,(1)) be given by
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n

3/711(2) = Z ;Ln_jAj07

j=0
k n )
erni(R) =D AT T4y k=1,..,/—n—1

s=0 j=0

Then for all AeC the equality
e(A)(AF +A) = ((1),0,...,0)

holds.
Proof. It follows from (78) that
)LE/,j —e/—j-1 = 0

forj=0,...,n—2,

n

) 1 1

Jes ny1 —ernAgy + E e nijAjodyy =0,
J=1

n

2es kit — €/ nk + ernAg) Aok + Z er—n+j(Aj — AjAgy Aok) = 0
=
fork=1,...,/—n—1and

n
et +esnAgy Aosn + Z ern+j(Ajs—n — Aj Aoy Aos—n) = A (2).
=

(76)

(77)

(81)

(82)

Putting e, = 1 and using (79) we obtain (75). Equality (76) results from (80) and (75).

Now, using (81) together with (75) and (76), we arrive at

n
e/ n—k = A/n_ky1 + Z A" Aje
=0

(83)

for k=1,....,/—n—1 and (77) with k=1, ...,/ —n—2 follows from (83) by

induction. Finally, using (75) and (76), we write (82) as
Aey + Z /InijAj,/?n = %(;“)1
Jj=0

which leads to (77) with k =/ — n — 1. The proof is complete. [
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We introduce the operator matrix &(4) = {51;(1(7»)};4:1 as

(¢ —n)
€l ()») 6’2(1) o €pp (/L) e €/ ()») e/()»)
-7 0 0 0 0
0 -7 0 0 0
vonin| . 5 : . (84)
0 0 —Aoo 0 0
0 0 0 -1 0

One can check directly that 7'(2) is given by

(/—n+1)
0 -7 0 0 0
0 0 0 0 0
(=m0 0 - —dy 0 0
0 0 0 0 -7
1 61(/1) 6/,,1(2) 6‘/,2(/1) 8/71(/1)

We obtain the key result of the present section which describes an explicit
correspondence between the pencils o7 (1) and 4.9 + 2.
Proposition 3. For all 1eC

EN)(AI + ) = diag(/ (1), 1, ..., 1) (J””() ) 0 ) , (85)

where the d x d matrix J4(1) is defined by

|

Lo~
~ o
o o
o o

o O

o O...
I~

~

~ o
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Here the n x n matrix M is defined by

0 0 0 0
AIOASOI 0 0 0
M = Az()AaOl 0 0 0
An,1,0A0701 0 0 0
and the n x (¢ — n) matrix %(1) is given by
Aorn ... Aon Aot
Aispn A A
B(3) = 1/ . .12 .11
Anfl,/fn An71,2 Anfl,l
0 0 — A
- AwAgtAosn ... Ay Ao Ao Ayl Aot
An10Ag Aoy oo Apn104g0 Aoz An-10A4g Ao

Proof. By Lemma 3, the left-hand side in (85) is a triangular matrix with the
diagonal «/(1),1, ..., 1. One can verify directly that this matrix is equal to the right-
hand side in (85).

Clearly, J;(7) has the inverse

I 0 0 0 0
AT 0 ..ot

J)t=\ 2 a1 o (86)
: : S A
Ja=t =2 )d=3 VA

We recall that the matrix ¢! (/) is polynomial. In the next lemma we prove the same
for the last matrix in (85).

Lemma 4. The following formula is valid.

Jrn(2) 0 (IO 0
("o nn-u) ‘( 00) J;1<A><1+M>>’ 57
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where the elements of the matrix Q(1) = {0 (M)}, j=1,...,n, k=1,....,/ —n, are
given by

~

i1 n

Oj(2) = A kA} —s=1,/—n—q- (88)
q=k—1

~

Il
(=]
Il
s

s

Proof. Let us look for (J,(4) — M)~ in the form J () + S(A), where S(J) has

n
nonzero elements only in the first column and Sj;(1) = 0. We have

(n(2) = M)(J; 1 (2) + 8(2) = 1 + Ju(1)S(2) — MJ, (2).

Hence,

Therefore, we arrive at (87) with
0(2) = (J; ' (2) + S(2)) A1), (2).
One can check that the last equality gives (88). [
The next proposition is a straightforward application of (85).
Proposition 4. (i) The operator
AI+UN T >R (89)

is Fredholm for all J.€C.
(i) The spectra of the operator — and the pencil </(1) coincide and consist of
eigenvalues of the same geometric, algebraic and partial multiplicities.

Proof. Let
B =B, x By % - x By x By x (B_y)" ",
The operator
EN):R—>DB

is an isomorphism for all Ae C. Analogously, one verifies that the operator

{—J;()x) Ju)O—M}:y e

is isomorphic for all 2eC. Hence and by (85) the polynomial operator functions

I+ W T >R
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and

diag(/(1),1,....1): T -8B
are equivalent and therefore these functions have the same spectrum and the

geometric, partial and algebraic multiplicities of their eigenvalues coincide (see, for
example, [KM1, Appendix]). O

4.2. Spectral properties of the pencil 1.9 + U
We introduce the vector functions

) (1) = col(#,) (1),

by the equality

) J;1.(D, 0 ,
%)(t)=< ‘Q(I()l)) JnI(Dt)(IJrM>>001(U,£j)(t),0,...,0).

Using the description of the operators given in the previous section, we get

Ugy() =Dy UG (), s=1,...0—n, (90)
and
) s—1 /—n )
Uiy —nss(1) = Z Asp1sn-gDI? Uk} (1) (91)
p=0 ¢=0
fors=1,...,n.

We introduce the vector functions

1) = col(V" I ().

which are given by
10 (1) = 6 (Dy) col (V) (1), ..., 0).

This is equivalent to the equalities

/—n—s

S n

-(v % NC—S—q— v

Vi) =3 > 4,0V )
p=0 ¢=0
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fors=1,....0—n—1,
k// n ZA anv ) (92)
and
Vi) =DV (0) (93)
for s =1, ..., n. By the definitions of 02/ and ”V for every teR
01[1((;)(1)69— and “V',((‘]’.)(t)e%* :( B))" x Bo XB "% - x By /1. (94)
Using (85) and (87), we obtain
(4D + WL (1) =0,
(FD,+ W) (1) = 0. (95)

The next assertion contains analogs of Lemma 12.4.1, Proposition 12.4.2 and
Corollary 12.4.3 in [KM1]. Its proof follows the same lines as that in Section 12.4
[KMI1].

Proposition 5. (i) Let n be the same function as in (26). Then
[ <D 0) 1750 de =634 (96)

where we use the duality
/
w1y =3 (Us|77) (97)
s=1
forall U = (U1, ..., %) and V" = (V"1, ...,V s).
(i1) For every t€R, the systems

{5 Y A7 (O},

where k=1,....J,, j=0,....my — 1, form canonical sets of Jordan chains
corresponding to the eigenvalues ), and J., of the operator pencils 1.9 + W and 1.9 +
W*. The biorthogonality relation holds:

a0y = —istoks). (98)

(ii1) The equalities

(o + W) (7) = 0, (99)
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() (v)
(S + W) () + ) (1) = 0 (100)

hold for h =1, ...,my — 1.

(iv) The vectors ¥~ ,(:,'1) satisfy

(FL+ W) (1) =0, (101)
(S0 + W) @) + 77 () =0 (102)

for h=0,1,...,my —2.

Let k4 and ko be real numbers such that k_ <k <k, and all eigenvalues of .o/ (1)
in the strip k- <3A<k, are situated on the line 31 = ky. We introduce the Riesz
projector # by

PF (AI +A)'Fdi, (103)

2ni r

where I' is a smooth simple contour consisting of regular points of A/ + 2 and
having the eigenvalues 4, with 34, = kj inside, F is an element of #. In the next
proposition we collect properties of the operator £ which are proved in the same
way as Propositions 12.5.1-12.5.3 in [KM1].

Proposition 6. (i) For every t1€R the formula

Jy my—1

sy 35

Sh=ky k=1 j=0

7@ (x) (104)

holds. (In particular, the right-hand side in (104) does not depend on 7).
(i) The operator 2 maps R into 9 and P* = P.
(iii) For an arbitrary U e T,

APU = PAU. (105)
(iv) The equalities
P (1) = U}) (v), (106)
7y (zr) = v (1) (107)
& ki T ki T

hold.
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(v) The operator function

. w—1
DD SRS E SN 0 (108)
k= j=0

depends only on t — .
In the following statement we use the space T(a,b) defined by (63).
Proposition 7. Let 2 be the Riesz projector (104). If % € T (a, b) then PU €T (a, b) and

2P| v 0.5y < €l 0 ) (109)

where ¢ does not depend on a,b.

Proof. By (104) with t =0,

Jy my—1
U =i Y Y ZM/ |71 (0) >, (0).
Si=ky k=1
It suffices to estimate

||<@%|\L,,(a,b;x7) and ||D19@/||L,,(a,b;;%)a

which is achieved by using (94) with t = 0. O

5. Asymptotic representation of solutions to Eq. (1)
5.1. Spaces X and Y

Here we add some new function spaces to spaces T and S defined in Section 3.2.
By X(a,b) we denote the space of all vector functions

U(t) = (F —P)V (1) (110)
with 7" e€S(a, b). We equip the space X(a,b) with the norm
||J7f||x a,b) ianaV‘HS(u,bV

where the infimum is taken over all ¥~ in (110).
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Lemma 5. The space X(a,b) is continuously embedded into T (a,b) and the estimate
| 0.5y < €l 2| a0 (111)
holds, where ¢ does not depend on a,b and U .
Proof. Let % be given by (110) where
77(t) = col(u(), ...,Df‘”_lu(t),u/,nﬂ, ey Uy)
with ue W7~ (a, b; {Bj}j;(')’) and other components subject to (65) and (66). Then
NN v () < CI Nl (ap)
by (109). Using (67), we arrive at
Ny (a) < CNY s a)-
Since this is valid for all ¥"eS(a, b) satisfying (110), we obtain (111). O

We define the space Xjoc(R) of all vector functions on R which are represented in
form (110) with a certain 7" €Sjoc(R).

We shall also use the space Yo (R) of vector functions 7 (¢) = col(F /(l));:—f given
as

F(t) = col(0, ..., 0, fr-n(t), ... [7) (112)

with some f7_n1 ;€ L, joc(R; B—;),7 = 0, ..., n. We equip this space with the seminorms

n 1/p
1 by oy = (ZO ||ﬁ_n+_,||ip(,,,+l;3,)) -
Jj=

5.2. Spectral splitting of the nonlinear system (56)

Applying 2 and .# — 2 to system (56) we arrive at

(FDi+Wu— 2N(t;0+v) =0 on R (113)
and
(ID,+ Wy — (F —2)N(t;0+7) =0 on R, (114)
where @ = col(uy, ...,u/—11), vV =col(vy, ..., V,_n+1) and

u(t) =2U(t), v(t)=(F—-P)U(t). (115)
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Thus we have split system (56) into the finite-dimensional system (113) and the
infinite-dimensional system (114). Clearly, % € Tioc(R) implies that u and D,u belong
to €Ly 10c(R; 7).

The next proposition shows the equivalence of (56) and the split system (113),
(114).

Proposition 8. (i) Let % € Tioc(R) be a solution of (56) subject to (68). Then the pair
u, v given by (115) satisfies the inequalities

llr (i) S (2), (116)

IVl v40) S € (2) (117)

and systems (113), (114)

(i) Let u and v belong to Tioc(R) and be subject to (116) and (117). Also
let u(t) = Pu(t) and v(t) = (F — P)v(t) on R. Then % = u+v satisfies (69) and
system (56).

Proof. The proof is obvious. [

This proposition, combined with Lemma 2, ensures the equivalence of equation
(1) and the split system (113), (114).

5.3. Solvability of the unperturbed infinite-dimensional part of the split system

In what follows, we fix numbers k_, k. and k¢ so that k_<ko<k,
and the eigenvalues of /(1) in the strip k_<3i<k, are situated on the
line 31 =ky. By my we denote the maximal partial multiplicity of all
eigenvalues of /(1) situated on the line 341 =k,. In the case when there
are no eigenvalues on the line 34 = k., we set my = 1. As before, by ¢ we mean
possibly different positive constants depending on the operator .o/(D;) and the
numbers k4, k.

Here, we deal with the system

(ID+Ww= (S —-2)F on R. (118)
Proposition 9. (i) (Existence) Let F € Yoc(R). Suppose that

/R WPy dr< 0, (119)

where u is defined by (16). Then Eq. (118) has a solution we Xoc(R) satisfying

Wl < / (e = O F s, . (120)
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(ii) (Uniqueness) Let we Xjoc(R) be a solution to (118) with 7 = 0. Also let

ole™®1) if t— 4+ oo,
Wl = {O(W) e (121)

be valid. Then w = 0.

Proof. (i) It is the same as that of Theorem 12.7.1 in [KM1], and the proof of (ii)
follows the same lines as that of Lemma 12.8.1 in [KM1]. O

Remark. Obviously, (121) follows from (120).

5.4. The infinite-dimensional part of the perturbed split system

We start with a unique solvability result for system (114), where 9t is given by
(57)-(59). First, we obtain some properties of the operators 9t to be used in this
section and in the sequel. Combining (30), (46) and (48), we conclude that for all %,
and %> subject to (44)

1RC;21) = RC; A2y oy S PO = o111 (122)
This together with (31) implies
1RG0y S PO,y + (D). (123)

Proposition 10. Let ¢, be a sufficiently small constant. For any ﬁe'ﬁ'loc(lR) such
that

||ﬁ||'ﬁ(17[+])<c*%(1)7 (124)
system (114) has a unique solution ve Tioc(R) subject to

[Vl 11y S €5 (2). (125)

Proof. We need the Banach space W(.#) of vector functions from To.(R) such
that

] — sup ||W||T(I,t+1)
W(.AM) R ﬂ(l‘)

The notation U, (.#) will be used for the ball of radius r in VW3(.#) centered at the
origin.
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We introduce the inverse operator S: (S5 — P)F »w, where we X (R)
satisfies (118). The domain Z(S) consists of all vector functions (4 — 2)F
with Z € Yo (R) subject to (119). By Proposition 9, the solution w exists, is unique
and satisfies (120).

We look for a solution v to (114) subject to (125). Let us set & = (t; 0+ v). By
(123),

1 s ey <Ol + ¥l 111, + 0(0)):
Making use of (34) combined with (124) and (125), we see that
UZ |y (1) S €(Pocs + )M (1).
Therefore, (4 — 2)F belongs to 2(S) and we can define the operator
TW)=G6(S —2)N(;a+V).

We need to prove the existence and uniqueness of a fixed point of 7. It follows from
(120) and (123) that

1T ey <€ / (e = (@)Wl vy + 1(2)) d, (126)
where

oi(t) = P(T)Hﬁ”ﬁ(f,wl) +a(1).

Inequality (67) shows that T is a continuous map of W, (#) into V(.4).
Continuing estimate (126) with help of (33), (124) and (125) we arrive at

1Tl <2 (Poc*/Ru(rt)//(r) dr+c<>%(t)),
Using definition (16) and (36), we obtain
PO/R,U(T —t)M (1) dt
<poH (1) (/oc een" 01 47— 1) dr
:

t
i / e "0 (1 4 g = gy d1><c(c;m++c_'")/%(t). (127)

o
We may assume that the constants ¢® and ¢, satisfy the inequality
cle(c™ ™)+ %)<, (128)

Hence, the operator T maps W, (.#) into itself.
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We deduce from (122) that for all v; and v, in W, (#)
1760 = Tl <C [ = 0p(@lt =Sl oy e (129)

Hence,

A A Po
T - T < C — 0 (t)d —
17G) = Tl < oo sup 1 | e = 0.42) ey = vl

Making use of (127) and (128) we derive
T (1) = T2l <cllVi = Vallase.a

with ¢<1 for all v, v, from 28, (.#). The result follows from the Banach fixed point
theorem. [

We shall use the function

k-(po)t >0
e or t=0,
t) = 130
Hol1) { ek+ Pt for <0, (130)
where
1
kt(x) =k izc;xl/’"ﬂ x=0 (131)
with ¢4 in (36).
In the following proposition, we show that estimate (125) can be improved.
Proposition 11. Let a satisfy (124). Assume that
[ no@iae) dese.ao), (132)
R
where ¢® is the same as in (33). Then there exists a constant C* such that
Moy < C° / to(t = D(p@ill5,.11) + 0(0)) d. (133)

Before proving this proposition, we note that (132) implies (33) by u(#) <po(2).

Proof of Proposition. By (124) and (132), the integral on the right-hand side in (133)
has the majorant

0o /R to(t — t)codl () dt + c© (1)
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e, (Ci + é) M (1)

(compare with (127)), which shows that the right-hand side in (133) is less then

Cc* <cc* (L—i-i) +c<>>(/%(t). (134)

C_ Cr

The first term does not exceed

Using the smallness of ¢=', ¢! and ¢® we estimate (134) by ¢..#(r). Hence, (125)
follows from (133).

Let us prove (133). By .#,(t) we denote the integral on the right-hand side in (133)
and we shall use the notation introduce in the proof of Proposition 10, now with .#
in place of .#. Let us verify the inequality

Ty 01y SC A1 (1)

for all ve W (#,). Inserting estimate (133) into (126) we arrive at
1700 = €( [ nte = o)
+ C*po/ / (T = Dpg(s — 7)1 (s) dsdr). (135)
R JR

Let us find a majorant for the double integral in the right-hand side. Recalling the
definitions of p and y,, we see that for s>1¢

1 1
T — g(s — 1) dr<< (P51 < + )
/R (T — ol — 7) (o) k- T E —k(oy)

k_(s—
Lok (C +2) sy
PoC—

Similarly, for t>=s we have

[ o=ty e 42 )i
R

PoC+

Hence, the double integral in (135) does not exceed

(C+ (i-kc%)p%) /R,uo(s —1)oy(s) ds. (136)

2 2
TVl < C(l +C (cco + _+_)>‘/%l(l)a
Cc_ Ct

Therefore,



V. Kozlov (Linkoping), V. Maz’ya (Linképing) | Journal of Functional Analysis 217 (2004) 448-488 481

where ¢° is the same as in Section 2.5. Since the constants 1/¢°, c_ and ¢, are large
enough and C* can be chosen to satisfy 2C < C*, there holds

1TVl 1) < Cot1(0).

i+l

Thus, T maps We-(A41).
We show that T is contractive. By (129)

IT(1) = Tl i) < Coo / (e — 0.401(z) dal [y = ¥l

The last integral is equal to the double integral in (135), which has the majorant
(136). Hence,

T (1) = T(¥2)

2 2 . .
W) S C(CCO + (a +C—>> 1 = V2l o)

By smallness of ¢®, 1/c, and 1/c_ the constant factor on the right-hand side can be
made less than 1. The result follows by the Banach fixed point theorem.
5.5. The finite-dimensional system

By Propositions 10-11, for any ﬁeﬁ'loc(R) subject to (124), one can define the

inverse operator I : i— ve Xjoc(R) solving system (114). Proposition 11 guarantees
the estimate

IIW[ﬁll\X(z,t+1><C/M1(f = D(e@Ill§(; 40) + (1)) dr. (137)

Using the operator 9, we write (113) in the form

—

(ID, + Wu — PN(t:a+Ma) =0 on R. (138)

We rewrite this system as

(4D, + Wu — 2N (1;8) — 24[4) =0 on R, (139)
where
%O (1) = col(0, ..., 0, (5;0), N (50), ..., 0 (1;8)), (140)
with

N (18) = Ayl N o (U, F i) (141)
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and

O

P (50) = N5, Fo0) — AjgAgy N o(1;0', Foid) (142)
for j =1, ...,n. Here % is given by (47). The operator # in (139) is defined as
A1) = N(s 0+ Ma]) — RO (4 0). (143)

We wish to obtain estimates for 4" to show that it plays the role of a weak
perturbation at infinity of the differential dynamical system

(ID,+Wu—2R"(1;4) =0 on R.

Lemma 6. (i) For all ie T o.(R) subject to (124)

\I%”[ﬁ]IIW,,+1)<cp(I)/Ruo(f = (Pl ¢ r1y) + (7)) dr. (144)
(See (130) for the definition of p).

Proof. We represent ¢ as the sum #'| + %5, where

—

Ay [a] = (s 0+ M[a]) — N(sa)
and
A5l = N(za) — RO (e a).

Estimate (144) for | follows from (122) and (137).
By (122)

n 1/p
(Z Ao, P () — A5 u/,y0ﬁ||’zp(t,,+l;3/)>
=0

<cp()[|L (5 0) — fqoﬁ”L,,(z,zH;Bo)'
Combining this with (58), (59) and (141), (142), we arrive at

A 200y 1y S ep (DI (58) = Fo ()]

L,(t,t+1;By)"

We note that by (35) with u replaced by u, the right-hand side does not exceed
eol0) [ no(e =011 (38) = Ll 11, 0.

Using (46), we obtain (144) for 2#",. The proof is complete. [
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5.6. Asymptotic representation of solutions to Eq. (1)

We are in a position to formulate an asymptotic representation for solutions to
Eq. (1).

Theorem 1. Let as before k. and ko be real numbers such that k_ <ky <k and let all
eigenvalues of the operator pencil o/ (1) in the strip k_ <3J3). <k, be situated on the line
34 = ko. Suppose that the nonlinear operators N'; are subject to the conditions in

Section 2.5 and (132) is fulfilled.
(1) Denote by u a function in W;gé([l%; {Bk},/;g)) satisfying Eq. (1) and estimate (2).

Then the vector U defined by (39)—(41) can be written as
U=nu+v, (145)

where u = 2u belongs to Tioc(R), and satisfies (124) and (139). The vector v e Xoc(R)
admits estimate (133).

(i1) Let u = Pu be a solution to (139) subject to (116) with a sufficiently small ¢ and
let v.="[a]. Then U given by (145) satisfies (69) and system (56) and u = %, belongs
to Wzii)’é([l%; {Bk},i;'(’)), is a solution of (1) and subject to (2).

Proof. (i) Formula (145) follows from (115). Estimate (133) is established in
Proposition 11. Eq. (139) for u is derived in Section 5.5.
(i1) The assertion follows directly from Proposition 8(ii). [

Remark. Suppose that p(1)—0 as t— + oo and that g(¢) = 0 for large positive ¢.
Then (133) shows that for large positive ¢

Wby <€ ( [ s = 0pOlils s +e700).

One can check that the integral on the right-hand side is o(|[d]|(,,,)) under mild
assumptions about [[@[[4, ). This means that v plays the role of a remainder term
in the asymptotics % ~u.

We give another plausible argument in favor of the relation % ~u.
Under the assumptions p(¢) = o(1) and o(z) = o(.#(t)) as t— + oo, estimate (133)
implies

¥l x40y = (A (1)) as 1= + c0. (146)

So, if ./ (1) is an asymptotic majorant for |[ull; ., ,,1.(5,/) then wis the leading
P 5 5 k S fe—t

term in (145).
Let us justify (146). We have

POl p41) + o (t) <e(r)-4 (1),



484 V. Kozlov (Linkdping), V. Maz’ya ( Linképing) | Journal of Functional Analysis 217 (2004) 448—488

where ¢ is a bounded nonincreasing function such that ¢(¢) -0 as t— + oo. Now we
majorize the right-hand side in (133) by

o0 t
c( / K00y (2). a0 (2) dr + / K0y (0).a(x)
t

N

-N

N
Jr/ ek+(l)o)(7*’>8(1—)ﬂ(f) dr+/

ek+(l)0)(‘f*t)8(f)ﬂ(f) d‘L’> .
N -

By the monotonicity condition (36), the last sum is dominated by

C(e(t)t (1) + e(N).A (N)e+ P N=0

N
+ e kiloor / 6(2) M (7) d + o(— o0 )e E DN (),
-N
which together with (36) gives (146).

5.7. Another form of system (139)

In the present section we write system (139) in a form, which does not
contain the operator 2. This is achieved by the following change of the unknown
vector u.

Using Zu = u and (104), we write

J‘- mkal
un)= > 3 N ) (147)
Siy=ky k=1 j=0
with the coefficients
(1) = i<u(t) |7 (1) (148)

Clearly, ue Toc(R) implies h,i;) W) 10c(R).
For brevity, in the next formulae, we omit indices v, k and j in J?/Ey and h,((;).
According to (90) and (91),

U() =D'U(1), s=1,....0 —n, (149)

and

T
~
|
3

Urpis(2) Asp1snygDIPU(L) for s=1,...,n,

)
Il
o

<
Il
(=1
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where the functions U (with indices) were defined by (23). Therefore,
u (1) = Zh(l)Df‘lU(t) fors=1,...,/ —n.
Also note that
S0l = DU, (150)

where % is defined by (47).
Making use of (95), we rewrite system (138) as

S (D) ()2 (1) — 2RO (1;6(1)) — 2A[d](1) = 0. (151)
Hence,
(D)) Cu@) |77 (1)y = <PRO(E8(0) | 77(1)y = <PA[a)(0) | 7(6)> =0,
where 7" = 7). By the biorthogonality condition (98) and by (107)

L (o) + RO a0) |7 (0)> + AT (1) =0, (152)

Using the coordinate notation as well as (141) and (142), we see that the last
functional is equal to

n
SO 1V rs(0)) = (Agg N o(ts0, S0) | 1)
q=0

n
+ D (N, Foi)
q=1

— ApAg) N o(t; 0, Lob) | V1 niq)- (153)

According to (92) and (93), we may write this in the form

n n
(AO‘O' N0 Z A Di 1 V) +Y (N y— AgAgs N0 | DITIV).
q=0 q=1
Hence,
n 0 n R e
SO 1V (1) = Y (N (50, Foi) | DV (1)) (154)
q=0 q=0

Let us introduce the »-dimensional vector

N(#:h(7)) = Z (,qu(t; ST hOU@), ..., Y h() D/ U(z)) ] D';’qV(t)), (155)

q=0
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where % is the number of components in h = {h,(;.)}, Sy =ko, k=1,...,J,, j=
0, ...,my — 1. Combining (152), (154), (155) and (150) we arrive at the following
equivalent form of the x-dimensional system (152):

%h(z) +N(£h(2)) + K[h)() =0, (156)

where
K[h](2) = <A @] (1) | 77°(2) > (157)

We are interested in solutions of (156) subject to the estimate
| <c(b). 158
I, sen (158)

where my is the maximal partial multiplicity of the eigenvalues on the line 34 = k.
By (147), this restriction enables one to obtain solutions u of (138) satisfying (124).

5.8. The case of eigenvalues without generalized eigenfunctions

Let us consider the particular case m,; = 1 for all v and k in (147). In other words
let there exist no generalized eigenfunctions corresponding to the eigenvalues
on the line 31 = k. Let as before all eigenvalues of the operator pencil .27 (1) in the
strip k_ <31 <k, be situated on the line 34 = ky. Here we deal with the eigenvalues
Ay, on the line 31 =ky. Let us denote the corresponding eigenfunctions of the

pencil «7(1) by qo,(("), k=1,...,J,. The eigenvectors of the pencil .o/*(1) correspond-

ing to the eigenvalue 2, will be denoted by wﬁ(w. The biorthogonality relation (20)
becomes

d.of W ;
(W (e 1Y) >) = 5].

Theorem 2. Suppose that the nonlinear operators N; are subject to the conditions in
Section 2.5 and (132) is fulfilled.

(i) Denote by u a function in W;BZ(R; {Bk},i;g)) satisfying Eq. (1) and estimate (2).
Then

col(u(t), ..., D/ "\u(t))

= W (1) @) col(1, Ay, ..., 2771

+ col(vi(2), ..., v/—n(2)), (159)
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where the vector function h = {h\"} is subject to

||h||W' tt+l)”<cekotﬂ(l) (160)
and satisfies the system
d v v
20+ NP (65h() + K]0 = 0, (161)

where

N (60(e))

- —wzw< ( 3 Zh(“ e o) col(l, . .,;.;"1)>‘w,i")>

Spu=ky m=1

and the nonlocal operators K;{w satisfy the estimate

16 Il 1) < (1) / Ho(x = D) (P[] ey + 0(2)) .
The remainder v' = (vy, ...,v,_,) satisfies
VIl zt+1)\C/ to(t = O (O] 31 (¢ 11y + 0 (7)) d. (162)
(ii) Let he Wpl 1o (R) be a solution to (161) subject to (160) with a sufficiently small ¢

and let v ="I[a]. Then

U= Z e thk ng Vi

belongs to W/ " (R; {Bk}i;g), is a solution of (1) and is subject to (2).

p,loc

Proof. (i) In our case

Jy

K ()™ o col(1, Ay, ..., 20",
Ih=ky k=1

which makes (159) a direct consequence of (145). System (161) is another form of
(139). Estimate (160) follows from (116) and the estimates

l ||ﬁ||fy(r,z+1) <[[h| W (1,+1) <o ‘ﬁHTT(t,tH)'

The proof of (i) is completed by reference to Theorem 1(i).
The part (ii) is a direct corollary of Theorem 1(ii). [
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